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An energy term discovered by Kohn and Luttinger is shown to have a simple geometrical meaning. 


OHN and Luttinger’ have pointed out that the 

usual linked-cluster expansion for the ground- 
state energy of a many-fermion system is incomplete 
if there are deviations from spherical symmetry, e.g., 
due to lattice forces. By studying a grand canonical 
ensemble in the limit of zero temperature, they have 
derived a new energy term of the second order in the 
interaction. At first sight it seems puzzling that this 
term involves only that part of the interaction which 
is diagonal in the original occupation number repre- 
sentation: The result should then be derivable even if 
all off-diagonal parts of the Hamiltonian are omitted. 
Such an elementary derivation will then reveal the 
simple meaning of the Kohn-Luttinger term. 

To sketch such a derivation, we formally introduce a 
parameter A as a factor in the interaction, viz., a 
“coupling strength” which may be “switched on” 
adiabatically. If the Fermi surface is nonspherical it 
will depend on X. Calling its interior G(A), the ground- 
state energy (diagonal part) may be written 


E(A) -f @k atin f dk 
GO) GO) 


, 


dk’ Vek’, 


GA) 


where 0x = Ven. For each value of A, the Fermi surface 


'W. Kohn and J. M. Luttinger, Phys. Rev. 118, 41 (1960) 


is defined as that surface for which (A) is a minimum: 


ata f dk’ Vex =A), 


GO) 


in conjunction with 


f ak =const. 
GO) 


Then, if we vary \, 


OE(A) 1 
- = f wef d*k’ Ver’, 
Or 2 GO) Gr) 


« 4 


because the other terms cancel, and expressions for 
d"E(A)/A" (n= 2, 3, ---) are easily written down. They 
are, of course, all zero if G is a sphere and therefore 
independent of \. (6°/d*),.. corresponds precisely to 
the Kohn-Luttinger term [Eq. (33) in reference 1]. 
When off-diagonal elements of the interaction are 
added as perturbations, it is presumably advantageous 
to start from a ground-state Fermi surface which is 
correct to the desired order of approximation.? The 
possibility that the surface may not remain “sharp” 
(superconductor) should not be overlooked. 


* A. Klein, Phys. Rev. Letters 4, (01 (1960). 
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Statistical Mechanics for the Nonideal Bose Gas* 
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The equilibrium and quasi-equilibrium properties of a system of interacting bosons are studied from a 
microscopic point of view. For equilibrium, the model of Bogolyubov is generalized to finite temperature 
by using the grand partition function. The thermodynamic properties and the pair-correlation function 
are calculated. The statistical mechanics for moving systems is then developed and applied to the problem 
of a rotating fluid. For quasi-equilibrium, general transport equations are derived from first principles, 
independent of statistics and model. For the Bogolyubov model, the familiar two-fluid hydrodynamics is 
then derived, ieading to the phenomena of first and second sound. 


I. INTRODUCTION 


LTHOUGH useful phenomenological schemes have 
been developed to describe the properties of 
liquid helium at very low temperatures, no quantitative 
microscopic theory exists at present. Nevertheless, 
significant progress has been made towards solving, 
from first principles, the model problem of a low-density 
system of interacting bosons in equilibrium. The 
first step was made by Bogolyubov in 1947.! More 
recently, Lee and Yang and their collaborators have 
extended this work to the case of hard-sphere interac- 
tions.” The attractive feature of the low-density theory 
is that it unifies two ideas which are probably essential 
for the understanding of liquid helium: the condensation 
phenomenon associated with the ideal Bose-Einstein 
gas,* and the collective excitations which are the basis 
of the two-fluid model.‘ 

The first objective of this paper is the generalization 
of Bogolyubov’s theory to finite temperature. The 
method of the grand canonical ensemble is used for 
this purpose. In Sec. II, the ideas of Bogolyubov and 
of Lee and Yang are applied to the basic operator in 
this theory, H~uN, where H, uw, and N are the Hamil- 
tonian, the chemical potential, and the operator for 
the total number of particles, respectively. Section II 
is devoted to a full discussion of the equilibrium 
statistical mechanics of such a system, with particular 
emphasis on the evaluation of the chemical potential, 
u, and the mean occupation of the unperturbed ground 
state, No. In Sec. IV, the pair correlation function is 
calculated for finite temperature. 

The equilibrium statistical mechanics for moving 
systems is described in Sec. V, and natural definitions 
of the normal and superfluid velocities are made. 
The normal density may be defined either by the effec- 
tive mass for drift or for rotation, as was originally 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

t Address: Lawrence 
California. 

1N. N. Bogolyubov, J. Phys. (U.S.S.R.) 11, 23 (1947). 

*T. D. Lee and C. N. Yang, Phys. Rev. 112, 1419 (1959), 
and previous papers cited there. 

3 F. London, Phys. Rev. 54, 947 (1938). 

‘L. D. Landau, J. Phys. (U.S.S.R.) 5, 71 (1941). 
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asserted by Landau.‘ Our result differs from Landau’s 
work in that it is based on a microscopic calculation 
using Bogolyubov’s model. 

A general transport theory is developed in Sec. VI, 
starting only from the equations of motion for the 
density matrix and the statistical average of any 
operator. These quantum hydrodynamic equations, 
derived from first principles, are of the same form as in 
classical physics. The only essential assumption is 
that of local equilibrium, i.e., equilibrium is established 
in regions whose linear dimensions are small on a 
macroscopic scale. Application to liquid helium is 
then made by using the Bogolyubov theory for the 
various equilibrium quantities that appear in the 
transport theory. In Sec. VII it is shown how the usual 
two-fluid hydrodynamic equations may be derived 
from the general transport theory of Sec. VI and the 
definitions of Sec. V. The paper is concluded with a 
discussion of first and second sound. 


II. MANY-BOSON HAMILTONIAN 
We consider (VV) bosons interacting inside a volume 

0, in the limit that the particle density (n)=(N)/VU re- 
mains finite as (NV) and VU become infinite. The pertinent 
operator in the density matrix for the grand canonical] 
ensemble is 
H-uN=>, E,a,'ay + 4U : zz v(k—n) 

* 


kima 


(2.1) 


X day's" dmGnduy1,m4n 


The second-quantized operators a, and a,' destroy and 
create, respectively, free-particle states of momentum 
k, and satisfy the usual commutation rules for bosons. 
The quantities H, uw, and N are, respectively, the 
Hamiltonian, the chemical potential, and the operator 
for the total number of particles: 


N = 7 Ny = -. ay ay. 


Because of the inclusion of wV in Eq. (2.1), E 
“effective kinetic energy” for the state k°: 


Ex = ,? 2m— yu. 


5 In most of this paper the following conventions will be adopted. 
First, & will be set equal to unity. Angular brackets will mean 


660 
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The bosons are assumed to interact through a central 
two-body potential V(r), whose Fourier transform is 


v(k) = fa e* V(r), 


(2.4) 


An essential simplification, due to Bogolyubov,' is 
to regard the zero-momentum operators dc, ao! as 
numbers equal to No'. The parameter No is the occupa- 
tion number of the free-particle (unperturbed) ground 
state. Its average value is supposed to be of the same 
order of magnitude as (N). The Bogolyubov method 
consists of keeping those interaction terms containing 
at least two zero-momentum operators, and of making 
the replacement do, ao' + No!. Thus we have 


H—yN=(Hs—pN)+V', (2.5) 


where 


Hp—pN=—pNot4N PO 00) +20" [fran'an 
+4h,(ayta _n'+aya_x) }. (2.6) 


In Eq. (2.6) we have 


fr™ Ext+no[v(k)+0(0)], 


hy=nor(k), (2.7) 


and 
no= No/V. 


The “Bogolyubov operator,” Hg—N, is quadratic in 
operators referring to excited free-particle states, while 
V’ contains products of three and four such operators; 
V’ will be ignored in this paper. 

As is well known,!® the truncated Hamiltonian 
Hp—N can be diagonalized by a linear transformation 
with real coefficients that depend only on k= |k}, 


dy = Uy +0_,! 


(2.8) 


(for k#0). The new operators ay, ay destroy and create 
excitations or quasiparticles of momentum k. 

In order that these operators conform to the boson 
commutation rules, the transformation coefficients 


must satisfy the equation 
ue—v?=1. 


(2.9) 
This type of transformation is possible if f,> | hy!. 
It is not difficult to show that the choice of coefficients 
that diagonalizes Hp—yN is 
ue =$(1+ (fe/ex)), 
v= 4[—14+ (fr/e)], 


/ 
Quit, = hy, €k, 


(2.10) 


with 
«= (fe—hZ)'. (2.11) 


statistical average, as defined in Sec. 3. (On the symbol », a bar will 
be used instead, for simplicity.) A prime after a summation sym 
bol, such as occurs in Eq. (2.6), indicates that the term for k=0 
is to be omitted. 

* See also L. D. Landau and E. M. Lifshitz, Statistical Physics 
(Pergamon Press, New York, 1958), Chap. VII, p. 240. 
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The diagonalized Bogolyubov operator then has the 


form 


Hp—puN _ €o(u,No) +d’ €x'ay — No, (2.12) 
where « is the excitation energy of a quasiparticle of 
momentum k. The “ground-state energy” is 


€o(u,No) = Not (0), U a } py (fi- €). 


We note that the «’s are functions of the parameters u 
and No through f; and A,. The volume ‘0 is also a 
parameter, but it will be held fixed for the present 
considerations. 

‘ The above discussion, which follows Bogolyubov’s 
original paper,' is restricted to weak interactions and 
low densities. Lee and Yang have obtained a similar 
result for the dilute hard-sphere gas at absolute zero.’ 
To obtain their result in our formulation would require 
a study of the effects of V’, the part of the Hamiltonian 
that we neglect. In this paper we emphasize the 
extension of Bogolyubov’s method to finite temperature, 
rather than the improvement of the model for strong 
interactions. 


(2.13) 


Ill. STATISTICAL MECHANICS 


The statistical mechanics of the system will be 
studied with the grand partition function 


= Trl e F\4-*")), (3.1) 
where Tr indicates the usual trace for the grand 
ensemble’ and 6="" is the absolute temperature times 
Boltzmann’s constant. The statistical average of any 
operator F will be indicated by (F) and is given by the 
expression 
a(F) = Tr Fe-#(2—»9) 7. (3.2) 
In this work, the Bogolyubov approximation is used, 
and the grand partition function is therefore 
b= Trle O(a») ), (3.3) 


According to Sec. Il, Hp—,N is diagonal in the quasi- 
particle representation, i.e., the representation char- 
acterized by definite values for the quasiparticle occupa- 
tion operators »,=ax'ay. Therefore, the grand partition 
function may be written as the sum over quantum 
states of the entire system which are characterized by 
the parameter NV» and the occupation numbers vx: 


5(u,8) = a exp{ — BL €o (u,No) —pNo}} 
No 
<I’ = exp(—Beere) 
k rk 
= ¥ exp[BuNo—Beo(u,Ne) | 
No 


IT’ { 1— exp[ —Bex(u,No) ]}. 


? See, for example, p. 105 of reference 6. 
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Rewriting this result as a single sum over No, we have 


3(u,8)= >> &#%0Z (uN 5,8), 


No 


(3.4) 
where 


—B InZ(u,No,B) 


€o(u,No) +87 pay In(1—e~ Feo), (3,5) 


The average number of particles may be found by 
taking the statistical average of Eq. (2.2). When this 
equation is rewritten in the quasiparticle representation, 
it becomes 


No +> x'[ v.24 (u,2 + 047) Vy 


+1440, (axle x tay x) }. 


Terms that are not diagonal in the quasiparticle repre- 
sentation do not contribute to the statistical average, 
and so (V) is simply 


(N (No)4 > [24 (1442+ 042) dy |, 
where 
1 
Vy ° 
exp (Be,)—1 


Using Eq. (2.10), we finally find that*” 


oy Ar dk 
(No) +3 2” -1) +2" ix. 
* € k € 


(N) (3.7) 


k 


At absolute zero there are no excitations (),=0) and 
the last term vanishes. This is not true of the second 
term. In other words, the interactions cause (V 
(No) to be different even at absolute zero.® 

Because the summand of Eq. (3.4) is a rapidly vary- 
ing function of No with a sharp maximum at 9’, say, 
it will be a good-approximation to retain only the largest 
term in the sum: 


and 


j= eheN Z(u,No',B). (3.8) 


The condition that this term is the largest is 


ra] | 
: [ Bu Vot+InZ (u,N 0,8) 


ON» No= No’ 


or, if we solve for yu, 
ra] 


8-* InZ (u,No,8) 
ra] ‘if N 


.=— (3.9) 


o= No’ 


§ Equation (3.7) may also be obtained from the familiar formula 
N =03"'(03/du), which may be obtained from Eq. (3.2) for 
F=aN., 

*In the limit of zero temperature, Eq. (3.7) agrees with the 
result of T. D. Lee, K. Huang, and C. N. Yang [Phys. Rev. 106, 
1135 (1957)]. However, the third term of Eq. (3.7), which is 
important at finite temperatures, differs significantly from the 
recent result of Lee and Yang (reference 2). These authors use 
the equation 

V)=(N 


a 
+ ok Vk, 


which implies that the number of excitations, 2’ ay'ay, equals 


KAUFMAN, 


AND WATSON 

On the other hand, if we use Eq. 
and Eq. (3.4), the mean value (V 
No is 


(3.2) with Ff Vo 
of the parameter 


(No) =3 V "OZ (uN). 


by 
~ 
No 


In the present (saddle-point 
acterized by Eq. (3.8), this is 


approximation, char- 


(No) = 31No'e8**"'Z(uNo’ 8 


If we refer to Eq. (3.8) for 4, it follows that the mean 
value (No) is the same as No’ 


N 


Let us now evaluate uy, 
using Eqs. (3.9), (3.5 


the chemical potential, by 
), and (2.13 

0 
1 


w= (no)v(0)—} >’ 
k 


ON» 


From Eqs. (2.7) and 


u= (ny)v(0)— 


(3.11) 


>’ » 

>, vy 
(N, k 
Initially we assume that the first term of Eq. (3.11) is 
a good approximation for uw. Later we shall investigate 


the conditions for this to be so."° We therefore write 


(3.12) 
where 


Then Ay is given approximately by the last two terms 
of Eq. (3.11) with uw replaced by wo. 
When yo replaces uw, the expressions for f, and «, 
(Eqs. (2.7) and (2.11) ] becom« 
{p= k?/2m+nor(k), (3.13a) 
and 


€x= (k/ 2m) k?+-4mngo(k (3.13b) 


As Bogolyubov showed, the excitations for small & are 
phonons with energy 
e.=ck, 


the number of particles in excited 
In a consistent theory this is strictly true only if the 
are completely ignored 

This is the lowest-order chemical 
N. M. Hugenholtz and D. Pines [ Phy 
Although these authors did not study 
the system, they used essentially 
used here to determine uw and (NV 

“In order to simplify the notation, the angular brackets will 
henceforth be omitted from (#9) and (No), as in Eq. (3.13) 


> 
unperturbed states =k ay" dy 


interactions 


potential obtained by 
s. Rev. 116, 489 (1959) } 
the therma! behavior of 
the same statistical proc edure 
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and sound velocity 
C= (uo/m)?. (3.15) 

For large k, the excitations have a single-particle char- 
acter. The transition between these limits depends on 
the form of v(k). 

For purposes of calculation, it is useful to represent 
v(k) by a simple step function : 


v(0) k<a 


v(k)= (3.16) 


0 k>a™"', 


where a is the range of the interaction. It is also con- 
venient to introduce a coupling constant by the equation 


v(0) = ga’. (3.17) 
In these terms, the condition for low density, which we 
assume in this paper, is 


ne<1, (3.18) 
since a is the same order of magnitude as the size of the 
atom. The condition for weak coupling, which we also 
assume, is 

gma<<1. (3.19) 
The first-order chemical potential of Eq. (3.12) may 
now be written as 


Mo= (noa*)g. (3.20) 


Since we assume weak coupling and low density, we 
have 
u<g<(ma?)—, 


If we wish to compare our results with calculations 
using hard spheres, we must set g=42(ma*)~ and in- 
terpret a as the diameter of the hard sphere. However, 
this transcription works only to lowest order.® 
For the interaction (3.16), the expressions (3.13) 
become 
fe=h?/2m+ pw (3.21a) 
and 
€x= (k/2m) (+k)! (3.21b) 
for k<a™, and f= €,= k®/2m for k>a~. The parameter 
ke? is 
ke? =4mnyv(0) = 4mypo. (3.22) 
For weak coupling and low density, koa<<1. 


With this model Ay can be calculated from Eq. 
(3.11) with the result : 


gma* 
a {1—4hoal 5+6U (7) 
TT 
—8yU1' (y)— 20U3(y) J}, 


(3.23) 


where the functions L’,(y) are defined in Appendix A, 
and 
y= 2Byuo= Bho? / 2m. (3.24) 
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Since we are using wo as an approximation to w, we 
must require that 

Ap | <wuo. (3.25) 
The first term of Eq. (3.23) evidently satisfies this from 
condition (3.19); the second term determines the tem- 
perature range for which (3.25) is valid. Using the 
“high-temperature” asymptotic form of U’,(y) given in 
Eq. (A.3) of Appendix A, we obtain the requirement for 
6=B: 

OKA, (3.26) 


where 


3/5 


6o= wo(moa*)—"/*( gma’) 


(ma*)~'(gma*)*!*(noa*)"®. (3.27) 
Using conditions (3.18) and (3.19) and Eq. (3.20), we 
conclude that @» is restricted by the inequalities poo 
<(ma*). Note that, as the density m or the inter- 
action strength g vanishes, the allowed temperature 
range vanishes too. 

The thermodynamic properties of the system can now 
be studied with the model just described. For example, 
the fractional occupation of the unperturbed ground 
state, £=(No)/(N), is readily calculated from Eq. (3.7) 
to be 


§=1—24-*(gma*)!(noa®)*(3+Ui(y)]. (3.28) 


From conditions (3.18) and (3.19), it follows that 
1— <1, 


so that we are able to discuss states where only a small 
(but macroscopic) fraction of the particles are out of 
the zero-momentum state. Using Eq. (A.3) for the 
asymptotic form of l’;(y) at low temperatures (y>1), 
it can now be shown that the depletion of the unper- 
turbed ground state increases as the second power of 
the temperature. (The value at absolute zero agrees 
with the elder work of Lee, Huang, and Yang,” but the 
temperature dependence is at variance with the recent 
paper by Lee and Yang.”) Because of the restriction 
(3.29), the possibility of a phase change corresponding 
to +0 cannot be discussed with this theory, which 
is restricted to temperatures much less than the transi- 
tion temperature. In Appendix B we give a discussion 
which approaches the transition from above, using 
linked-diagram expansions for the grand partition func- 
tion.” We show there that a slightly imperfect gas at 
low density does have a phase transition. 

Next, we may evaluate é€o(u,(Vo)) from Eq. (2.13), 
obtaining 


16 
€&= jad 1— hx (gma?) (1- ia) | (3.30) 
15 


"T. D. Lee, K. Huang, and C. N. Yang, Phys. Rev. 106, 
1135 (1957) 

“ C. Bloch and C. de Dominicis, Nuclear Phys. 7, 459 (1958); 
A. E. Glassgold, W. Heckrotte, and K. M. Watson, Phys. Rev. 
115, 1374 (1959). 


(3.29) 
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After further algebra, expression (3.5) then becomes 


—B- InZ (p,8,V) =43U aa — ha? (gma’*) 


| 16 
os ba kal i—5l oI} | (3.31) 
15 


The thermodynamic potential Q2(u4,8,0) and the pres- 
sure p(u,3) follow immediately, from Eq. (3.8): 
Q(u,8,0)=—B' Ind 

— pUno(u,8)—B-! InZ (u,8,V), (3.32a) 
P(u,B)=—V-'2 


uno (8B) — Ina 1— 42° (gma?) 


s(y) | (3.32b) 


In the first two terms of p, let us express mp in terms of 
pw and Aug, by Eq. (3.12). We find that the first-order 
terms in Au cancel, and we obtain to first order in Au 


x11 koal 1—S! 
| 45 


bu? v(O)4 la u*ma! 


32 
] 


{ ~ 
x! cenit 1—SUs(1)]-| (3.33) 


p(u,p) 


From the pressure we may obtain the particle density 
n(u,8), 
aQ 
u-! 
Ou 


Op| 


Ou 


(3.34a) 


and the entropy density $(u,8) 


dQ 
U-! 
06 


(3.34b) 


When we calculate the particle 
(3.34) and (3.33), and express the result in terms of no 
by means of Eqs. (3.12 (3.23), we are led to 
Eq. (3.28) for E=no/n. (This provides a check on the 
algebra and the consistency of our approximations.) The 
calculation of entropy density yields 


density from Eqs. 


and 


16u7/2m*/? 
5 (u,0) 
a ad 


IV. PAIR CORRELATION FUNCTION 


We shall now calculate the pair correlation function, 
for finite temperature, in the Bogolyubov approxima- 
tion. Lee, Huang, Yang have determined this 
function at absolute zero for the dilute hard-sphere gas." 


and 


KAUFMAN, 


AND WATSON 


We define the pair correlation operator as 


j 


DI r;,Te) 
with 


Substitution leads to 
D(1,%2)=(N)? > exp{il(p—p’)-r: 


pp’44 


+ (q—q’)-2|}ay'aq'aqa,. (4.3) 


As in Sec. 
the zero-momentum 
obtaining 


II, we replace the operators ao’ and ao for 


states by the c number No, 


D(1,t2)=(N 


2(N24+No >’ ett (2 
¥ 


, + + 
x (2a, dy T dy A_»' tT yA, 


+ 2’ exp{il(p—p’)- r+ (q—q’): 82 }} 


pp’aa’ 

‘ ? + » tad = + ? 

Kp dq Agdy— 2, Gp'Aq'ApGq}. (4.4) 
q 
! and 
also terms containing an odd number of operators, 


Here we have droppe d terms of relative order (\ 


since their expectation values vanish in the quasi- 
particle representation. 

In expression (4.4), we make the Bogolyubov trans- 
formation (2.8) to the quasiparticle representation, and 
then take the statistical average. The algebra is straight- 


} 


forward; we present only the result: 


(D(r))=14+ 22 F (1) +G(r) J+ FP (r)+G(r), (4.5) 
where 


r ri- 
F(r) (N 
G(r)=(N 
and f= No/N, as before 
For the evaluation of F and G, we use Eqs. 
and (2.11) for u,; and t%,, and obtain, for r+0, 
hy, 
b By ek 
k 
and 
Ji 


G(r) = ((A Ly’ et 
x 


€k 


By Eq. (3.21 ), these expre ssions become 


) sa 
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where 


5 sinaa 


J (a,y) f dx 
“ (1+27)? 


0 


x (4+{exp[yx(1+2*)!]—1}-)  (4.10a) 


1 Da 
f dx(1+2?)~'(sinax) 


2 
<coth[4yx(1+2*)!], (4.10b) 
and 


a= kor. (4.11) 


We shall evaluate J (a,y) in some limiting cases: 

(la) y>a>>1. The condition y>1 means 6<yo, or 
a temperature so low that only phonons are excited. 
The condition y>>a allows us to consider the limiting 
case of y — @ for finite a, or absolute zero at finite r. 

(1b) a>y>>1. This differs from (1a) in that we may 
consider r —> for finite temperature. 

(2) a>I>y. The condition y«K1 means 6>>yo, or 
a temperature high enough to excite free-particle states. 
Of course, we still require @<@, so that 1— &<1. 

In these limiting cases we find for J(a,y) the follow- 
ing forms, by integrating by parts for (la) and (1b), 
and deforming a contour for (2): 


1 
J (ayy) =—+0(a-*)+O0(ay), 


2a 


(la) 


T 1 
J (ayy) = —+—4+0 (a) +O (ary), 
2y 2a’ 


(1b) 


1 
+-— exp[—a(x/y)'] 
2y 2 


us 
(2) J(a,y)= 
? 


Xsinfa(x/y)*J1+0(72)]. (4.12) 


In these cases, we obtain the following expressions 
for 2(F+G), from Eq. (4.9), which are to be inserted 
in Eq. (4.5) for D(r): 


(la) 2(F+G)=—}9-*(a/r)*(gma*)—4(na*)-! 
dows 
2(F+G) = —}9-*(a/r)*(gma*)—!(na*)-! 
= ae 
2mé 
(2) 2(F+G)=+——exp(—r/A)+-:--, 


mr 


(1b) (4.13) 


where 


A= (2xmé)-* (4.14) 


is the thermal wavelength. The leading terms in ??-+G@ 
are 

(1a) P-+G*= (8x4)-"(a/r)*(gma?) (nat)! - 

(1b) F°+G= (8x) (m6/nr)?+---, 

(2) F2+G*= (8x*)-'(m6/nr)*+---. 
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The limiting cases are such that each of the ex- 
pressions in (4.13) and (4.15) is much less than unity 
in magnitude, so that |D—1|<1. Let us now discuss 
each case separately. 

Case (1a) leads to a correlation function independent 
of temperature, and includes absolute zero as a special 
case. In this case, 2(F+G)>F°+G*, so that only 
2(F+G) need be kept in D—1. The result, with an r~ 
dependence, is in agreement with the calculation of Lee, 
Huang, and Yang" for absolute zero. 

In case (1b), the term 2(F+G) predominates over 
F?+G@ at finite r as g—> 0 or n-—+0, while ?+G pre- 
dominates as r — . In the latter limit, the correlation 
is independent of the strength of the interaction for a 
given temperature, but the allowed temperature range 
depends on g [see Eq. (3.26) ]. In any case the de- 
pendence on r is as an inverse power of r. 

In case (2), the term 2(F+G) predominates as g 
approaches 0 (because the allowed temperature range 
depends on g), while /*+G predominates as m ap- 
proaches 0 or r approaches ~. In the former case, the 
dependence on r is exponential. 

There is some question as to the propriety of keeping 
the quadratic terms (F?+4-G*) in D, inasmuch as they 
arise from terms in Eq. (4.4) which are quadrilinear in 
the a operators. Such terms have been omitted in 
making the Bogolyubov approximation in the Hamil- 
tonian. A final resolution of this point probably de- 
pends on a more accurate treatment of the Hamiltonian. 


V. STATISTICAL MECHANICS FOR 
MOVING SYSTEMS 


In the previous sections, we have considered the sys- 
tem under discussion to be at rest. We shall now study 
the fluid motion of this system. First, we shall generalize 
our treatment to include flow at a uniform, constant 
velocity. This will provide a means for defining “normal” 
and “superfluid” components and introducing their 
respective flow velocities. Next, a discussion of rotation 
with a uniform angular velocity will provide an evalua- 
tion of the moment of inertia. Finally, in the last two 
sections of this paper we shall derive the hydrodynamic 
equations for nonuniform flow. 

In the statistical treatment given earlier, we have 
made a plausible assumption that it is the zero-mo- 
mentum state that is macroscopicaily occupied. Galilean 
invariance, of course, implies that any momentum state 
can be so chosen. For the evaluation of the partition 
function 4, we should, strictly speaking, have chosen a 
general state, say k,, as macroscopically occupied. Then 
we should have summed 4 over all k,, subject to the 
constraint that the mean momentum of the entire 
system be specified. A saddle-point evaluation of the 
sum over k, would then lead us back to a specific 
choice for k,, k,=0 being appropriate for a fluid at rest. 

A state of uniform motion of the entire system can 
then be obtained in a trivial manner from the state of 
the system when at rest. A Galilean transformation, 
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changing the macroscopically occupied state from k=0 
to k=k,, will accomplish this. The total momentum of 
the system is just 


(G)= Nk,. (5.1) 


We can obtain a state of uniform motion with total 
momentum (G) in an alternative way, however. We 
can still maintain the constraint that k=0 labels the 
state of macroscopic occupation even though (G) is 
not zero. This constraint, which means that the system 
is not in true thermodynamic equilibrium but only in 
quasi-equilibrium, is possible because of the lack of 
coupling in the Bogolyubov model between the zero- 
momentum state and This lack of 
coupling leads to the two-fluid model, as we shall see." 

To allow for a value of (G) differing from zero, we 
utilize the generalized partition function 


the excitations. 


3(8,u,w) = Tr{expl —8(12—uN—w-G) }}, (5.2) 
where again we drop the term V’ of Eq. (2.5) and re- 
quire that (No) is macroscopic. The total-momentum 
operator G is 

G > ka, ‘ay. 


Under the 


becomes 


Bogolyubov transformation (2.8), 


G > kay 'ar, 


so the elementary excitation corresponding to a,' does 
indeed carry momentum k. 

Because G is diagonal in a,'a,, the evaluation of 
Eq. (5.2) proceeds just as before, the only change being 
that now e¢, is replaced by 

e.—w-k. (5.5) 
Thus for 4 we now have 


3(u.8,w) exp (Su Vo))Z(u,8,(.No),w), 
where 
—B InZ (u8,No,w) = €o(u,Vo) 
+87 >.’ In{1—exp[—8(e.—w-k) J}, 
and (No) is determined by 
0 

8 InZ (u,8,No,w) 

ON» 


t= 


No= (NO 
The mean momentum is found from 


é ind 


(G)=8 (5.9) 


OW \np 


We shall assume that |w) is sufficiently small that we 
can neglect terms in | w|? or higher order. Then, since 
the thermodynamic functions such as » and No(u,8,w) 

“ This is essentially the point of view of Landau (reference 4) 


and more recently, T. D. Lee and C. N. Yang [Phys. Rev. 113, 
1406 (1959)], 


KAUFMAN, 
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must be even in w by symmetry, it is sufficient in Eq. 
(5.9) to differentiate only the terms in which w appears 
explicitly, so that 

G)=>>»’ kix(w (5.10) 
Here we have 


i, (w) = {exp[ B(e, -~w-k) | (5.11) 


Upon expanding Eq. (5.10) to first order in w, we obtain 


= di, 
(G)=—w D>’ }# 


— 


« de, 


where the derivative is evaluated for w=0. 
Let us define the quantity p, by 
(G)=p,wv. 
We evaluate p, from Eq. (5.12) and obtain 
On, 


gh? 


Oe, 


Pn og 


yy 
—- 
~ 


Pr BU or kp, (1 T VE). 


On evaluation of Eq. (5.15), we find 


Pn 8 


(na*)'(gma?)!y[ — W3’ (y) | .16) 


p 3 

where W,(y) is defined in Appendix A. Here p is the 

mass density mn ; the quantity pn is called the “density 

of the normal fluid.” It is customary also to define the 

“density of the superfluid” p, by 
Ds p Pra- (5 17) 

Of course, p, is not to be interpreted as the density of 

the particles in the zero-momentum state. 

Let us now change to a new frame of reference moving 
with a velocity —v, relative to the old frame. In the 
new frame, the macroscopically occupied state has 
momentum k,=mv,, and the system has the total 
momentum 

(G Mvy,+ prW 
(pv. paw) 
[osVetpa(¥.+W) |V, (5.18) 
by (5.13) and (5.15). We 
notation 


may now introduce the 


vV.+w, (5.19) 
so that 


G)= (p.V. t+ pan). (5.20) 


This form suggests calling v, and v, the “velocities of 
the superfluid and normal fluid,” respectively. We note 
that the parameter w, introduced in (5.2), is just the 
“relative velocity of the two fluids.”’ 


15 The latter form, Eq. (15.5), is due to R. B. Dingle, in Advances 
in Physics, edited by N. F. Mott (Taylor and Francis, Ltd., 
London, 1952), Vol. 1, p. 112 
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Using Eq. (5.20) we may write the mean momentum 
density as 
(G) = psVetpaVn- 


The definitions of the normal and superfluid com- 
ponents, introduced above, will be supplemented in 
Secs. VI and VII with the derivation of appropriate 
equations of motion. 

We next consider the fluid to be confined in a cylindri- 
cal bucket which rotates at angular velocity w about its 
symmetry axis n. The partition function for thermal 
equilibrium is now'® 


= Tr{exp[—68(H—puN—wZ) }}, (5.22) 


where L is the projection of the total angular mo- 
mentum operator L along n. The mean value of L is 


.)= 87 Tr{L exp[—@(H—uN—wL)]}}. (5.23) 


The moment of inertia is defined in the usual way 
from 


(L(w)) =I (w)w. (5.24) 


Following the method of Blatt, Butler, and Schafroth,'’ 
we consider the limit 


(L@w)) d(L(w)) 
T(0) = lim — _-= — oamiin 


- @ Ow oul 


(5.25) 


In differentiating (L) in Eq. (5.23), the dependence of 
3 on w may be neglected in the limit w — 0, since 4 is 
an even function of w. For a cylindrical bucket, H and 

L commute, so we have 
1(0)=8 3" Tr{ L? exp[ —8(H—wL—pN)}}| 0 
=6 3" Tr{ L? exp[—6(A—pN) ]}. (5.26) 
Thus, 7(0) is proportional to the fluctuations of the 
angular momentum operator for a stationary system": 
1(0)=B(L?). (5.27) 


The calculation ef the moment of inertia in the 
Bogolyubov approximation is now straightforward. We 
first write the projection of the total angular momentum 
along the symmetry axis in second quantized form as 


L=-if ery in exvv(n, (5.28) 


where 
¥(r) =U i >. a,e** ft 


L= > Lice’ Oy' Oy, 
kk’ 


Thus we have 
(5.29) 


and 


Lins = —70 far e~**(n-rXV)e®'*. (5.30) 


16 See, for example, paragraph 34, p. 103, of reference 6 
7]. B. Blatt, S. T. Butler, and M. S. Schafroth, Phys. Rev. 
100, 481 (1955). 
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Some of the essential properties of Lyx are that Lyo=0; 
Lew =O unless | k| = | k’| ; Lexn=O;and Lx w= — Lee. 


From Eq. (5.29), we can write 


[i= * Lie Lu Gy aya," ay. 
kk'll’ 


(5.31) 


We now introduce the quasiparticle transformation of 
Eq. (2.8) for each operator in this expression. Only the 
terms diagonal in the quasiparticle representation need 
be kept, since the off-diagonal elements vanish when the 
statistical average is performed. Using the above 
properties of the matrix elements Lyx and the defini- 
tions of u, and 2%, we find that 


(L?)= Su (L*) unde (1+%). 
Introducing a rectangular coordinate system for 
which z is parallel to the symmetry axis, we may show 


from Eq. (5.30) that L*,y, averaged over the directions 
of k, is'? 


(5.32) 


(49) tf aay (L?) ux = 4(x?-+-y")avk?, (5.33) 
where 


(5.34) 


(x? +y¥" av x @ f d*r(x*+-y?). 
v 


The final expression for the moment of inertia 7(0) is 
therefore’ 


1 (0) =48(2+¥ av Dox Pi (1+%). 
The corresponding moment of inertia for a rigid body is 


Io pU(re+y ar. (5.36) 


(5.35) 


Using Eq. (5.15), we find the ratio 


1(0)/Io= pn/ Pp. (5.37) 


Landau stated this result in his original paper on 
superfluidity.* It is reassuring to derive this formula 
from a microscopic point of view. 

Equation (5.37) is convenient for calculation, and 
from it one easily obtains the well-known result for the 
ideal Bose gas'’: 


1(0)/Io=(NY" Du’ (5.38) 


In this case the ratio approaches zero as the 9 power of 
the temperature. At very low temperatures, one finds 
for the Bogolyubov Hamiltonian that‘ 


1/To=((2m)2/90 */pe*. 


1—(No)/{N). 


(5.39) 


VI. GENERAL TRANSPORT THEORY 


In this section we shall derive hydrodynamic and 
thermodynamic equations for the fluid motion of a 
single-component, quantum-mechanical system, appli- 

‘* A similar result holds for Fermi-Dirac particles interacting 
through pairing forces, as in the theory of superconductivity. 


The only difference is the replacement of (1+%,) in Eq. (5.35) by 
(1- ve) 





668 GLASSGOLD, 
cable for either Fermi-Dirac or Bose-Einstein statistics.” 
Conventional treatments in kinetic theory employ the 
Boltzmann equation (for the single-particle distribution 
function), which is based on the assumption of molecular 
chaos. Their applicability is thus limited to ideal gases. 
Because our discussion is to be applied to liquids and 
nonideal gases, we shall use the many-particle density 
matrix o(/), whose time development is given by the 
quantum Liouville equation 


d0/d1= —i/hLH,o |, (6.1) 
where H/ is the many-particle Hamiltonian. 

As in the Chapman-Enskog method of solution of the 
Boltzmann equation, we shall assume that the fluid is 
in local thermodynamic equilibrium, an assumption 
that requires that macroscopic physical quantities (such 
as pressure and density) vary appreciably only over 
macroscopic distances. (In the next section, we shall 
modify this assumption to that of local quasi-equi- 
librium to treat the Bogolyubov Hamiltonian.) In 
accordance with this assumption, we write 


= Ooq +50, (6.2) 


where O.q is the density matrix appropriate to local 
thermodynamic equilibrium, and 49 is a small correction. 

The present discussion will be restricted to a con- 
sideration of reversible flow, for which only gxq is to be 
used. The corrections due to 5o give rise to irreversible 
phenomena; they will be discussed in a future publica- 
tion.” Thus, in the remainder of this section, the density 
matrix o is to be understood to mean @q. We shall make 
explicit use of the property of o,, that, in the neighbor- 
hood of any point r and in a coordinate system moving 
with the local fluid velocity v(r,t), the momentum dis- 
tribution of the particles is isotropic. That this is so 
follows from the definition of 9.4 as representing local 
equilibrium. 

For any operator A, the mean value (A) is 


A(t))=Tr[e(AA ]. 


The time rate of change of (A) is, if A 
independent, 


0(A)/dt= Tr{ — (i/h) [Ho JA} 
(i/h) Tr{olH,A }} 


(i/h)((H,A }). (6.4) 


This equation, applied to various operators, yields the 
hydrodynamic equations of change. The Hamiltonian 
Hi is that of Eq. (2.1 


H=K+V, 


Similar developments of transport theory based on the 
Liouville equation have been presented by M. Born and H. S 
Green, A General Kinetic Theory of Liquids (Cambridge University 
Press, New York, 1949), and by J. H. Irving and R. W. Zwanzig, 
J. Chem. Phys. 19, 1173 (195! 

” A. E. Glassgold, A. N. Kaufman 
published ). 


to be 


and K. M. Watson 
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where 
K =>". (#/2m)ay'ax, 


and 


V=407 DS v(k—n)aya;'Gadodnsi.min- (6.6) 


kimn 


We shall assume that the interaction » depends upon 
(k—n)? only. 
Consider first the operators for particle density n(r) 


and momentum density G(r): 


U ye ay aye" k—k r 
kk’ 


n(r) (6.7) 


G(r)=U07 Dd b(k+k’)ay- faye” *. (6.8) 


kk’ 
The equation of change for the mean density, 
(n)(r,t)= Trl o()n(r) |, 


is obtained from Eq. (6.4). The evaluation of [K,n(r) } 
is accomplished by Eq. (C.2) of Appendix C: 


(k’—k)- (k’+k) 


‘ + 
XM dy’ a,e'™ &’) 


[K,n(r) ]=(2mv)7 > 


~~ 
=thm™V -@(r), 
while, from Eq. (C.4), 
(6.10) 
Equation (6.4) then yields 


O(n)(r,t)/dl mV -(@)(4r,1). (6.11) 


We may define the fluid mass density and velocity by 


p(r,t)=m(n)(r,1), (6.12) 
and 


pv(r,t)=(G) (r/ (6.13) 


We thus obtain the conventional continuity equation 


dp/dt= —V- (pv (6.14) 


We next apply the same procedure to G(r), to obtain 
the equation of motion. The relevant commutators are, 
from Eqs. (C.2) and (C.4), 


[K,G(1)]=ih(4mv)9 
‘CS k+k’) (k+k’)a, tape? 7) 


kk 


and 


[V,G(r) | =$U . Gp’ Ap Aq'Age ee ore 7s 


—_ 


Pp’aq’ 


X{o(p—q)[p—q]+>(p’—q’)[p’—q’]}. (6.16) 

To simplify Eq. (6.16), we recall our assumption that 
macroscopic quantities vary appreciably only over 
macroscopic distances. That is, when Tr{ of V,@(r) }} 
is taken, the dependence on r is slow. Therefore we may 
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replace this quantity by its average over a small macro- 
scopic volume. But the integration over volume will, 
because of the exponential in Eq. (6.16), have contribu- 
tions only for 


pt+p'~qt+q’. (6.17) 


It is thus convenient to expand »v(p’—q’) in the small 


quantity (p+p’—q—q’): 
v(p’—q’)=0(p—q)+2(p+p’—q—q’): (p'—q’) 
dv(p—q) 
——- = +4 
d(p—q)’ 


The expression in braces in Eq. (6.16) is then 


(p+p’—q—q’):{ Io(p—q)+2(p—q)(p—@) 


do(p—q) 
——}+---, (6.19) 
d(p—q)*) 
where I is the unit dyadic. We insert expression (6.19) 
in Eq. (6.16) and remove the factor (p+ p’—q—q’) as 
a spatial gradient, because of the exponential. Also, 
because of the assumed isotropy of the momentum dis- 
tribution (in the local rest frame) implied by 9, we 
may average (p—q)(p—q) over solid angle and replace 
it by 4(p—q)*I. We then obtain 


([V,G(8)])=ih0 Veer) (4,0) +--- 


(6.20) 
where 


Vers(r)=}U0-* & a,'ayay-ageiete—9-?) * 
pp’aa’ 


dv 
x[ (0-0 +40 @ | (6.21) 
d(p—q)? 


Higher-order terms in the expansion, represented by 
--+, lead to higher-order gradients and are dropped in 
accordance with our assumption that the gradients are 
small. 

Let us now return to (6.15). Here it is convenient to 
introduce the momentum 


x= k—mv(r,/), (6.22) 


i.e., the momentum measured in the local rest frame. 
Upon using Eq. (6.22) in Eq. (6.15), we obtain 


[K,@(r)]=ihV- (mn(r) vv— 2G’ (1) v+ (4mv)“ 
XL (n+n’) (x +n’)ay-'ay expli(n—x’)- rj}, 


KK 


where @’(r) is the momentum density operator in 
the local rest frame, i.e., with k replaced by x. When we 
take the statistical average, (@’) vanishes, since (G’) 
=pv’=0, and (x+«’)(x+’) can be replaced by 
1(x+’)*I. We then have 


(CK ,@(r)])=ihV- (ovv)+90(K)(r,0)], (6.23) 
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where 


(K)(r,)= (8mV0)" > (n+ x’)* (Geax) expli(e—x’)- vr]. 
KK’ 


Because we are allowed to average over a small micro- 
scopic volume, (K) may be written as 


X)(r.j=v0- Ya (e, 2m) (ay'ay , (6.24) 


showing that (K) is the local kinetic-energy density. 
Equations (6.23) and (6.20) may now be combined to 
yield the equation of change (6.4) for G: 


dG) (4,2) a= —V (pvv) —V(4(K)+(Ven)). (6.25) 


We shall now show that the combination (}(K) 
+ (Vee)) is just the thermodynamic pressure p: 


p a(K)+( V ost , (6.26) 


Our proof will be restricted to our present approxima- 
tion @= eq, for which the expressions (K) and (V4) 
were defined. The generalization to include 6g will be 
given in another paper.” 

For a system at rest and in thermodynamic equi- 
librium, the pressure is defined as 


p= 60 \n 5/dV, (6.27) 
where 
= TreO(a-e%) 


(6.28) 


and the volume (of quantization) is to be varied in- 
finitesimally. Thus we have 


p= 4 'TrL— (dH OV )e7 BA wn ] 
(6.29) 
p= —(0H/d), 


since for thermodynamic equilibrium 


o= a “ig h(i BN). 


In calculating 


aK 1 __ ok 
, ™ dy" dy, 
GO lm « AU 


we must realize that the values of k are determined by 
the quantization volume 'U, so that, for a given set of 


quantum numbers, we have 
Pat, 
It follows immediately that 


OK 2K 
i ace (6.30) 
av 3U 


Let us consider VU as a small macroscopic volume of the 
fluid. In accord with the assumption of thermodynamic 
equilibrium in that volume, the fluid is at rest in the 
local rest frame. Hence, from Eqs. (6.30) and (6.24), 
we have 


(0K /8) = —{K). (6.31) 
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To calculate dV /0VU from Eq. (6.6), we note not only 
the explicit dependence on VU, but also the implicit de- 
pendence from »(k—n), since, as just noted, the values 


of k depend upon VU. A short calculation yields 


(dV/dT — (Vert). (6.32) 
Upon summing Eqs. (6.32) and (6.31), we see that Eq. 
(6.29) leads to Eq. (6.26). 


Thus the equation of motion (6.25) can be written 


A) /al —V- (pvv)— Vp, (6.33) 


or, with the use of Eqs. (6.13) and (6.14), 


—VP, 


where d/d/=0/dl+ v-V. Equation (6.34) is the Eulerian 
equation of motion, derived from the Liouville equation. 

To complete the set of hydrodynamic equations, we 
need an equation for the entropy flow. For this purpose 
we introduce the energy-density operators : 


p(dv/dt) (6.34) 


U(r)=Uc(r)+ U(r), (6.35) 


pit pe 
dy ta,e"R-* 
2m 22m 


Q)ap'dy'dq'q 


where 


Ux (r) (6.36) 


and 


Uv(r)=hU? > o(p 
pp’ag 
ellata’—Pp-P) © (6,37) 
are the (folal kinetic-energy-density and _potential- 
energy-density operators, respectively. 

To find 0(U)/dt from Eq. (6.4), we need the com- 
mutators of Ux and Uy with A and V. Evaluating 
these by the relations of Appendix C and methods used 
above, we find 


[K,Uy } + [V,Ux ] 


rf x 


pp aq 


ih(2mv? Ap’ Ap dqagettd—P-P) * 


\P -a)(e~a)| 


dt 
| (0-0 
d(p—q)* 


[K,Ux ]=ihv"'V- 


X ay ta,e*** (6.39) 


and 
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In these expressions we make the rest-frame trans- 
formation (6.22), and take the statistical average. Our 
assumptions of slow spatial variation and local isotropy 
in the rest frame then yield, after some algebra, 

acu) 
—V-_((U)+))v (6.40) 

al 


the equation of change for energy density, i.e., the 
equation of state. To convert Eq. (6.40) into more con- 
ventional form, we subtract from U the hydrodynamic 
energy density: 

(6.41) 


U hor’ Unb, 


so that Um is the thermal energy density. Introducing 
the specific thermal energy u by Ua 
Eq. (6.41) as 


pu, we may write 


p(du/dt -pVv-v, (6.42) 
with the help of the continuity equation (6.14) and the 


equation of motion (6.34). This equation is equivalent to 


du/di+ p(dp '/di 0, 


ds/dt=0, (6.43) 


where s is the specific entropy. Finally, the last equa- 
tion, which expresses conservation of entropy, can be 


written in terms of the entropy density $=ps as 


08/di+-V-(wS Q), 6.44) 


a continuity equation. 


VII. APPLICATION OF TRANSPORT THEORY TO 
THE DEGENERATE BOSE-EINSTEIN SYSTEM 


The discussion of the previous section is quite general. 
It applies to the reversible flow of any single-component 
quantum fluid in local thermodynamic equilibrium. In 
studying the Bogolyubov model of liquid helium, how- 
ever, we have to consider instead quasi-equilibrium 
situations, as discussed in Sec. V. We recall that in the 
Bogolyubov model the existence of an unperturbed 
state with macroscopic occupation leads naturally to a 
two-fluid model. The velocity of the superfluid com- 
ponent is just v,=k,/m, where k, is the momentum of 
the macroscopically occupied state. The normal ve- 
locity v, represents the drift velocity of the excitations 
with respect to this state. To derive the equations of 
change for these velocities, we shall have to modify 
some of the discussion in the previous section. 

First of all, the equation of continuity (6.11) is 
still valid, 
—V-(Y), 


dp/at 7.1) 


) 
/ 


but for p and (G) we shall now use expressions (5.17 
and (5.21): 


and 
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Next we note that the equation of motion (6.33), which 
was based on the assumption of local isotropy, is no 
longer valid in quasi-equilibrium. The term Vp should 
be generalized to the divergence V- p of a stress tensor 
p, which will have a nonscalar part proportional to ww, 
where w=v,—Vv,. We shall, however, limit our dis- 
cussion to small-amplitude disturbances, with velocities 
so small that terms quadratic in them can be neglected. 
The equation of motion then reduces to 


HY) /dt= —Vp, (7.4) 


where the pressure is to be evaluated for w=0, i.e., 
true local equilibrium. 
Finally, we will modify Eq. (6.44) for the conserva- 
tion of entropy and use in its place, 
Os 


—~+V-[v,8]=0. 
at 


(7.5) 


The appearance of v, in this equation may be quali- 
tatively described with the statement, “the entropy is 
associated only with the normal fluid.” In Appendix D, 
a proof will be given of Eq. (7.5) in the Bogolyubov 
approximation, subject only to the condition that the 
normal.and super velocities, v, and v,, are small. 

One more equation is needed, to determine the change 
with time of the relative velocity w=v,—v,. This may 
be obtained by considering the momentum-density 
operator @(r) (6.8) in a frame moving locally with the 
superfluid velocity. In that frame the momentum of 
the macroscopically occupied state k, is zero; we denote 
(%(r) for that frame as G,(r), and have, from Eq. (5.21), 


G,.(r)=palVa—V,)- (7.6) 


Interpreting the momentum label k in Eq. (6.8) as 
referring to the moving frame, we may apply the 
Bogolyubov transformation (2.8), and obtain an ex- 
pression for G,, in terms of ay, ay’, the quasi-particle 
operators. Terms independent of ax,ay' vanish by 
symmetry, while those in aya, and ay ‘ay! do not con- 
tribute to the equation of change, as may be verified 
directly. Keeping only the terms which do contribute, 
we have 


G,(r) =U yp 4 (k’+k)ay ‘aye &’) +, (7.7) 
kk’ 


[ Alternatively, this expression could have been deduced 
from Eq. (5.4). ] 

Now in the laboratory frame the equation of change 
for (&) is [from Eq. (6.4) ] 


a@)/at=i((H,@). 


Since N commutes with @ (before the Bogolyubov 
transformation), we may replace H by H—wN in the 
commutator above. Then we go to the superfluid rest 
frame, replacing & by G,, and make the Bogolyubov 
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approximation, replacing H—pN by Hy—pN: 

0(G,,)/dt= iH» —ypN, G, }). (7.8) 
(The transformation of 0/01 involves a correction of 
order v,-V, which we neglect.) Because 1g—pN is just 


’ t 
> Ext (Ak 


plus terms independent of ay, the commutator of Eq. 
(7.8) is easy to evaluate, by Eq. (C.2): 


[Ha—pN,G, ]=07 > bee — ex) (k’' +h )ay- aye” * 
kk’ 


= ex 
=4V-iU i> kkay: aye” . 
kk’ OR* 


under the assumption of slow spatial variation. We 
then use the assumption of isotropy (in the small- 
amplitude limit), and obtain for Eq. (7.8) 
IY ,,/d= —Vpn, (7.9) 
where 
de 
pn=40"> P—KH. (7.10) 
* dk? 
Upon evaluation, this is 


pa=8(3x2)'y*2m2U () (7.11) 


in the notation of Appendix A. We note that p, is the 
last term in expression (3.33) for p. 

We now have a complete set of equations of change— 
Eqs. (7.1), (7.4), (7.5), and (7.9)—to describe the 
small-amplitude motions of the fluid. They are supple- 
mented by the thermodynamic expressions, Eq. (3.33) 
for pressure, 


p= hy?/0(0)+ jr mo 


32 
x _ nd , (7.12) 
> 


Eq. (3.35) for entropy density, 
$= 16(32°6)—'p?/*m*"* — Us’ (y) |, (7.13) 


Eq. (5.16) for pa, 


pa=8(3x")'p(na*)!(gma*)y[—W,'(y)], (7.14) 


Eq. (7.11) for ~,, and the algebraic relations (7.2), 
(7.3), and (7.6). 

Let us simplify these equations, making further use 
of the small-amplitude assumption. Equations (7.1) and 
(7.4) combine to yield 

Fp/d? = V*p. (7.15) 


Equation (7.5) becomes 


08/dl= —8V- Vn, 
and Eqs. (7.9) and (7.6) yield 


pn(O/AL)(Va— Ve) = — Vpn. 
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It is convenient to consider temperature and density 
as the dependent variables. We thus write 


OPn OPa! 
= V6+ Vp. 
06 |, Op 6 


Vin (7.18) 


From Eqs. (7.11) and (7.13) we note that 


Opn 
= §, (7.19) 
06 |, 


while the second term of Eq. (7.18), when evaluated, 
can be shown to give a negligible contribution to the 
results to be obtained below in the temperature range 
of Eq. (3.26) where our theory is valid. Dropping that 
term, then, we may write Eq. (7.17) as 


pn(0/dt)(v,—V,) = —$V8. (7.20) 


The three equations (7.15), (7.16), and (7.20) are now 
identical with those of the phenomenological two-fluid 
theory.” 

In analogy to Eq. (7.18), we may express V*p in 
Eq. (7.15) as 
Op Op 

v9-+— 

00, Ope 


V°’p V’p 


in the small-amplitude limit, and can now show that 

the first term makes a negligible contribution (to 

lowest order) because the temperature dependence of p 

in Eq. (7.12) is weak at low temperatures. Equation 
_ (7.15) then becomes 


0'p/dP =CLPV'"p, 
where 
C= 


Op Op| e=m Tuo = ¢?, (7.22) 


Thus density fluctuations propagate with a wave ve- 
locity equal to the phonon velocity of the small- 
momentum excitations. For these waves (‘‘first sound”’) 
the temperature fluctuations are negligible, and, by 
Eq. (7.20), the two “fluids” are in phase: 


VaV,. 


Temperature waves, or “second sound,” involve 
negligible density fluctuations, but appreciable tem- 
perature fluctuations. For these modes, by Eq. (7.1) 


(G) is negligible, so that by Eq. (7.3) we have 
Vn (Ps/ Pn) Vs. 


But in our theory, we have p,<p, [see Eq. (7.14) ], so 
that for second sound we have 


Dey (7.24) 


in contrast to (7.23) for first sound. Thus Eq. (7.20) 
becomes 
pn(Ov,/ dl) = —SV8, 


(7.25) 


1 L. D. Landau and E. M. Lifshitz, Fluid Mechanics (Pergamon 
Press, New York, 1959), Chap. 16. 
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and in Eq. (7.16), we replace 08/dt by 


as| 06 


a6, at 


to obtain 
0°6 
== ( °V76, 
or 


g2 
Cn’*= 
pn(08/08) |, 


[It should be pointed out that the various approxima- 
tions made after Eq. (7.17) are not necessary. One 
could solve Eqs. (7.15) to (7.17) directly for the normal 
modes, and then note from the final results for the two 
propagation velocities that these approximations are 
indeed valid. } 

We may evaluate Cj, from Eqs. (7.13) and (7.14), as 
a function of temperature. For the two limiting cases, 
(1) 6<<po and (2) pK OOo, we find 
(1) Cy? 4C;?, (7.28) 

a familiar result, and 
16 ¢( 5 ) po 
Cr? = - 


, Cr’, 
15 ¢( 3) 6 


(7.29) 


where ¢ is the Riemann zeta function. 
APPENDICES 


A. Integrals 


A discussion of the statistical mechanical properties 
of the Bogolyubov Hamiltonian involves the functions 


” Fa 
vatr)= f dy , 
ev—1 


0 


(A.1) 


where x=k/ky and y=x(2°+1)!, ko and y having been 
defined by Eqs. (3.22) and (3.24), respectively. In the 
“low-temperature” limit (y>>1), we have x~y, and the 
Debye functions are obtained. In the “high-tempera- 
ture” limit (y<1), we have x~ y!, and these functions 
go over to the Bose-Einstein integrals. The functions 
U,(y) can therefore be obtained in these limits in terms 
of the Riemann ¢ functions: 


T'(n/2+1)¢(n/2+1) 
U,(y)= 


, +1 


i 
for y<1 and 
C (n+ 1)f(n+1) 
U, | 7)= 
yr 
for y>>1. 
A similar function that is needed is 


e 


=" 1 
Walr)= f dy ; 
0 ev—1 2x?+1 
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For large y, the extra facter (2a*+ 1) may be ignored, 
and the asymptotic form is the same as U,(y): 


W.(y) — U,(7). (A.5) 


For small y, the extra factor is (2x*)*; so we have 


W ay) > §U n-2(). (A.6) 


B. Statistical Properties above the 
Transition Temperature 


Using the recently developed linked-diagram ex- 
pansions,” we shall briefly discuss the properties of the 
system above the transition temperature. In this 
method, the grand partition function is written 


d= 59 exp(Qi:4+Q2+ ---), 
where 4% is the function for an ideal gas, 
d0o= [1x (1+), 


and Q;,Q:2,--- give the effect of interactions in a 
linked-diagram perturbation series. 

In our case of a dilute gas with weak interactions, we 
need keep only the leading term Q,, which is” 


0:=—}e0" 2 [o(k—k’)+0(0) ]ixde-. (B.3) 
kk’ 


(B.1) 


(B.2) 


Upon evaluating the mean number of particles (V) 
= —0Q/du, we obtain 


(N)=Lx H1-—BO™ 
X>dw[o(k— k’)+0(0) Joy (1+ i)} » 
At low temperatures we may approximate 


v(k—k’)~0(0), 


(B.4) 


and then can express (B.4) in terms of the Bose- 
Einstein integral” 
dz a! 


1 x 
F(a) =— f —, 
P(g) 40 et—1 
and the thermal wavelength \= 2x4 [Eq. (4.14) ]: 
n\*= Fy(a)[1+AFy (a) ]. 


(B.5) 


(B.6) 
The quantities a and A are 


a= — Pp, (B.7) 
and 
A=2npv(0)r-. (B.8) 
Equation (B.6) has a solution for all temperatures 6 
greater than some “transition” temperature @,, deter- 
mined by 


nrdo=maxe{ Fy(a)[i+AFy (a) }}. (B.9) 


For the ideal gas, A vanishes, and one finds” for the 


2 F. London, Superfluids (John Wiley & Sons, Inc., New York, 


1955) 
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transition temperature @,, 
nd.,'= Fy (0) = 2.612. (B.10) 


For weak repulsive interactions, the maximum occurs 
at nonzero a. From the expansion” of a, 


F(a) = —3.545a!+ 2.612 
+ 1,4600—0.104a?+ ++ -, 


we find that the maximum is at 
a=4$F,(0)A. (B.12) 


From Eqs. (B.7), (B.8), and (B.10), this implies that, 
just above @,, 


(B.11) 


p= —nv(0) (B.13) 


and, from (B.9) and (B.11), that the shift in 6, is 


6.— Be 
——— = 4.45[8.v(0) }}. 


B.14 
0. (B.14) 


We have thus shown that a Bose gas with weak re- 
pulsive interactions has a phase transition at a tem- 
perature slightly higher than that for an ideal gas. 


C. Commutation Relations 


We list here several commutation relations which 
are needed in Sec. VI. Let sy and ey be two functions 
of momentum k. We define 


P(r) U7 Dh (Sut Sedan aye **, (C1) 
kk’ 


and 
D,=>D « Cudney. 
Using the relation 
[ay ta), tay = (bine — Six) tae, 
which is valid for either Bose-Einstein or Fermi-Dirac 
statistics, we find that 
[D0 s(r)J=s0- DX (Cu — ex) (Sur + Su) 
kk’ 


XK ay aye”), 


(C.2) 


Next we define 


Dy=yo" LD v(p— Q) Op" Ay" q/2q5 p+ 9,644’ 
pp’aa’ 


(C.3) 
and obtain 
[D2,01(r) ] 


=10* 2 a,lay'ayagetts—9-9) * 
pp’ad’ 
X [0(p— q) (Sy +594 9--¢— 5p’ — Sqtq’—p) 
+0(p’—q’) (54 +5p+p-q'—5p—Setq’—p') ]- (C4) 


One more operator which has to be considered is 


P2(r)=h0-' & 0(p—q)a,'ay-'a,-a,e%e+"-9-9) *, 
ppag’ 
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Its commutators with D,; and Dy, are 
[D,,02(r)]=30-' Y v(p—qay'ay-'ay-a, 
pp’aq’ 
K (ep tep —lg— lg emate Pv) *, (C6) 


[D,T2(r)]=0. (C.7) 


D. The Equation for Entropy Change 


We give here a direct proof of Eq. (7.5), using the 
Bogolyubov model. In obtaining this, we shall assume 
that the velocities v, and v, are small, so second-order 
terms in them may be dropped. 

We need first a general form for Hp—pN. Let a 
momentum state k be written as 


k=x+mv,, (D.1) 


where x=0 refers to the macroscopically occupied 
state. The kinetic energy of a particle is therefore 


k?/2m = x?/2m+ v,°% (D.2) 


to first order. This expression leads to the Bogolyubov 
“Hamiltonian” 


Hy—uN = doy (eet Vex )al(x)a(x), (D.3) 


where the ground-state “energy” has been omitted. 
The density matrix o for the case v,#v,#0 can be 
obtained from Eq. (5.2), which pertains to the case 
v,=0, v,#0. The former case can be obtained from 
the latter by means of a Galilean transformation, which 
leads to the replacement” 
Hg—pN-—w-G— Hy—-pN—w-G—v,:G 
=H,—yuN—v,:G. 
The density matrix is thus 


o= 3  exp[ —8(Hs—pN —v,-G) ] 
a expl—8 Dy’ (a. — we x)at(x)a(x) |, 


and 4 is determined by 


Tre=1. 


The entropy of the system is 


S(w)=—Tr(o Ine) 
=B >» (ee— W° x) (x, Ww) 
— Ys’ In{1—exp[—8(e.—w-«)]}, (D.5) 
where 
P(x, WwW) 


{exp[8(e—Ww x) ]—1) - (D.6) 
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For small |w|, we expand S(w) to linear terms, per- 
form some integrations by parts, and write 


S(w)=}>0,'I (x, w)i(«,w), 


1 de, 
Iw) =8%a( K tw) (le Bex)—I 
3 dk 


Using Eq. (D.7) as a guide, we define the operator 


(D.7) 
where 


(D.8) 


$=U7! YS ALT (n’,w) +7 («,w) Jat (’)a(x) 
pt 


Xexp[i(x—«’)-r], (D.9) 


with the property that its average, 
($)=Tr(0S), 


is the entropy density for equilibrium o». 
The equation of change for ($) is [see Eq. (7.8) ] 


0($) 
=i([Hp—pN, $)), (D.10) 
at 


where Eqs. (D.3) and (D.9) are to be used in the com- 


mutator. The valuation proceeds as in Secs. VI and 
VII, and we obtain 


a(S) _ fx de 
- =-v-{ E ( tv, JI p(w,w)}. 
at x \x dk 


(D.11) 


(The parameter v, that appears here is now a function 
of position and time, because of the statistical averag- 
ing with g.) The second term in the curly bracket of 
(D.11) is just v,($) by Eq. (D.9). From Eq. (D.8), the 
first term is, to lowest nonvanishing order, 


_« de 
U > 3 B7e,.w-x(1—eF*) 
x «x dk 


p(x). 


Upon averaging over the directions of « in the sum, we 
obtain 
de, 
U-"48'w Dd x—e, 
dk 
so that Eq. (D.11) is 
5) 
—V-[(w+v,)(Ss 
al 
-V-(v,($8 


as stated in Eq. (7.5). 
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The point of view is taken that the irreversibility paradox of Loschmitt and Zermelo arises because there 
are two valid transport equations, one causal, the other anticausal, each consistent with the fundamental 
equations of mechanics. From this point of view the problem of irreversibility is to characterize a given 
nonequilibrium distribution as to which transport equation it will obey. Using the transport theories of 
Kohn and Luttinger and of Van Hove, we obtain a statistical criterion capable of so characterizing dis 
tribution functions of both stationary and time varying types. We discuss the question of how experimental 
procedures consistently bring about a situation to which the causal transport equation applies; we answer 
the question for a very simple kind of experimental situation. 


I, INTRODUCTION 


| geansenei a number of authors’~* have studied 
means of deriving rigorously from the equations 
of mechanics the basic macroscopic equations governing 
one or another simple irreversible process. In these 
theories the emphasis has been on obtaining the macro- 
scopic kinetic equations governing the irreversible 
process from a sound theoretical treatment, free of 
arbitrary and unsatisfactory features present in older 
theories. The authors have had various particular ob- 
jectives: they have wished to understand, e.g., how to 
avoid the intuitive use of distribution functions, how to 
go beyond the lowest order Born approximation in 
treating collision terms in the transport equation, how 
to view the conservation of energy condition in scatter- 
ing, why the old condition of disappearance of phase 
coherence between collisions gives too restrictive con- 
ditions for validity of the transport equation, etc. 

It is a feature of several of these theories that the 
transport situation is discussed by means of an idealized 
system which is thermally isolated and which obeys 
Hamiltonian equations of motion. Our work to be re- 
ported here arose from a consideration of the manner in 
which these theories deal with the irreversibility prob- 
lem,® which arises when an irreversible process is de- 
scribed in terms of the fundamental laws of mechanics. 
We have arrived at some simple ideas of general 
significance which are latent in some of these papers,?~* 
but which we think have not been adequately discussed 
there. We will explain these ideas by means of simple 


1V. R. Kubo, J. Phys. Soc. Japan 12, 570 (1957). 

2W. Kohn and J. M. Luttinger (KLI), Phys. Rev. 108, 590 
(1957); (KLII) 109, 1892 (1958). 

?L. Van Hove, Physica 21, 517 (1955). 

‘R. Brout and I. Prigogine, Physica ‘9 621 (1956). See also 
contribution to Symposium on Transport Processes in Statistical 
Wechanics (Interscience Publishers, Inc., New York, 1958). 

+ M. Lax, Phys. Rev. 109, 1921 (1958). 

*D. A. Greenwood, Proc. Phys. Soc. (London) 71, 585 (1958). 

7S. F. Edwards, Phil. Mag. 3, 1020 (1958). 

*H. L. Lewis, Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1958), Vol. 7. 

*M. Kac, Lectures in Applied Mathematics (Interscience Pub- 
lishers, Inc., London, 1959), Vol. 1, Chap. 3, gives a discussion of 
the reversibility paradox with some historical references. See also 
Appendix I, by G. E. Uhlenbeck, especially pp. 185, 186, and 198 


specific examples, and in the main refer to existing 
theory for their mathematical substantiation. What we 
are principally concerned to understand is the relation 
of the theory of the very artificial and oversimplified 
transport situation which can be treated by Hamiltonian 
mechanics to the more complex situation which might 
exist under experimental circumstances. 

In the following paragraphs we will establish that, 
from a certain point of view, the problem of irreversi- 
bility arises from the existence of not one but two trans- 
port equations, each valid under its own conditions. 
From existing theory we will arrive at a statistical 
characterization of a nonequilibrium distribution ade- 
quate to determine which of the two transport equations 
will govern its time variation. We will then discuss the 
relation of the two transport equations to the results of 
experiments. We will finally discuss the formulation of 
mathematical initial conditions to describe experimental 
situations in transport. 


Il. REVERSIBILITY-IRREVERSIBILITY PROBLEM 


In elementary discussions of kinetic theory Boltz- 
mann’s equation for the distribution function in the 
six-dimensional coordinate-velocity space is commonly 
deduced from the fundamental equations of mechanics 
by means of heuristic arguments involving merely the 
conservation of particles and certain assuraptions con- 
cerning the statistical properties of the scattering inter- 
action (Stosszahlansatz). Such familiar treatments make 
it appear that Boltzmann’s equation is an approxima- 
tion to the Liouville equation, valid provided only that 
there is no particular average correlation between the 
position and the velocity of an electron. On such a basis 
Boltzmann’s equation should be valid at almost every 
moment in a typical system. Against this view there is 
the objection raised by Loschmitt® that because the 
Boltzmann equation predicts irreversible effects it can- 
not be an approximation to the reversible equations of 
mechanics: For every motion of a system which has an 
associated distribution function satisfying Boltzmann’s 
equation, there is another possible motion, obtained 
from the first by reversing all velocities, in which the 
system point in multidimensional coordinate space 
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moves along the same trajectory as for the first motion 
but in the opposite sense; the second motion has an 
associated distribution function which satisfies an “anti- 
Boltzmann equation” in which the irreversible terms, 
the scattering terms, have the “wrong” sign. The one- 
to-one correspondence between these two possible mo- 
tions of the system shows that there are as many 
distribution functions associated to possible motions of 
a system that fail to satisfy Boltzmann’s equation as 
there are distribution functions that satisfy it. The 
existence of these other motions is sometimes referred 
to as the “‘paradox”’ of the Boltzmann equation or the 
“reversibility-irreversibility problem.” For brevity we 
will speak of these velocity-reversed motions as ‘“‘duals”’ 
of the original motion. 

As an example we apply the Loschmitt argument to 
the decay of electric current in a closed loop of wire in 
which there is no emf. On simple assumptions about the 
collision terms the Boltzmann equation will have the 
form 

Of/at 


(fo—f)/r, (2.1) 


in which 7 is the time of momentum relaxation: Equa- 
tion (2.1) predicts that the current will decay like e~“’’. 
If we assume that the forces exerted by the scatterers 
are purely electric, hence are even functions of the time, 
then the equations of motion of the electrons in the wire 
are invariant under the transformation ‘—> —¢ and the 
same equations of motion apply if the trajectories of the 
electrons are all reversed. For this dual motion with the 
trajectories reversed the distribution function satisfies 

af/at (fo—f)/r, 


and the current builds up like e“*. We have called 
Eq. (2.2) the “anti-Boltzmann” equation because of the 
change in sign of the scattering term; it describes what 
we will call “anticausal’”’ behavior. Loschmitt’s argu- 
ment shows that macroscopic motions which satisfy 
Eq. (2.2) are in some sense as common as those which 
satisfy (2.1). 

The existence of the dual motions implies that Boltz- 
mann’s equation does not follow from the equations of 
motion alone: Boltzmann’s equation is not an approxi- 
mation to the equations of motion. The most that could 
be true—and it is true—is that many distributions exist 
which change with time according to Boltzmann’s equa- 
tion. In principle, then, to ensure that a nonequilibrium 
distribution obeys Boltzmann’s equation, one must 
specify some property of the distribution, e.g., some 
initial condition. (In a particular experimental problem 
this might be inferred from the initial configuration of 
the apparatus.) 

The existence of the Loschmitt dual motions does not 
depend, in an essential way, on the equations of motion 
having time-reversal symmetry: “Irreversible” motions 
of the anticausal type exist in systems having no particu- 
lar time symmetry. We will show this by considering an 
example from the theory of electrical conduction. We 
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consider a thought experiment in which electrical con- 
duction is studied by means of observations made on 
the current in a closed loop of wire in which there is no 
emf. The current will be zero or very small most of the 
time, and only at exceedingly great intervals will the 
current become macroscopically large. However, when a 
very large fluctuation does come along, its decay is 
governed by the Boltzmann equation. We want to dis- 
cuss the manner of growth of such a large fluctuation. 
We assert that the growth, like the decay, is governed 
by a macroscopic transport equation. This equation is, 
in general, what we will call the anti-Boltzmann equa- 
tion to emphasize its anticausal nature. In simple cases, 
for which the equations of motion are reversible in time, 
the anti-Boltzmann equation may be obtained from the 
Boltzmann equation by reversing the signs of the scat- 
tering terms as we obtained Eq. (2.2) from Eq. (2.1). If 
the equations of motion do not have time reversal sym- 
metry, there is, in general, no simple relation between 
the forms of the two transport equations. However, 
there will in any case be an anti-Boltzmann transport 
equation which describes the most probable course of de- 
parture of a nonequilibrium distribution function from 
equilibrium just as the Boltzmann equation describes the 
most probable course of approach of a nonequilibrium 
distribution function to equilibrium. Thus, (generalized) 
Loschmitt dual motions exist, even when the equations 
of motion do not have time symmetry. 

The above considerations indicate that fundamentally 
the problem of irreversibility does not involve time 
symmetry as such. Instead it involves the existence of 
two possible valid macroscopic transport equations : The 
problem is to know of a given, mathematically specified, 
nonequilibrium distribution function which of the two 
transport equations would describe its time behavior. 
From another point of view, the irreversibility problem 
is to understand why only one of the two transport 
equations is of use in predicting future behavior of 
experimental systems. 


Ill. RATE EQUATIONS FOR ELECTRICAL 
CONDUCTION 


In respect to the deduction of rate equations govern- 
ing observable irreversible processes, there are two 
questions which should be answered: 


1. What feature of a nonequilibrium distribution 
function determines which of the two transport equa- 
tion it will obey? 

2. Why is it that only the Boltzmann equation is 
useful in predicting the future of an experimental irre- 
versible process ? 


We will discuss the first question in this section and 
return to the second in a later section. In trying to 
characterize a distribution function that obeys, e.g., the 
Boltzmann equation, we might specify either some 
characteristics of its history or some characteristics of it 
at a given time. In either case there is the technical 
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difficulty that the systems of interest are so very com- 
plicated that even knowing exact initial conditions and 
equations of motion one cannot practicably carry 
through straightforwardly the calculations required to 
ascertain even the qualitative behavior that the initial 
conditions imply. Thus, the only practical possibility 
for characterizing a distribution function as to which 
transport equation it satisfies, would be to find some 
statistical property of the distribution function of 
the system which would serve to characterize it 
satisfactorily. 

We wiil obtain the required characterization of the 
distribution function first for a steady state problem 
studied by Kohn and Luttinger* (KLI) in their theory 
of the dec electrical conduction of an isolated electron 
gas. In the following paragraphs we will deduce the 
desired characteristic directly from the equations of 
Kohn and Luttinger. In the interest of brevity we will 
not rederive these equations here, but will merely re- 
capitulate the ones we require, since the interested 
reader can find a full discussion of detailed questions 
arising in the derivation in the paper of reference. We 
will, however, discuss in detail how the equations of that 
theory should be solved since the method of KLI must 
be refined so that we can obtain both transport equa- 
tions of interest to us. 

In the problem of Kohn and Luttinger the electrons 
are scattered by an interaction AV which results from 
the action of identical, randomly situated scatterers of 
uniform mean density. The total Hamiltonian H, of the 
system is the sum of three parts, Ho the part describing 
the motion of the system in the absence of scattering, 
AV described above, and H » which describes the action 
of the electric fieid E(/). The electric field E(t) is of the 
form Eye*' in which s is the rate of switching on of the 
electric field. The state of the system is described by a 
total density matrix pr which is written as the sum of 
an initial density matrix p and a density matrix pr which 
is linear in the field. p is assumed to be a function of 
H,+XV, the initial Hamiltonian. pp is assumed to be of 
the form fe*' so that it will describe a situation for which 
the induced current is at all times exactly proportional 
to the applied field. The diagonal elements of f are 
denoted f;, the off-diagonal elements fyx. The equations 
are formulated in the representation for which velocity 
is diagonal, so the current will depend only on the /;. 
The equations of motion of f, and fx» tre, in adequate 
approximation for our purposes [see (KLI) Eqs. (25) 
combined with (33), Eq. (26) with Cy =0) 


—isf,=ieEOp/dk. 
+r Doe’ Cfew Vierw— Viele), 
(wee — tS) fewer =AV ew (fe— fer) 
tA Se’ fee Vier — View fern), (3.2) 


(3.1) 


in which p, means p(E;,), a is, e.g., a cartesian index for 
the vector E,, the notation superscript prime on the 
summation means that no two subscripts appearing on 


PROCESSES IN 


ISOLATED SYSTEMS 677 
any two-subscript symbol can be the same, way denotes 
(E,— Ex )/h, and d is a dimensionless parameter used 
to define the various orders of perturbation theory. In 
the approximation (3.2) the equilibrium density matrix 
p has been treated as though it were diagonal in the 
momentum representation. This approximation, which 
aflects only higher corrections to the transport equation, 
is only made for the sake of brevity; our procedure is 
equally valid if we keep the terms Cy» which we have 
dropped. 

As formulated, these equations are intended to de- 
scribe the situation in an ensemble of isolated electron 
gases, each originally in an energy eigenstate with the 
electrons moving about randomly, when an electric field 
is slowly turned on; Eqs. (3.1) and (3.2) apply only if 
the current is exactly proportional to the field. We have 
remarked in the last section that there are two macro- 
scopic transport equations which govern the time be- 
havior of fluctuations: We will now demonstrate that 
either of these two transport equations could apply to a 
situation as described above, and will also show in what 
way the corresponding distributions differ. We will make 
use of Kohn and Luttinger’s perturbation analysis in 
which the interaction parameter \ is taken as small and 
the density matrix / determined by a series of successive 
approximations. (However, our method of solution of 
the equations differs from theirs in an important way.) 
As shown in KLI, the function f,~O(A~), the function 
Sexe~O(X") for vanishing A, so we can get a given 
approximation to fxs in (3.2) by using the next lowest 
approximation to fx, fxs where they appear in the 
summation on the right-hand side, which is one order 
higher in A. When an approximate solution for fxs is 
substituted into Eq. (3.1), a corresponding approxima- 
tion to the transport equation is obtained. 

The approximate solution of (3.2) in powers of the 
interaction parameters is not entirely straightforward. 
We desire for our case to discuss steady state transport, 
so we want a solution of the equations that doesn’t 
depend on s. This we can get if s is small compared to 
all of the natural frequencies of the problem, including 
the scattering rate (slow turn-on limit), for then we may 
let s approach zero without changing the current. From 
elementary considerations we know that for sufficiently 
small A the scattering time + is of order A~*. But the 
slow-turn-on conditions above would require that s fee, 
which is apparently of order \~' be always smaller than 
tux /7 which is of the order \*'. Thus, for fixed value of s 
the limit \-+ 0 cannot be taken without giving up the 
condition of slow-turn-on. Since the validity of the 
perturbation treatment depends on passing to the limit 
\— 0, we will modify the above equations so that that 
limit can be taken. The simplest formal procedure is to 
write s as 8\* with the consequence that the limits #— 0, 
\—+ 0 can be taken in either order. We now find as the 
lowest order (in \) approximation to fxx 


Sew ™ View (fie- Sv)/ow: (3.3) 
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Inserting (3.3) in (3.1) we find that the terms involving 
Vix cancel one another and that the solution of (3.1) 
does not correspond to a transport process of the usual 
sort at all, since it does not depend on the scattering 
and it has no limit as the rate of turning on the field is 
made indefinitely small. 

In order to get the transport solution of Eq. (3.1) we 
must retain terms in Eq. (3.2) that are of order \* fix, 
since these terms are essential to describe the fx.» for 
which the energy difference w,, is approximately zero. 
In order to display all terms of order \*' we need to 
substitute in the summation expressions for fee, fee 
that are correct to order \°. We cannot get the required 
expressions by direct iteration of Eq. (3.2), so we resort 
to an indirect method which has much in common with 
simple minded renormalization procedures in field 
theory. We rewrite Eq. (3.2) as 


(ene — 8A? — 11 paA*) free’ 
AV ex (fe — fi a iT, Ser’ 
$a Sofas V ere — Vier ferrw). 


oa * 


(3.4) 


We wish to choose [',, so as to cancel out the terms 
proportional to f,x arising when series developments 
for fee, fee are put into the summation on the right- 
hand side of (3.4). That choice of I'y,, will result in a 
cancellation of the second term on the right-hand side 
of Eq. (3.4) with certain terms in the summation there; 
these cancellations have the sole consequence that when 
the series is inserted for fix, fix further restrictions 
must be imposed on the range of the summation indices 
in addition to those implied by the prime on the sum- 
mation in (3.4), so that no two indices in the summand 
can be the same. We will indicate that these additional 
restrictions are to be observed by the symbol ” on the 
summation. Incorporating these simplifications into 
Eq. (3.4) and defining 

dx’ 


Whe — IN°8— INT ke’, (3.5) 


we obtain for fi the simpler form 


AV ewe (Se— fee) 


dee’ 


far’ 


‘ (fans V erree— Views ferree) 
+r Soe 
dex 


Equation (3.6) may now be readily solved by iterative 
substitution into itself. 

Explicit expressions for I'yx, may be obtained by 
iterating (3.6) and collecting the terms which are 
omitted in virtue of the second prime on the summation 
in (3.6). For the exposition of the irreversibility problem 
it is entirely sufficient to take the first nonvanishing 
approximation to I'yx, which comes from the first sub- 
stitution of the summation into itself. The first approxi- 
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mation to I’y,- is found to satisfy 


ot War Vu 
NT ey = —inv >, (3.7) 


d, dys 

Since the ys occur in the denominators on the right- 
hand side of Eq. (3.7), Eq. (3.7 actually gives a set of 
simultaneous equations to be solved for the [yx. We can 
easily find good solutions of these equations for the case 
that \ is very small, because the values of the integrals 
on the right-hand side of (3.7), are almost independent 
of the magnitude of the small imaginary quantities in 
the denominator. The real part of \*T',,, is something 
like the mean scattering rate in the states k,k’ os NT’ yg: 
is, by the hypothesis of slow turn on, large compared to 
8. It follows that the solutions of (3.7) are independent 
of § for small 8. 

What is essential for our purpose is that the self- 
consistent solutions of (3.7) may have either a positive 
or a negative real part. The corresponding two solutions 
for I'yx lead respectively to the causal and anticausal 
transport equations inferred in the previous section. The 
two equations may be found directly by substituting 


Sen dV exe (Se fer) dee, (3.8) 
into Eq. (3.1). fee with the positive value of yy leads 
to the usual steady-state Boltzmann equation, fx, with 
the negative value of I'y, to the steady-state anti- 
Boltzmann equation, each with the scattering terms 
given in lowest order Born approximation. 

We have given the above discussion in detail for 
several reasons. For one reason, we have found that the 
intuitive arguments of the previous section do not im- 
mediately convince some reasonable people of the 
existence of the anticausal type transport equation for 
systems lacking time symmetry. For another, our treat- 
ment shows the extreme sensitivity of the results of the 
theory to the treatment of the initial condition as im- 
plied in the various limiting processes. Finally, the 
mathematical form of the above discussion enables us 
(by extension) to characterize mathematically for a 
more general system the motions of the system that 
satisfy the Boltzmann equation. We conclude that in 
general it is the sign of I’, appearing in its density 
matrix elements that characterizes the transport equa- 
tion the distribution will obey: Positive and negative 
signs of Ty, in the expression (3.5) correspond, respec- 
tively, to causal and anticausal behavior. The sign of 
I’, is of importance only for pairs of states of about the 
same energy ; for these pairs of states it determines the 
phase of the off-diagonal density matrix elements. With 
respect to the classical six-space distribution function, 
these matrix elements have the significance of position- 
velocity correlations. Thus we conclude that the exist- 
ence of systematic nonzero long-wavelength position- 
velocity correlations is necessary for the validity of a 
transport equation, and the phase of these correlations 
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determines whether the transport equation is of the 
causal or the anticausal type. 

It is natural to suppose, from the above results for 
the steady-state problem, that in the transient problem 
also, it is the phase of the off-diagonal density matrix 
elements that determines whether a nonequilibrium 
distribution will decay or grow; one can verify this 
directly by means of a theory of Van Hove.’ This theory 
is expressed in very genera) terms so as to apply to a 
very great number of dynamic systems; it may readily 
be applied to conduction in an eiectron gas by specializa- 
tion, provided the electric field is taken zero. We will 
not give the detailed exposition of Van Hove’s theory, 
but will try to indicate a few of the main points. The 
problem of Van Hove, as specialized to our case, is to 
deduce the history of a distribution which is described 
at time zero by a density matrix that is exactly diagonal 
but has a nonzero current flow. By an ingenious method 
of approximate integration Van Hove demonstrated 
that the distribution approaches equilibrium both for 
positive and negative times, obeying, respectively, the 
Boltzmann and anti-Boltzmann equations for times 
sufficiently remote from zero. He found that for times 
very close to zero, i.e., times distinctly less than a mean 
free time, there is no decay of the current. Van Hove 
did not give formulas for the time dependence of the 
nondiagonal density matrix elements, but one can 
readily get such formulas from his theory. These 
formulas are (in our previous notation) for the weak 
scattering potential case 


t 
fur()=iVaw f dr e~ idee) f(r) — fer (7) J, 


0 


(t(>0), 


fur()=iVw f dr ete" f(r) — fer(7) J, 
: (0), 


(3.9) 


(3.10) 
where d,,* is the complex conjugate of d,.-, and the 
quantity s is to be set zero. Equations (3.9) and (3.10) 
show that for very small times the fx» grow in each 
time direction away from time zero. If we neglect the 
time dependence of the /; in the integrand, we find the 
same relation between fix and f, found by Kohn and 
Luttinger with Eq. (3.9) corresponding to the causal, 
Eq. (3.10) corresponding to the anticausal, transport 
equation. 

In view of these remarks we may consider that Van 
Hove’s theory has application to a fluctuation with 
maximum deviation from equilibrium at time zero. We 
want to emphasize two features of his results: 


(a) When the f,.- are very small there is no scattering. 

(b) When the fis are significantly large there is 
scattering governed by the appropriate macroscopic 
transport equation—the Boltzmann equation when I’y¢ 
in dy» is positive, the anti-Boltzmann equation when 
I',x is negative. 
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Thus, Van Hove’s theory provides support for the 
notion that the phase of the off-diagonal density matrix 
elements of nearly zero frequency is what determines 
which transport equation governs the nonequilibrium 
part of the distribution function. 

The work of Van Hove toegther with that of Kohn 
and Luttinger suggests a point of view to replace the 
old condition” of “phase randomization between colli- 
* one which can be summarized in the phrase 
“phase persistence between collisions.” Thus, in a sys- 
tem of distributed scatterers one may consider that a 
small amount of coherence remains from one collision to 
the next, expressing itself in the phase of the low fre- 
quency fy», and it is this phase coherence that permits 
a steady course of the irreversible process. 


= ’ 
SIONS, 


IV. RELATION TO EXPERIMENT 


The conditions under which most transport processes 
are observed do not permit the idealization that the 
observed system is isolated. However, it is possible in 
certain cases to approach the following idealization of 
isolation: (1) the system to be observed is isolated for a 
long time, after which (2) the system of interest is 
suddenly altered (we will consider that it is altered 
instantaneously) so that the experiment is initiated, 
(3) the altered system is again isolated and remains 
isolated while the course of the experiment is observed. 
We will take, as an example of this process, the diffusion 
of some gas mclecules from a container under the condi- 
tions that the container was closed for a long period 
during negative times and opened suddenly at time zero. 

We want to discuss the diffusion process in this ex- 
ample as though the observed system had always been 
isolated, whereas, in the physical system a very drastic 
change in the laws of motion has been made at the initial 
moment when the container is opened. Thus, we must 
consider that the observed system is created at time sero 
(as the term “system” is used in mechanics), and the 
behavior of the system for negative times is experi- 
mentally unknowable. We can, however, say something 
about the behavior of the system for negative times on 
the basis of theory: Theory tells us that with over- 
whelming probability the gas molecules moved into the 
container by an inverse diffusion process which obeys 
an “antidiffusion” equation. Under experimental cir- 
cumstances such as “indiffusion’” process is so over- 
whelmingly improbable as to be unobservable ; however, 
given that the container had been open for all time, it would 
be overwhelmingly probable. Thus, viewed as a process 
in an isolated system, the diffusion process is just the 
regression of a fluctuation in concentration which 
reached its maximum very nearly at the zero of time. 

From the above admittedly somewhat artificial point 
of view our idealized transport process is just the re- 
gression of a fluctuation: An experimental procedure to 


® For a discussion of these requirements see, for example, R. E. 
Peierls, The Quantum Theory of Solids (Clarendon Press, Oxford, 
1955), p. 140. 
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observe our transport process just creates a nonequi- 
librium situation corresponding to a fluctuation very 
near its maximum, so that it begins its regression almost 
as soon as the experiment is initiated. [The reason that 
the fluctuation is created so near maximum is to be 
found in the circumstance that a typical experimental 
procedure fixes the state of only a few of the many 
degrees of freedom of the gas (e.g., temperature, 
volume). | Our point of view, applicable to these special 
experiments, fits in very well with Van Hove’s theory of 
irreversibility in all of its details if the time zero is 
identified (as is natural) with the moment of initiation 
of the experiment. 

The problem discussed by Kohn and Luttinger cannot 
be treated merely by the application of the Van Hove 
theory because of the occurrence in the KL Hamiltonian 
of the (unbounded) electric potential. We have con- 
sidered carefully the relation of the theory to experi- 
ment, and have found that the situation is surprisingly 
complex. We cannot give a definitive discussion at this 
time, but we will state our opinion since what is in 
question is relevant to the subject of this paper. We are 
presently of the opinion that: (a) There are two ohmic 
solutions of the equations of motion, formulated and 
solved by Kohn and Luttinger, the two solutions dis- 
cussed in an earlier section. (b) The uniqueness of the 
direction of current flow in an experimental situation 
apparently similar to that discussed by Kohn and 
Luttinger is a consequence of a time-directed interaction 
of the electron system with some external system always 
present in experimental situations. In virtue of this 
interaction, which cannot conveniently be introduced 
into the Hamiltonian theory, the nature of the current 
flow and the density matrix describing it is largely inde- 
pendent of the initial conditions supposed at ‘= — «. 
(c) While the existence of such an external interaction 
is essential for understanding the irreversibility of the 
transport process, it is not essential for understanding 
what the transport equation is; we believe Kohn and 
Luttinger have deduced the correct higher order trans- 
port equation subject only to the limitations that they 
have stated. (d) We believe that similar remarks may 
be made concerning other theories in which the artifice 
of turning on an interaction is used to ensure the causal 
nature of a solution of some set of mechanical equations. 

We will conclude by commenting on the applicability 
of the two transport equations for predicting the be- 
havior of nonequilibrium distribution functions. 

It seems feasible experimentally to observe motions 
governed by the anticausal transport equation. How- 
ever, one can never use that equation for predicting the 
future experimental time variation of a nonequilibrium 
distribution function. The difficulty is that experiments 
do not provide the information necessary to infer the 
correlations which determine the nature of time varia- 
tion. One can, at best, then, predict the likelihood of 
various future configurations on the basis of their rela- 
tive a priori probabilities of occurrence. By definition, 
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“equilibrium” configurations are just those of highest 
probability, and states near equilibrium are highly 
probable relative to those farther away; consequently, 
on an a priori basis and lacking information about the 
correlations, one can only predict that the system will 
approach equilibrium. Even though we may observe that 
a fluctuation is carrying the system ever further from 
an equilibrium state, we must expect at each moment 
that the trend will immediately turn back toward equi- 
librium. The proper application of the anti-Boltzmann 
equation is for retrodiction during the progression of a 
fluctuation, just as that of the Boltzmann equation is for 
prediction during the regression of a fluctuation. Pre- 
diction during the progression of a fluctuation is essen- 
tially impossible since the system is moving from con- 
figurations of more, to configurations of less, probability. 
It follows that when the future course of a distribution 
function can be predicted it is always the Boltzmann 
equation that must be used to predict it. 

The above discussion follows conventional thinking 
as to the probabalistic elements of irreversibility. It is 
presented only to show why the theoretical idea that the 
correlations determine the manner of time variation of a 
distribution is not in conflict with the experimental fact 
that the upward course of a fluctuation is unpredictable. 
This paper is intended primarily as an exposition of 
ideas which are latent in the work of Kohn and Lut- 
tinger, Van Hove, and Brout and Prigogine which we 
believe did not get enough emphasis or discussion ; thus, 
it is not intended to be in conflict with their results. 


V. SUMMARY 


1. There are two macroscopic equations that govern 
irreversible processes in an isolated system, the Boltz- 
mann equation (causal), which describes the most 
probable mode of approach to equilibrium of a non- 
equilibrium distribution function, and an ‘‘anti-Boltz- 
mann” equation (anticausal), which describes the most 
probable mode of motion away from equilibrium of a 
nonequilibrium distribution function: The problem of 
irreversibility is to determine which of these will govern 
a given nonequilibrium distribution function. 

2. The decisive matter for determining whether a 
given nonequilibrium distribution function obeys a 
causal or anticausal transport equation is the phase of 
certain off-diagonal density matrix elements; in the 
theory of a classical electron gas these matrix elements 
describe position-velocity correlations. 

3. In discussing irreversible processes in an isolated 
system it is the initial conditions which must guarantee 
the existence of the correct type of off-diagonal matrix 
elements. The solution density matrices are sometimes 
very sensitive to the details of these matrix elements 
are specified. 

4. The analysis of how experimental procedures result 
in a specification of causal initial conditions is complex: 
Experimental conditions are not usually consistent with 
the notion that the system is isolated. However, in the 
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simple case that the observed process can be considered 
as a fluctuation in an isolated system, the theory of 
Van Hove can be related to the experimental situation 
in a natural way. 

5. Ordinary probabalistic reasoning shows that in 
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experimental situations the anti-Boltzmann is never 
useful for prediction of the future behavior of a non- 
equilibrium distribution function, even in cases for 
which the distribution function is changing according 
to that equation. 
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The pseudopotential method is used to calculate the temperature dependence of the low-momentum 
excitations in a Bose gas of hard spheres to an order beyond that previously known. The correction term 
is shown to be small compared to the leading term for all temperatures less than the critical temperature 7T,. 
The excitations become poorly defined for temperatures slightly below 7,, however, since it is shown that 


in this region the excitation lifetimes are quite small. 


INTRODUCTION 


T any temperature 7 less than the critical temper- 

ature T., the low-lying excitation energies in a 
system of bosons are associated with unique wave 
numbers and, therefore, they exhibit particle-like 
properties. The (temperature-dependent) energy-mo- 
mentum relation for these quasi-particles has been 
measured for liquid He II by neutron scattering experi- 
ments.! On the other hand, a theoretical calculation of 
quasi-particle energies has been made only for a Bose 
gas of hard spheres in the low-density limit. For this 
idealized model the leading term in the quasi-particle 
energy, as determined by Lee and Yang,’ is 


wo(k) = (2M) h*k (k?+ 2k), 


where ke’ =8xpaX (p=density, a=diameter of a hard 
sphere, and X(7)=fraction of bosons in zero-momen- 
tum state). The expression is valid for all T<T.. 
Several calculations have been made of the leading 
correction to wo(k) at T=0 (where X¥=1).' On the 


* This work was supported in part by the U. S. Atomic Energy 
Commission and in part by the Office of Naval Research. This 
research was started while the first author was at Columbia 
University. 

1H. Palevsky, K. Otnes, and E. Larsson, Phys. Rev. 112, 11 
(1958); Y. L. Yarnell, G. P. Arnold, P. J. Bendt, and E. C. 
Kerr, Phys. Rev. 113, 1379 (1959); D. G. Henshaw, Phys. Rev. 
Letters 1, 127 (1958). 

2T. D. Lee and C. N. Yang, Phys. Rev. 112, 1419 (1958). 

*S. T. Beliaev, J. Exptl. Theoret. Phys. (U.S.S.R.) 44, 433 
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other hand, the leading correction to wo(k) for 70 
has not previously been published. 

The problem of calculating the quasi-particle energies 
for the ground state (T=0) of a Bose gas of hard 
spheres possesses the simplifying feature that only two 
lengths characterize the system; namely, /= p~! and a. 
The only dimensionless parameter which is encountered 
in the low-density case is found to be the small param- 
eter (pa*)!. 

When 7+0 another length occurs in the problem; 
namely, the thermal wavelength, 


Ar= (2xh?/kTM)}. 


The introduction of the thermal wavelength increases 
the number of dimensionless parameters which can be 
used to describe the Bose gas of hard spheres. Now, 
whereas the low-density Bose gas is certainly not the 
same system as real liquid He II, it is of value for 
orientation purposes to write down the lengths a, J, and 
d\. (=Ar at T,.=2.18°K) of real He II,* together with 
various dimensionless combinations which are encoun- 
tered in this paper. These are: 


a= 2.30 A, 
l= 3.58 A, 
h-=5.91 A, 


a/r.=0.39, 

(pa*)'=0.515, 
prJf=4.5, 

par?= 1.75. 


‘See, e.g., F. London, Superfluids (John Wiley & Sons, Inc., 


New_York, 1954), Vol. LI. 
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It is seen that although liquid He Ii is not a low- 
density system, it is also not a high-density system. 

For the low-temperature Bose gas of hard spheres, 
the most important dimensionless parameter which 
involves Ar seems to be the parameter 


t= 2X padrz?. 


In this paper we investigate the momentum dependence 
of the corrections to the quasi-particle energy wo(k) for 
k<ko and for various regions of the parameter ¢. In 
particular, we consider both the regions >1 (very low 
temperatures) and «<1 (“high” temperatures), even 
though the above numbers suggest that the region <1 
may have little to do with the real He II system. The 
interest in the calculation is twofold. In the first place, 
there is the question as to whether or not the corrections 
to wo(k) for low densities are small corrections for all 
T <T.. Secondly, one is also interested in knowing the 
quasi-particle lifetime as a function of both T and &, 
which is related to the imaginary part of the correction 
to wo(k). 

Our calculation, which uses the pseudopotential 
method,® is outlined in Secs. I and II, and is patterned 
after the zero-temperature calculation of MS. It is 
shown in Sec. IV that the real part of the correction to 
wo(k) is small for all 7<7.. Then, in Sec. V, it is shown 
for ‘<1 that the quasi-particle lifetime 7+ decreases with 
increasing temperature and that (rw) approaches zero 
in the low-momentum limit. 


I, HAMILTONIAN OF THE SYSTEM 


A Bose gas of free particles at a temperature 7 less 
than the critical temperature 7. can be characterized 
by a parameter X(7), which is the fraction of bosons 
in the zero-momentum state. That is, if we define 


number of bosons in the (unperturbed) 
plane wave state k (k~0) atagivenT, (1) 


m,(T) 


then 


~ m=>_' m= (1—X)N, (2) 


— 


ko m 


where N is the total number of particles in the system. 
The free-particle eigenfunctions characterized by the 
wave number k are assumed to be normalized in a large 
cubic box of volume 2. 

For a dilute Bose gas of hard spheres we can use 
ordinary perturbation theory to calculate energy levels. 
In this case, the unperturbed state vectors are character- 
ized by the occupation numbers m, of (1). We also 
introduce the number operator V,=a,'a, for particles 
of momentum k, and define the operator 

by? Ny my, k+~0, (3) 
which has a nonvanishing expectation value for the 
N. Yang 
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AND M. 


MORITA 


interacting system. We treat the zero-momentum state 
in a special manner by using the parameter X(T) to 
characterize the unperturbed eigenstates, because for 
T<T., X(T) is an appreciable fraction, whereas 
m,/N~1/N for k#0. Thus, Lee and Yang? have shown 
in the limit (V.2)— « and p=N/Q=constant, that 
X(T) decreases monotonically with increasing temper- 
ature from the value ¥(0)=1 to the value X¥(T.)=0. 
We observe that although X (0)=1, this does not imply 
that at T=0 all of the bosons in the interacting system 
are in the zero-momentum state. In fact, it has been 
shown® that for a dilute Bose gas of hard spheres, 


re) 
) ; (pa*)*+-O(pa*), (4) 
3y/ 3 


1 
im ( p Uy N, 
¥ 


T~0\N 


where a is the diameter of a single hard sphere. 

In this paper our objective is to calculate the exci- 
tation energy w(k) for a dilute Bose gas of hard spheres 
as a function of the temperature of the gas. The 
leading term in w(k), namely, 

wo(k) = k(k?+ 2k,?)}, (5) 
where we use units such that A=2M=1 (M=mass of 
boson), and 

ke? = $a Xp (6) 


has already been calculated by Lee and Yang using 
the pseudopotential method.? Using the methods of 
statistical mechanics, these authors have also deter- 
mined the dominant behavior of the quantities my, and 
X as a function of temperature. We shall take their 
expressions for m, and X to be given quantities and 
shall use them in a perturbation calculation of the 
leading correction to wo(k). 

We also use the pseudopotential method in which 
the approximate many-body Hamiltonian, to be used 
in conjunction with ordinary perturbation theory, can 
be written as’ 


ra 
_ 
ra a;'a.ta nl, 


(2 kl, 2, eS, ks 


4 
HD #N,+ 
- 


x 6(k, +k,.—k;—k,) coshe k,;—k, P (7) 


where a, and a,! are, respectively, the annihilation and 
creation operators of the free-particle state vectors |k). 
The sum over ki, etc., means the sum over k,, etc. 
Using expressions from Appendix I of MS,’ the Hamil- 
tonian H can be written as follows: 


H= Hot A+ A2+A;-4 (higher order terms), (8) 


*T. D. Lee, K. Huang, and C. N. Yang, Phys. Rev. 106, 1135 
(1957) 


7T. T. Wu, Phys. Rev. 115, 1390 (1959 
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where 


Ho=4rapN(1+ (1—X)*7] +0 (Be +ke) Ve 
o 


+4hko? ¥'Tax'a_x'+a,a_ coske ]}, 
k 


- (S-’ 6x)3-’Lasta_i'+a,a_, cosle }, 
Q + 1 


8ra(XN)! : 
———— D’ [ax'ay-a'eyx coshe|k+k’ | 
Q 


H.= 


+dxsn'ayay coste| k—k’| }, 
2° i = 


4a ; 
H;=— >’ ay'a_y'ay-a_y cosk’e. 
(2 kik’ 


In the zero-temperature limit, i.e., in the limit X¥=1, 
the approximate Hamiltonian (8) and (9) reduces to 
Eqs. (1.4) and (1.5) of MS. As in MS we must lake the 
limit «—+ 0+ at the end of any calculation, since the role 
of the coske term in Eq. (7) is to eliminate spurious 
divergences which would arise in perturbation theory 
calculations should we set 
momentum-space sums.” 

The various parts of the approximate Hamiltonian 
(8) have a significance similar to that discussed in MS 
for the corresponding zero-temperature parts. Thus, 
H gives the leading contribution to the energy levels 
of a dilute Bose gas of hard spheres at a given tempera- 
ture, i.e., for a given X, as first calculated by Lee and 
Yang. In particular, the dominant part wo(k) of the 
quasi-particle energy comes from Ho». The terms H,, 
H,, and H, then give the leading correction to the 
energy levels in the low-density limit. The quantity H, 
arises because of the changes in the free-particle 
occupation numbers from m, to (Ny) which occur when 
we switch (adiabatically) from the unperturbed free- 
particle states to corresponding states of the interacting 
system. We may say that H, corrects the error of 
using the number X in Hp instead of the operator 
(1i—N- >’ Nx). Now, Ho includes the leading effect 
of the hard core interaction in converting pairs of zero 
momentum particles into pairs of particles in the states 

k, —k). Similarly, H, includes the leading terms of the 
interaction which change the occupation number of the 
zero-momentum state by one. Finally, H; gives the 
effect of the interaction in converting pairs of particles 
in the states |k’, —k’) into other states |k, —k). 


«=0 before performing 
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II. OUTLINE OF THE CALCULATION 


It is convenient to imagine the denumerably infinite 
set of plane wave states to be ordered in a sequence 
(k,,k_,,ko,k_»,---), where k_,=—k,. Then the occu- 
pation numbers m, of the unperturbed states can be 
written in the corresponding ordered sequence 
(m,,m_,Mm2,m_»,-°-). Now the numbers my, are also 
the quantum numbers which characterize the eigenstate 
vectors of the dominant part Ho of the many-body 
Hamiltonian (8), i.e., they are also the (approximate) 
occupation numbers of the quasi-particle states. Thus 
the “right”’ eigenstates of H» are*® 


| mym 1M" 7M," ° -) 


- II K xi es (E')™(E )* ‘| Ons), 


>0 


(10) 


where the Ky,°"''"-® are normalization constants, and 
£,'= (1—a,’) '(a,'+a,a x), 


ax= (ho? coske)~"{ k® + ho? — [k*+ 2ho*h? ( 
11) 


1 /ko\'f ko\? 
+ ko*(1—coske) }). > ( ) [1+0(-*) | 
os 2 


Similarly, the “left” eigenstates of H» are 
(mym_\Mq" My °° 

= TT Kas One| (EE), (12) 
where 


E, = (1— &,’) ‘(ay+aa x’), a&=a, coske. (13) 


We shall now describe the calculation of the correc- 
tion to the quasi-particle energy wo(k), Eq. (5), in terms 
of the above right and left eigenstates. We begin by 
recalling the parameter argument of the zero-tempera- 
ture calculation (Sec. III of MS). At T=0, the only 
parameter which enters into the calculation of the 
energy of a dilute Bose gas of hard spheres is the small 
parameter (pa*)' of Eq. (4). In terms of this parameter, 
it was argued in MS that the perturbation-theory 
contributions of H,, H, and H, to the zero-temperature 
quasi-particle energies were small compared to wo(k) 
and large compared to any other contributions. Al- 
though there are other, temperature-dependent pa- 
rameters when 7#0, we assume for the present that 
the zero-temperature argument still suffices to pick out 
the leading corrections to wo(k). In analogy with Eqs. 
(III.1) and (111.2) of MS we therefore write the 
quasi-particle energy as 


w(k) = wo(k) +a (Rk) +e 4.1 (2) + 2,1 (2) +2, 42(k) 
+we,s(k)+w,(k)+ (higher order terms), (14) 


*The distinction between “right” and “left” eigenstates is 
explained in Sec. II of MS and in reference 7. 
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where 
wi(k)= lim lim {(m,y+1| | m+1 
e ©+2--0@ 
1 
+ lim 


«-0+2-0e li 
(13 li +1, 


we,41(k) lim _ 


AND 


_ (m,| Hy, mM, ‘. 


$12 ' wo (13) — wo (le) — wo (Ly) +16 


M. MORITA 


| 


X (mut 1| Ae| my), m1, mF 1, myet+1)(my +1, mt, mF 1, my +1| Ae) m+1 


— (my| H2| my+1, mt, mF 1, me)(my+1, mot1, m F1, my,| He| my - 


wo43(k)=+ lim lim 
«0+ 2~—@ li 
di +2 +13 =0) 


1 
Ss 313 be rave (I,) rem (l;) 


(15) 


X {(m,4+ 1| He) my1, myt1, my+1, m+1 (myt1, mol, mi31, my+1! He| m,+1 


—(my| H2| m1, m1, miz+1, me)(my+1, mt, myy+1, my! H2| my)}, 


w;3(k)= lim 
«0+ 0-0 
In Eqs. (15) we have suppressed all quantum numbers 
m;, which are the same for each of the matrix elements 
of a given term. Furthermore, the subscripts h, 1, and 
1; of m are conventionally printed as I1, 12, and 13, 
respectively. 


Normalization of the State Vectors 


In order to evaluate the matrix elements of Eqs. 
(15), we must first determine the normalization con- 
stants K,("*™-®) and K,(™™-®) of Eqs. (10) and 
(12). Thus, the normalization condition 


1 = (my,n_| My,N_) 
=K mK, n) 


X (On| (Ea) ™™( En) -# (Ent) 8 (Ext) |Ox), (16) 


gives an expression for each of the 
Ry Ky, 

In order to evaluate the matrix element on the 
right-hand side of Eq. (16), we need two identities. 


We define two operators 5, and 6y as follows: 


products 


b= (1—ax?) x= autaxa_s', (17) 
: ‘ 
bx= (1— 2) 'Ex=ant+aia_s'. 

Then the first identity, for mS, is: 


m'n! 


(6x)" (bu) m= > 
p—) (m—p)!(n—p)!p! 


x (1—aya,)? (b,")™ -?(b,)" ?. 


(18) 


as can be verified with the aid of the usual commutation 
relations for the plane wave operators a, and a,'t. The 
second identity, 
!)(—ax)" 
(Ox | (ay)"(a. x)" | Ox) = —____— 
(1—apd,)" 


(19) 


can be proved with the aid of the relations by!0,) 
= (0x|6.'=0. After substituting the identities (18) and 


lim { (my +1 H;| my+-1)— (my | H;| my))}. 


(19) into Eq. (16), we obtain the following expression : 


(1— a2)" (1—a,2) 


1=K,"™K,™ n) 


(1—a,a&,)™ 


n fn!\? 
xE (5) 
p= p! 
ap— A 


[ocho I=(- 


(m+ p)! 
(—1)°[6(k,) #2, 
(n—p)! 


where 


— apy 
(1—coske) 


~ Of (k/ho)*+2(k/ko)?-+ (1—coske) }! 
k.2 


(1—coske). (21) 


an 


We now observe that in the high-momentum region, 
k>ko, both o(k,e) and a, are of ~ kk and are there- 
fore very small quantities. We conclude that the high- 
momentum behavior of any integrals is not changed if 
we set e=0 wherever the factors (1—a,’), (1—4,’), 
(1—az&;), and ¢(k,e) appear. In particular, we may set 
e=0 in Eq. (20) to obtain 1= (Ky ~Ky™™ |m'n!, or 


Ky rere) = Kym) = Kim) Ke), (22a) 
with 

K‘™) = (m!)-4. (22b) 
In a similar manner, we may show that the various 
state vectors (10) and (12) are orthogonal. We conclude 
that these state vectors may be considered to form an 
orthonormal set, although this is rigorously true only 
in the limit e=0. 


Evaluation of the Perturbation 
Matrix Elements 


The evaluation of the matrix elements of H,; and H; 
which appear in Eqs. (15) is readily performed with 
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the aid of the identities: 


| ! 
(my, M_\ | 2_A_% | My, M_~ 
ae 
= — (m,+m_.+1)[ — 
1—a,.ad 


t 


(my, m_ | Oy'a_y" | my, m_«) 


a 
== (m+mat1)(— ), (23) 


1—apd 

apa, 
(my,m_x| 5x | my, M_~) = (my+m__~+ 1) —— ) 

1—-a.d 


In each of these identities, 


_terms proportional to 


Srk,ta d*y, a, COSEY; 
w= tim (=) f 2 t1+m(y0-+m(— (Soa tay") (1a, ar) 


(2”)° 


l—a,? 

w2,41(k) Fw, 
16rk,*a 

wr = lim - P 
€ 90+ (1—a,’) 
32rkFa 


R ») = lim aa 
+ (1—a,?) 





dy; f 1 
(2x)? wo(y 

dy, 

(2m)? 








16n*k,*a 
wy = lim ——— 
e+ (1—a,?) 


X[1+m(y1)+m(y2)+2m(y,)m(y2) } a 


322°*kFa en, 
w= lim — fe 
“+ (1—a,?) J (2x)? 


< [m(y1)+-m(y2)+2m(yi)m(y2) -——— ty 


{¥1,¥2,¥} 


—ayaxa, coshe| yi— y2| |[cos}e| yi— 


we,3(k) =we,43(k)+w,-3(k) 
16rk,'a 


=— lim 
0+ (1—a,?) 
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i(k) =wr™ (k) +oR™ (k)—iLwr™ (k) +01 (R) }, 


{= 1 
(2m)*Leve(y)—co0 (91) ) ete 


wo V2 \—enols )— wel) 


wo(y) —wo(y1) 


(2m) Lev wo y) )+-e00(: )+ wo(¥2) 
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(o(k,e) ]” with p>O have been dropped, since such 
terms do not affect the high-momentum behavior of 
the integrals which occur in w;(k) and ;(k). To 
evaluate the matrix elements of H,, it is simpler to 
write H, of Eqs. (9) in terms of { and {yt [see Eq. 
(11)], of in terms of & and &'. 

We now write down the expressions which are 
obtained for the various terms of Eqs. (15) in the limit 
of infinite volume. Introducing the dimensionless 
parameter 


y= k/ke, (24) 


we derive the following integrals: 


(25a) 


(25b) 


1 
Jet+m(90)+m(99) —{yn¥2¥), 
(1—a,*) (1—a;*) 


1 


- [Em )—m/(y,) } Y, —Yi, Ya), 


(1—a,") (1—a,*) 


aoe wo (ye) | 


1 


{y1,¥2,y}, 
(1—a;’) (1—a;*) 


[wo(y2) —wo(y1) —wo(y) ] 


1 


»—~J¥i1, ye}, 
(1-—a,*) (1—a;*) 


=[cossey+ara, cos}eyi +a, cosheyz—a; coshe| yi +y| —a2 coshe| y2t+y| 
¥2| tara,he| y2t+y| +a, cosfe| yity| 


—a; cushey:—az Cosheyi—ayaga, coshey |, 


1 


|eitm(nd+m(y) 
(1—a,’)(1—a,’) 


X [ayers coshe| yi— y2| +ara, cosde| y:t+-y| +a, coshe| y2+y| —a, coshey 


—a, coshey;—az cosheys |[araz coshey+aya, coshey2+amy, cosfey: 


—a, coshe| yi— y2| — ar: coshe| yot+y| —a2 coshe| yit+y| J, 


w3= lim 1onkta(—* )f2 
e+ 1—a,? 


ot mh 
a= 1+°—y(2+9)), 
wo(y) = y(2+¥°)!. 


(2r)* 


(26) 


a), >ay, 


— “£1-4+-m(y,) 


(25c) 


a COSEY; 
)+-m(— y:) i( . ), (25d) 
1—a;’ 


In the zero temperature limit we have m(y)=0, and 
the above expressions reduce to Eqs. (III.4) of MS. 
We conclude this section with an order of magnitude 
examination of the m(y,)-dependent terms in w(k). At 
very low temperatures the quantity m(y,) is extremely 
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small and therefore the zero-temperature parts of w(k) 
are much larger than the m(y,)-dependent parts. At 
higher temperatures, however, the reverse situation 
holds. It will be shown in the following section that 
the relevant parameter for investigating the tempera- 
ture dependence of these expressions is 


t= kev7/ (4)! = (2X padz’)!, (27) 


where 


r= (4n8)'= (49/kT)'=thermal wavelength. (28) 
At very low temperatures, (>>1, whereas at a tempera- 
ture just below the critical temperature é<1. It is the 
latter region in which we shall be most interested. 

In the region ‘<1, each factor of m(y,) in the real 
part of w(k) behaves as f"' to first approximation, and 
hence the m(y,;) dependent terms dominate in each 
of the integrals of Eqs. We shall show, in fact, 


that for y=k/ko<1 


wlk)—wo(k) a 
Re |- beat-1~—<C1. 
(k) Ar 


(25). 


(29) 


Thus, the real part of the correction to the quasi- 
particle energy wo(k) is a small correction for ail T. 

A similar situation holds for w;‘*(k) of Eq. (25b). 
On the other hand w;"~Ar™ in the temperature 
region «<1. This term is therefore large compared to 
wo(k). It will be discussed in greater detail in Sec. V. 


Ill. CALCULATION OF m(y) AND X 


Explicit expressions for the quantities m(y) and X 
of Eqs. (1) and (2) have been derived by Lee and 
Yang, by substituting the energy eigenvalues of Ho, 
Eq. (9), into the partition function of statistical 
mechanics. The expressions which they have derived 


(1—X)p 


k,? ss Z 
f ade i — +({“ 
(29)? 0 2 


ko? 
[gy e)—lgy (€) ]+RFA( arr 
(Art)! 
where 


AND M. 
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are therefore only first approximations to these quanti- 
ties, but this, however, is all we require for the calcu- 
lation of the leading correction to wo(k). From their 
paper on the equilibrium properties of a low-density 
Bose gas of hard spheres® we obtain 


1—fe twoly) 


k.3 
: fa m(y), 
(2x)* : 
koat y 
fa i— m/(y). 
ca (2 + y? ; 


The quantity ¢ is defined by Eq. (27). We also define 
a quantity 4, 


(1—X)p 
where 


e= —Inf (32) 


6=e/t, (33) 
and shall show below that 6<<1 for all T<T-.. 

There are two temperature-density regions in which 
we shall be interested; namely, the regions «<1 and 
{>1. Before proceeding to evaluate the various integrals 
of Eqs. (25), it is well to have a feeling for the orders 
of magnitude of the quantities « and X for the different 
regions of ¢. Moreover, the approximation techniques 
for performing the integrals of Eqs. (25) are somewhat 
involved and are best illustrated by the simpler calcu- 
lations of X and «. We shall therefore begin by re- 
deriving the approximate expressions which Lee and 
Yang have obtained for these latter quantities.’ 

We first consider the “high” temperature region <1 
and make the change of variable in Eq. (31 

y(2+y¥ ; (34) 


to obtain 


ke pe? f(its*)'-1 ate) 
ee ee 
(29)? Jo 1—e~ tate 
+2)i-—] ; e t( 54 
De 
+s? 1—e t(b+2 


(1+27)'—1 


+ 


1+2? 


So (z +8) | I 


x 
grp(e)= do n-Pe-"*, 


n=l 


and 


A(té 


(37) 


| 


: } etl b+ 
" | | 
12 2 ILi—enutt 


We see that by asymptotically expanding in powers of 
t, the most difficult part of the integral for (1—X)p 


~All f= 


does not need to be done in the region «<1. The reason 
for this simplification is that the last term in the third 
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line of Eq. (35) is a convergent integral. Thus, one 
finds for the quantity (1—X)p: 


ko T ; 
(1—X)p= {ve evo-(*) | 
(4x1)! € 


+400} +hea(®), (38) 


where 


2 @ 2zdz (i+2?)!'—1}! 
A(s)=- f meen {| nt a | -r) 
/avo (s+6)! 1+2? 


= —4(2/r)!+2(x5)'+0(6). (39) 
The complete integrated expression for A (4) is given 
by Eq. (A16) of reference 2. With the aid of the 


expressions® 


g,(€)— (x/e)'= —1.460+0(e), 


(40) 
gy(€) = 2.612—2(we)'+-1.400e+-O0(e). 


We finally obtain for (1—X): 


(i—X)= (pAr*)“[2.612—4(2/x) 43 


+1.46014+-O(e) }. (41) 


In a similar manner one may show that for <1 


e= 24! (koa) (x—2)(2/r)*— 1.460+O0(6!) ]. (42) 


From Eq. (42) it is seen that in the region <1, the 
quantity 6 of Eq. (33) is ~a/Ar. We also note that 
(6/t)?~ (a/Ar)(1—X)/X<1. Now at very low temper- 
atures, i.e., when /> 1 or >1, dis a completely negligible 
quantity and the quantities (1—X) and e€ can be 
written as follows: 


k,? = 22s g~* 
f - Cats) '—1, 
py (1+27) 1—-e 


=2(2/x)*(a/Ar)X[2g;(1)t? 


—15g,(1)t*+O(¢*) }, (43) 
and 


e= V2 4 (koa) [2gs(1)t*—3g,(1)t*+O(t-*)]. (44) 


Thus, the quantities (1—X), ¢, and 6 are all extremely 
small in the region (>>1, and for all practical purposes 
we may assume that they are zero. 

We now return to the calculation of the correction 
to the quasi-particle energy wo(k), and use Eq. (30) 


ka s (1+2m,+2mym-) 
wy? =—_— dz, . 


Syta,/9 ayer (1-+-2;")1(1+-2,*)! 
ka (m+ m+ 2mm.) 
w, >) =—— dz;— ———___— 
4yta,/o = myn (14+2”)*(1+2,*)! 


* See, e.g., the Appendix of reference 4. 
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1—a,;—a2+a,a,+a0,—a,am, |’, (2 


1 —~—Ai— ai; +a 2+ a;02.— aa”, | 
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for m(y), where both X and ¢ are the known quantities 


of Eqs. (31) and (32). 


IV. LOW MOMENTUM EXCITATIONS, kk, 


The leading correction to the quasi-particle energy 
wo(k), Eq. (14), is determined by performing the 
integrals of Eqs. (25). We have only evaluated the 
leading terms of these integrals in the low-momentum 
region. y= k/kg<1. 

We consider first the very low temperature-density 
region ‘~ko\r>>1. In this region we obtain 


w(k)=[w() Jacl 1+O(koat Int)] ©>1, 
where [w(k) ]reo is given by Eq. (IV.2) of MS. 


(45) 


[o(b) }raa=v2hed 148 *(pa*)! 


k 2 
+0(- ) +0(00')| (46) 


Thus, the zero temperature term is the dominant term 
in w(k) for >1. The coefficient of the leading tempera- 
ture-dependent term of (45) is rather complex to 
calculate, and comes from the integral we of Eq. 
(25b). 

In the “high” temperature region i~koAr<1, we 
find that the m(y,)-dependent parts of the integrals of 
Eqs. (25) give the leading corrections to the quasi- 
particle energy wo(k). To evaluate these integrals we 
must use the technique demonstrated in Sec. III in 
the evaluation of (1—X). The final result for the real 
part of the correction to the energy wo(k) is 


Rew(k) = V2kok+ 2v2 (ko?ka/ xt) 
x [— 1.48+3.88/4]+O0(keka) 
V2 kok{ 1+-4(2/2)*(a/Ar) 


X[—1.48+3.88/"]+O(kea)). (47) 


We see that in the region <1, the real part of the cor- 
rection to wo(k) is a small term which is of ~ (a/Ar)wo(k) 
where we always assume that ¢/Ar<1. 


V. QUASI-PARTICLE LIFETIME FOR 
k<hk, AND (<1 


The most important “correction” term to the energy 
wo(k) is the region <1 is the imaginary part of w(k), 
which is given by w;‘* and w;” of Eqs. (25b). These 
two terms may be simplified to the expressions 


=Z—2;) 


* / 
, (Ze 
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2=y(2+y")!, 
a,=(1+2*)!—z, a; 


€ t(6+21) 


my, ° 
1— eo ttn) 


In the very low-momentum region kk» and for 
‘<1, one can show that w;‘* is very much smaller than 
w,”), Therefore, we only consider the latter term, which 
can be written as follows: 


kia pe? fai? ' 
wo, = =f as] — (1+2,’) 41] 
v2 0 (1+2;,’) 


2r! ko 
Xm, (1+m,)[1+O0(y,t) ] ( -)( *), (50) 
v.tO\r—2 Ar 


We see that in the region ‘<1, w;")/wo~ (kAr)™ 
becomes very large for k&ko. This means that the 
half-width of a low-momentum excitation is large 
compared to the excitation energy itself. The lifetime 
7=[—2Ima(k) }"' of the quasi-particles is extremely 
short for «<1, i.e., for temperatures just below the 
critical temperature, and the excitations are therefore 
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not very well defined. Jn a dilute Bose gas of hard 
spheres, low-momentum quasi-particles can only be well 
defined in the low-temperature region {= 1. The result of 
Eq. (47) for the real part of w() becomes less and less 
physically meaningful as the temperature T<T, is 
increased. 

It is of interest to compare the qualitative result of 
Eq. (50) with the experimental results for the inelastic 
scattering of neutrons in liquid He II. In Fig. 2 of a 
note by Henshaw’ are plotted the spectra of inelastically 
scattered neutrons at a fixed angle and for four different 
temperatures: 7 = 1.27°K, 1.57°K, 2.08°K and 4.21°K. 
Now, the critical temperature of liquid helium is 2.18°K, 
and yet one sees from Henshaw’s curves that already 
at 2.08°K the unique energy-momentum relation, which 
defines the quasi-particles in He II at lower tempera- 
tures, has started to wash out. The experimentally 
determined quasi-particles of He II are also not very well 
defined at temperatures just below the critical temperature, 
and the result of Eq. (50) is qualitatively compatible 
with experiment. 
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When a heat current flows in a wide channel filled with liquid 
helium II, the resulting temperature gradient is approximately 
proportional to the cube of the heat current density. The estab- 
lishment of this gradient requires a time 7 which is a function of 
heat current, temperature, and past history of the helium. The 
present experiments concern the effect of uniform slow rotation, 
about an axis normal to the direction of heat flow, upon gradT 
and r. GradT was measured at 0 and 1.3 rad/sec, the highest 
angular velocity at which this measurement could conveniently be 
carried out. No effect of rotation could be observed ; however, an 
approximate calculation suggests that gradT might increase de 


I. INTRODUCTION 


HEN a heat current flows in liquid helium II, the 
resulting temperature gradient is approximately 
proportional to the cube of the heat current density. 
This fact, together with the results of experiments on 
fountain pressures, led Gorter and Mellink' to postulate 
the existence of a mutual friction force between the 
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tectably at somewhat higher rates of rotation. r was measured at 
a number of angular veiocities between 0 and 4 rad/sec; it was 
found that r was appreciably reduced by rotation, the effect being 
greatest at small heat currents and high angular velocities. These 
results can be explained on the assumption that mutual friction 
results from turbulence in the superfluid component, taking the 
form of a tangled mass of vortex line. The delay time r character- 
izes the rate of growth of this turbulence when a heat current is 
switched on; rotation reduces r by introducing an initial length of 
vortex line which accelerates this growth 


normal and superfluid components given by 
F n= ApsPa( | %—Un| — 2)’, (1) 


where t, and 2, are the superfluid and normal fluid 
velocities, respectively. A is approximately independent 
of channel width and is a slowly varying function of 
temperature ; v% is of the order of 1 cm/sec, varies some- 
what with temperature, and decreases with increasing 
channel width. 
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Recently Vinen?~ (henceforth referred to as V1, V2, ° 


V3) has studied the properties of this mutual friction in 
more detail in wide (~ 1 mm) channels. He found that, 
for values of (t,—»,) from 1 to 15 cm/sec, the relation 
between temperature gradient and heat current density 
W is of the form 


grad T= D(W—W,)', (2) 


where D and W, are constants at a given temperature. 
This can be interpreted in terms of the mutual friction 
force (1), provided 


A= (p2S'T*D)/p, and 


t=We/(pST). (3) 


Vinen also discovered that (7) second sound propagated 
across a heat current undergoes a severe excess attenua- 
tion proportional to W? (V1); (ii) there exists a critical 
heat current W, below which the mutual friction force 
abruptly falls to a value much smaller than that given 
by Eq. (1) (V1-V3); and (ii) the equilibrium mutual 
friction is only established after a time r, dependent 
upon the heat current density and the temperature, 
which varies from about 0:1 sec to about a minute (V2). 
The equilibrium value of 7 is only observed if the helium 
has been left undisturbed for a considerable time, of the 
order of two or three minutes; if a heat current is 
switched off and then on again after a time shorter than 
this, + is much smaller and less reproducible. This 
suggests that the state giving rise to mutual friction, 


once established, takes a considerable time to decay. 
Taking into account both these facts and the earlier 


observation that second sound undergoes excess 
attenuation in uniformly rotating liquid helium,* 
Vinen proposed that mutual friction is the result of 
turbulence in the superfluid, and that this turbulence 
takes the form of a tangled mass of quantized vortex 
line. The detailed development of this theory made 
possible an explanation of all the above observations. 
The present measurements concern the effect of 
uniform slow rotation, about an axis normal to the 
direction of heat flow, on the thermal conductivity and 
the delay time +r. Since according to the theory of 
Onsager® and Feynman’ rotating superfluid contains 
an array of vortex lines arranged parallel to the axis of 
rotation, one might expect these vortex lines to act in a 
similar manner to those produced by the heat current 
itself, increasing the mutual friction and reducing r. 
The latter conclusion follows from the observation (V2) 
that 7 is greatly reduced by the presence of a small 
residue of turbulence from a previous heat current; if 
this residual turbulence consists of vortex lines, the 
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effect of vortex lines produced by rotation should be 
similar. Possible effects of the different geometrical 
arrangement of these lines will be discussed in a later 
section. 

7 was measured at a number of angular velocities up to 
4 rad/sec; most of these measurements were carried out 
at 1.41°K, the temperature used by Vinen in much of 
his work ; however, enough measurements were made at 
other temperatures to establish that the phenomena are 
qualitatively temperature-independent. Thermal con- 
ductivity measurements were made at 0 and 1.3 rad/sec, 
at a number of temperatures between 1.3°K and the A 
point. A number of measurements were, of course, made 
in the absence of rotation. These are essentially repeti- 
tions of parts of Vinen’s work, and, except where other- 
wise noted, agree within experimental error with his 
results. 


Il. EXPERIMENTAL METHOD 
(a) General 


The experimental apparatus is shown schematically 
in Fig. 1. The inner chamber A contains a wire-wound 
heater H of nominal resistance 44 ohms, wound on the 
bakelite former B, and a resistance thermometer 7). A 
second thermometer 7; is mounted in a fixed position 
in the helium bath. The heat current from H flows down 
the cylindrical thin-walled stainless steel tube C, of 
inside diameter 2.62 mm and length 5.16 cm, which 
opens directly into the helium bath. Leads for the heater 
H and thermometer 7; are brought out through this 
tube and led to rotating joints constructed from 
modified BNC connectors. The apparatus is surrounded 
by a vacuum jacket D, and is mounted along the 
diameter of an aluminum rotor (not shown) so that it 
can be rotated about the vertical axis shown in the 
figure. The heat flow is therefore radial. The rotor is 
driven by a variable-speed motor coupled to a drive 
shaft entering the cryostat through an O-ring seal. Two 
motors were used in the experiments, providing speeds 
of 0 to 1.3 rad/sec and 0 to 20 rad/sec. In actual practice 
speeds above 4 rad/sec were rarely used, because exces- 
sive amounts of heat were introduced into the helium 
bath at higher rates of rotation. 

A revolution marker consisting of a battery and RC 
circuit was operated by a microswitch and a cam on the 
motor shaft. Marker pips from this device were recorded 











Fic. 1. The apparatus. 

















Fic. 2. Typical records of data (T=1.41°K; W=0.081 watt 
cm’; tape speed 25 mm/sec). Top: w=0, bottom: w= 2.0 rad/sec 
The amplitude of the upper trace of each pair is proportional to 
the temperature gradient, the upward deflection of the lower trace 
to the voltage across the heater. Each horizontal division =0.2 sec. 


dual-channel Brush recorder- 
amplifier together with the voltage across the heater H. 
The output of the thermometer bridge (described below) 
was recorded on the second channel. Delay times were 
measured directly from the tape records, which were 
made at a speed of 25 mm/sec. r was defined, as in V2, 
as the time required for the temperature gradient to 
attain one-half its equilibrium value. Two typical 
records are shown in Fig. 2. The upper record was ob- 
tained with the apparatus stationary; the lower while 
rotating at 2.0 rad/sec. In both cases the heat current 
density was 0.081 watt/cm? and the temperature 
1.41°K. One of the revolution marker pips can be seen 
at the left end of the lower trace. The amplitude of the 


on one channel of a 


33-cycle sine wave is proportional to the temperature 
difference between the two thermometers. 

Heater power was supplied from a battery and poten- 
tiometer. Separate current and potential leads were 
used, and both heater voltage and current were meas- 
ured. When the heater was switched on, a small tran- 
sient occurred in the thermometer bridge output as a 
result of direct electrical coupling between the heater 
and thermometer leads. This was eliminated by placing 
a condenser across the heater so that the rise time of the 
heater voltage was increased to about 0.05 sec. This can 
be observed on the heater voltage records in Fig. 2. It 
was found that changing the value of this condenser by 
a factor of 4 or removing it altogether had no effect on 
the experimental results. 
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(b) Temperature Measurement 


The bath temperature was determined from the vapor 
pressure of the helium, which was measured on an oil 
manometer previously calibrated against a mercury 
manometer. A Wallace and Tiernan absolute pressure 
gauge was also occasionally used. 

Temperature differences were measured with the 
resistance thermometers 7; and T2, which consisted of 
100-ohm, one-half watt Allen Bradley carbon resistors. 
The outer bakelite coating of the resistors was removed 
to reduce the thermal response time, and they were then 
coated thinly with glyptal. The thermometers were 
connected in two adjacent arms of a resistance bridge, 
and a decade box was placed in series with 7). The 
bridge was fed with 33-cycle power from an audio 
oscillator, and its output was amplified by a 33-cycle 
amplifier which has been previously described.* The 
resulting signal was fed into the Brush recorder and also 
displayed on an oscilloscope. The amplifier normally 
has a bandwidth of less than one cycle, but was so 
designed that reducing the gain broadens the pass band. 
All transient measurements were accordingly made with 
the gain turned all the way down. Under these circum- 
stances the bandwidth was about 20 cycles and the rise 
time 0.05 sec. Although the thermometer bridge was 
originally designed to operate with a power dissipation 
of 10-* watt in each thermometer, this figure was in- 
creased to 10~* watt in the present experiments in order 
to compensate for the reduced gain and to provide the 
greatest possible sensitivity. This is a factor of 10 smaller 
than was used in V1-2, and apparently produces no 
objectionable heating effects. Under favorable condi- 
tions temperature differences of one microdegree could 
be observed with 10% this 
apparatus. 

Since the temperature coefficients of the thermom- 
eters differed by a few percent, the balance of the bridge 
was initially rather sensitive to changes in bath tem- 
perature. However, it was found that the ratio of the 
thermometer resistances was nearly independent of 
temperature, so that by adjusting the two fixed arms of 
the bridge in the same ratio this sensitivity could be 
almost completely eliminated. (The bridge 
arranged that the use of unequal arms does not require 
any correction in the resistance readings.) When the 
bridge was properly adjusted, the sensitivity to changes 
in ambient temperature was less than 0.01% of the 
sensitivity to temperature differences, and no particular 


about accuracy with 


is so 


care was needed to hold the bath temperature suffi- 
ciently steady during the course of a measurement. 


(c) Sources of Error 


In V2 transient temperature oscillations, analogous 
to Helmholtz oscillations of the resonator consisting of 
the chamber A and the tube C, were observed when the 
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heat current was switched on. These oscillations had a 
period of about 0.1 sec, and were eliminated by an 
ingenious system of switching the heat current on in 
two steps, one-half cycle apart. In the present experi- 
ments such oscillations were never detected, possibly 
because their frequency was too high to be passed by 
the amplifier (the present apparatus is roughly half as 
large as Vinen’s). No double-switching was therefore 
used. According to V2, the presence of these oscillations 
had very little effect upon the value of r, but only inter- 
fered with the observation procedure. Since the present 
results are in substantial agreement with Vinen’s, it is 
likely that they are also unimportant here. 

When the apparatus is rotated, centripetal force 
causes a pressure gradient to appear along the tube C. 
It is therefore pertinent to enquire what effect this 
gradient may have upon the measurements. An elemen- 
tary calculation shows that this pressure gradient at 
radius r is given by 

dp dr= pur, (4) 


which in the present experiments was never greater than 
6% of the vertical gradient produced by the hydrostatic 
head of the liquid. No relevant effects have been observed 
in helium II which might be attributed to the hydro- 
static pressure; in particular, the results of Vinen’s 
experiments, in which the heat flow was directed 
upwards, agree with those obtained with the present 
horizontally oriented apparatus when it was not 
rotating. It therefore seems likely that the much smaller 
gradient produced by rotation can be neglected. There 
will of course be some mass transfer during acceleration, 
as this gradient is established, but equilibrium was 
always reached long before any measurements were 
made. 

The bandwidth of the amplifier limits the shortest 
delay times which can be measured to ~0.1 sec. The 
fact that delay times as short as this can in certain 
circumstances be detected shows that no more stringent 
limitation is imposed by the thermal response time of 
the thermometers. The shortest delays observed in the 
present experiments are, with one exception, greater 
than 0.2 sec, and most of the measurements involve 
delays of 0.3 to 5 sec. No corrections have been applied 
for instrumental delays, but it should be borne in mind 
that they may be significant for small values of r. The 
exception mentioned above will be discussed more fully 
in the following section; in this case it appears likely 
that r=0, and the apparent delay (~0.1 sec) which is 
actually observed serves to confirm the above estimate 
of the instrumental delays involved. 

Delay times could be measured from the tape records 
with a precision of about 0.02 sec; this does not include 
possible instrumental delays of the order of 0.1 sec 
which were mentioned above. Temperature gradients 
smaller than 2 microdegrees/cm could be measured to 
approximately +210~* degree/cm; larger gradients 
within +1%. Heat current densities and angular 
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3. 3. Thermal conductivity of helium IT. Lower curve, 1.993°K; 
upper curve 1.300°K. O, w=0; A, w= 1.3 rad/sec. 


velocities were both measured to +2%. The absolute 
temperature could be read to +0.002°K, but varied as 
much as +0.005°K during some of the measurements. 


Ill. THE THERMAL CONDUCTIVITY 


Thermal conduction measurements were made at a 
number of temperatures between 1.3°K and the A 
point, at angular velocities of 0 and 1.3 rad/sec. Higher 
angular velocities were not used because the heat 
generated by rotation caused changes in bath tempera- 
ture that would have obscured any possible effect of 
rotation. The results at w=0 agree in all respects with 
V1." In Fig. 3, (grad7)! is plotted against heat current 
density at two different temperatures. As in V1, the 
results are straight lines in agreement with Eq. (2) 
except near the A point, where small departures from 
linearity are observed. It is clear that there is no observ- 
able difference between the results obtained at w=0 
(circles) and w=1.3 (triangles). It therefore appears 
that rotation at this angular velocity does not affect the 
thermal conductivity of liquid helium. 

According to Hall and Vinen,® the attenuation of 
second sound in rotating helium is consistent with an 
excess mutual friction of the form 


Fin= B(pspn/p)w(.— an), 5) 


where B is a dimensionless constant varying from ~ 1.5 
at 1.3°K to ~0.8 at 2.0°K, and w is the angular fre- 
quency of rotation. These results were obtained with 
sound frequencies of 1.5 to 4.5 kc/sec, and were independ- 
ent of frequency over this range. Vinen (V3) has shown 
that the same value of B is likely to apply at zero fre- 


* The author is grateful to Dr. Vinen for communicating the 
values of entropy, p., end p. which were used in computing the 
constant A [Eq. (3)]. A is so sensitive to variations in hens uan- 
tities that a direct comparison with Vinen’s results could only be 
carried out if identical values were used. 
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quency, so that if the contributions described by Eqs. 
(1) and (5) are additive it is possible to write the mutual 
friction in rotating helium in the form 


PsP 
F yn=ApsPal\%s—Un| — 00)? +B w(v,—,). 
p 


(6) 


It is possible, of course, that the two mutual frictions 
are not additive. For example, the turbulent vortex line 
arrangement giving rise to the Gorter-Mellink force 
might simply rearrange itself slightly when the system 
is rotating without any increase in the total length of 
line per unit volume.” Equation (6) therefore probably 
represents the upper limit of the effect to be expected 
due to rotation. It is clear that the second term in Eq. 
(6) will be most important at small values of (v,—v,) ; 
for an angular velocity of 1.3 rad/sec and the smallest 
heat currents at which measurements could be made, it 
amounts to about 5% of the first term at 2°K and 15% 
at 1.3°K. This is just at the limit of resolution of the 
present experiment. An increased mutual friction might 
be observed at angular velocities of the order of 10 
rad/sec, but such rates of rotation cannot be obtained 
with the present apparatus. 

Near the end of each experimental run the relation 
between temperature gradient and heat current 
abruptly changed in a manner shown in Fig. 4. This 
curve was obtained at 1.41°K, but the results were 
similar at other temperatures. At large heat currents 
the temperature gradient (full curve) was one or two 
orders of magnitude smaller than in the usual case 
(shown by the broken curve); at small heat currents 
the corresponding gradient was larger than usual. The 
usual cube law was clearly violated. Simultaneously the 
value of r fell to ~0.1 sec. Inasmuch as this is compar- 
able to the estimated resolving time of the apparatus, it 
is likely that in this case 7 is actually zero. All these 
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Fic. 4. Thermal conductivity observed when helium level is 
near apparatus (1.41°K). The broken curve shows the normal 
behavior; various symbols refer to different runs. 
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observations were made with the apparatus not rotat- 
ing. Since the experiment was performed in a metal 
Dewar, it was impossible to observe the helium level at 
the onset of this effect. However, the level always fell 
below the apparatus a few minutes later, as evidenced 
by rapid warming of the thermometers and a sharp de- 
crease in the apparent thermal conductivity. It therefore 
seems likely that the above behavior occurs when the he- 
lium level is below the top of chamber A and this chamber 
is not completely filled with liquid. Under these circum- 
stances a net flow of matter into or out of A is possible; 
in particular, such a flow will occur as the bath level 
falls. No explanation of these observations is apparent, 
but it appears that they may be connected with the 
combined flow of heat and matter in the channel. 
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Fic. 5. Dependence of + on W Broken line: Eq. (7). 


IV. TRANSIENT EFFECTS 
(a) Measurements in Nonrotating Helium 


Consider the following sequence of operations: A 
moderately large heat current is switched on for a few 
seconds, and then switched off. The helium is then left 
undisturbed for a time /, a heat current W is switched 
on, and r is measured. The results of such an experiment 
are in full agreement with V2: For smal! values of ¢, r 
fluctuates erratically and is small, while for sufficiently 
large values of / (greater than 2 to 3 minutes) 7 ap- 
proaches a value r; which is fairly reproducible and is 
unaffected by further increase in /. All the measurements 
reported below were made with values of ¢ greater than 
3 minutes, and will be designated by r,. The scatter in 
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individual measurements of r; is about +10% when 
the helium is not rotating, with occasional points 
deviating by as much as +20% from the average; in 
the rotating liquid these figures are increased to +20% 
and +50%, respectively. It should be emphasized that 
this scatter apparently results from a true lack of 
reproducibility in the rate of buildup of mutual friction, 
since it is far greater than the limits of resolution of the 
apparatus and is unaffected by vibration, thermometer 
power, or any other variable which could be readily 
changed. A similar situation was reported in V2. In 
Figs. 7 and 8 all the experimental points are plotted, so 
that this scatter is evident ; in the other figures each data 
point is the average of two more separate observations. 

Figure 5 shows the dependence of r; on heat current 
density W for nonrotating liquid helium at 1.41°K. The 
broken line is given by the equation 


r,=aWw-t (7) 


as reported in V2. The departures from this behavior at 
low and high heat currents were also observed in V2. 
The rise at low values of W was attributed to the prox- 
imity to a critical heat current W,., r; presumably 
becoming infinite at W,.. The behavior at large heat 
currents is apparently due to the importance of the RC 
time constant rec of the apparatus, consisting of the 
thermal resistance of the tube C and the total thermal 
capacity of the chamber A and its contents. It should 
be noted, however, that an estimate of rrc for the 
present apparatus suggests that it is an order of magni- 
tude too small to explain the observed departures from 
Eq. (7). It is therefore possible that some additional 
effect may become important at large heat currents. 
Vinen (V2) was able to study the growth of mutual 
friction in this region by observing the attenuation of 
second sound propagated across the heat current, which 
is practically unaffected by rac. In this way, he found 
that (¢) Eq. (7) still holds for large W, and (ii) at large 
heat currents mutual friction sets in abruptly after a 
short delay. Similar observations are not possible with 
the present apparatus, since no second sound equipment 
is employed. However, it is evident that a temperature 
gradient will first appear at that time when mutual 
friction sets in, since before that time the thermal 
resistance of the channel C is zero and the capacity of 
A is not yet charged. If the onset of mutual friction is 
sufficiently abrupt, it should be possible to estimate r 
in this range by measuring to the point at which the 
temperature gradient first becomes evident. Measure- 
ments made in this way are shown in parentheses in 
Fig. 5, and can be seen to obey Eq. (7) in agreement 
with (7). In all subsequent measurements values of W 
less than 0.2 watt/cm? were used, so that the compiica- 
tions attendant upon working in the region of high heat 
currents were avoided. 

By making measurements like those shown in Fig. 5 
at a number of temperatures, it is possible to determine 
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3. 6. Temperature dependence of a [Eq. (7)]. 
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the temperature dependence of the constant a in Eq. 
(7). This is shown in Fig. 6 by the circles and full curve. 
The broken line represents values of the same quantity 
given in V2. Although agreement is good around 1.3°K, 
an increasing discrepancy, eventually amounting to 
about a factor of two, arises at higher temperatures. No 
combination of experimental errors appears to be large 
enough to account for this discrepancy, nor has it been 
possible to think of any deficiency in the present experi- 
mental procedure which could result in an apparent 
increase in r. It is possibly the result of geometrical 
differences in the size, shape, and orientation of the 
apparatus, or in the surface state of the tube in which 
the heat current flows. 


(b) The Effects of Rotation 


Suppose the helium is left undisturbed for a suffi- 
ciently long time (~3 minutes), and the apparatus is 
then suddenly set into rotation, at a constant angular 
velocity w, at time t=0. After a further time /,, a heat 
current W is switched on and 1, is measured. The 
dependence of r, on ¢, determined in such an experument 
is shown in Fig. 7 for three different values of w. These 
data were taken at 1.41°K with a heat current density 
of 0.159 watt/cm?*; the behavior at other temperatures 
and heat currents is similar. From Fig. 7 it is evident 
that equilibrium is only reached after approximately 
one minute of rotation, and in subsequent experiments 
the apparatus was always rotated at least this long 
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before a measurement was made (except in the case of 
measurements, shown in Fig. 10, deliberately 
near the minima in the curves in Fig. 7). The 
presence of a minimum in these curves at /,.~5-10 sec 
is interesting. If one assumes, as Vinen does, that a 
decrease in r corresponds to an increase in the turbu- 
lence of the superfluid, it is clear that this turbulence 
grows rapidly to a maximum a few seconds after the 
start of rotation and then slowly decays, leaving the 
liquid in a state of uniform rotation. This is not sur- 
prising, since the apparatus lacks rotational symmetry 
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and the entire liquid must accordingly be accelerated 
in a turbulent manner. It should be noted that, even 
after this transient has died out, 7 is smaller than in the 
nonrotating liquid. This circumstance, which was antici- 
pated in the introduction, is described in greater detail 
in the following paragrap! 

Figure 8 shows the dependence of r on w for three 
different currents at 1.41°K; different symbols 
refer to different runs. The magnitude of the scatter is 


heat 


evident from this figure, and it can be seen that it in- 
creases with increasing 7 (or decreasing W). In general, 
r decreases as w increases, but there is some suggestion 
of a maximum near w=0.2 rad/sec at the smaller heat 
currents. Unfortunately, the scatter is so large that the 
reality of this maximum cannot be positively affirmed. 

Figure 9 shows 7 as a function of W at angular 
velocities of 1.0, 2.0, and 4.0 rad/sec at a temperature 
of 1.41°K. The straight line without experimental points 
reproduces the results of Fig. 5 at w=0; the other curves 
are theoretical ones and will be discussed below. Each 
point in this figure (as well as in Fig. 10) is the average 
of from two to five separate observations. 

In Fig. 9, the apparatus was always rotated for at 
least one minute before observations were begun. Figure 
10 shows the corresponding results which are obtained 
if ., is deliberately chosen in the region of the minima 
of Fig. 7; these values have been designated by Twin. 
Comparison of Figs. 9 and 10 shows that for all values 
of W and w, Tmiz is less than 7; the significance of this 
quantity will be discussed in the following section. 


(c) Discussion 


In the preceding section it was shown that r is 
appreciably reduced by rotation, and that 
more pronounced at low heat currents. In order to 


understand the significance of this result, it is necessary 


the effect is 


to have a detailed model of the mechanism responsible 
for the growth of mutual friction. Such a model has been 
developed by Vinen (V3). As previously mentioned, he 
assumes that mutual friction is the result of turbulence 
in the superfluid, taking the form of a tangled mass of 
vortex line. Detailed calculations by Vinen based on 
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this assumption gave good agreement with the growth 
curves (gradT against time) measured in V2, and led 


to the following expression for r,: 


1 4 d& 
u-— | ——— (8) 
Kw 0 ei—2i)+A" 


K, is a constant at any given temperature 
evaluated from Vinen’s growth curves; v= /|t,—®?,! ; 
L=L/Lo, the fraction of the equilibrium length of 
vortex line present at any instant of time; and A repre- 
sents an undefined starting function which is required 
to initiate the growth of turbulence in the undisturbed 
liquid. Without the presence of this function, the inte- 
gral in Eq. (8) would diverge. A is a function of tempera- 
ture and heat current, and was evaluated by Vinen from 
his experimental data. The upper limit 3 on the integral 
results from the definition of r, as the time required for 
gradT to reach $ its final value. In V3 it was further 
shown that, if there is initially present a small length 
of vortex line L; (for ey the residue of a previously 
applied heat current), Eq. (8) is only modified by 
changing the lower limit of the integral to £,= L;/Lp. 

Rotation may require modification of Eq. (8) in two 
ways: (i) The presence of vortex lines produced by 
rotation may require a nonzero value of the lower limit 
of the integral, as is the case when residual turbulence 
is present, and (ii) the value of A may be changed. 
However, nothing is known about the mechanism 
responsible for A, so that it is useless to speculate about 
the possible effects of rotation upon this function. In 
any case, for sufficiently large values of the lower limit 
of the integral the effect of A on the result is negligible, 
so that except at very low angular velocities small 
changes in A would be undetectable. 

In the following analysis it is assumed that only 
mechanism (i) is operative, that rotation produces a 
length of vortex line per unit volume 


where 


Le=2wm/h, (9) 


where m is the mass of the helium atom and 4 is Planck’s 
constant, and that L, has an effect similar to that of 
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current density in watts/cm* 


residual turbulence upon r. In order to take into account 
possible differences due, for example, to the different 
geometrical arrangement of the lines, the “effective” 
length of vortex line Le will be defined by 


aly, 


(10) 


where a@ is a dimensionless parameter of order unity; 
the lower limit of the integral in Eq. (8) will then be 
replaced by £:= Len/Lo. The value of a thus indicates 
the degree to which the different geometry of the vortex 
lines affects the growth of mutual friction. a should be 
independent of temperature, heat current, and angular 
velocity. 

The resulting integral cannot readily be evaluated 
by analytical methods; the necessary computations 
were therefore carried out by Gaussian 9-point quadra- 
ture on a Royal-McBee LGP-30 computer for various 
values of heat current and angular velocity at a tempera- 
ture of 1.41°K. Values of the constants K, and A were 
taken from V3. The results of this calculation are shown 
in Fig. 11, where r is plotted as a function of aw for 
various values of W. It is clear that these curves have 
the same general form as the experimental ones shown 
in Fig. 8, except for the absence of a maximum at small 
heat currents and low angular velocities. In the light of 
the above discussion it is tempting to suppose that this 
maximum is connected with a reduction in A by rota- 
tion; this would lead to an initial increase in r, but the 
effect of £; would dominate the behavior of the integral 
at large angular velocities leading to a maximum such 
as is observed. Such a conclusion, however, is hardly 
justified until more is known about A. 

The success of this model in explaining the observa- 
tions is shown by the full curves in Figs. 9 and 10; in 
each figure the value of a has been adjusted to give the 
best fit to the experimental points. In Fig. 9, which 


Lett on 





696 


shows the value of 7 after rotational equilibrium has 
been reached, a= 0.3; the results of Fig. 10, correspond- 
ing to the state of maximum turbulence during accelera- 
tion of the liquid, are best represented with a= 1.0. The 
general agreement between theory and experiment 
which is obtained in this way suggests that Vinen’s 
ideas are essentially correct and capable of explaining 
the behavior of rotating as well as nonrotating liquid 
helium. The fact that the results during the starting 
transient are also well fitted by the theory indicates 
that even this turbulent state can be described in the 
same way, although the fact that a= 1.0 in this case is 
probably coincidental. 


Vv. CONCLUSIONS 


The effect of rotation upon the thermal conductivity 
of liquid helium IT and upon the delay time r associated 
with the growth of mutual friction has been studied in 
a wide (2.62-mm diameter) channel of circular cross 
section. The thermal conductivity was unchanged 
within experimental error at angular velocities up to 
1.3 rad/sec; however, a considerable change in 7 was 
observed. In general, r decreases as the angular velocity 
is increased, the effect being largest at small heat 
currents ; however, there is some evidence that r passes 
through a maximum near 0.2 rad/sec for small heat 
currents. In nonrotating helium, all the results obtained 
agree with those of V1-—3, except that the temperature 
dependence of the delay time is somewhat different. 
This discrepancy may be connected with differences in 
the geometry or surface condition of the channel in 
which the heat current flows. When the helium bath 
level is near the apparatus a marked change in the 
thermal conductivity occurs, and r simultaneously falls 
to a value comparable to the resolving time of the 
apparatus; this phenomenon may be connected with 
the possibility of mass transfer within the channel, but 
no convincing explanation has been devised. 

The effects of rotation upon the delay time can be 
explained in terms of a semiphenomenological theory 
proposed by Vinen (V3). This theory postulates that 
mutual friction is the result of turbulence in the super- 
fluid component, taking the form of a tangled mass of 
quantized vortex line; the delay time is governed by 
the mechanisms controlling the growth and decay of 
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this turbulence. In particular, Vinen showed that the 
presence of a small amount of residual turbulence 
(resulting, e.g., from a previously applied heat current) 
greatly reduced the value of r, and he was able to derive 
an equation for determining 7 under such conditions. 
In the present case, it was assumed that rotation 
produces an array of vortex lines parallel to the axis of 
rotation, and that these lines, apart from a possible 
geometrical factor, have the same effect upon r as an 
equal length of randomly oriented line remaining as the 
residue of an earlier turbulent state. The geometrical 
factor was represented by a dimensionless parameter a 
of order unity, describing the relative effect of the two 
different arrangements of vortex line upon r. The results 
of the present experiments can be adequately explained 
if a=0.3. Some observations of r were also made during 
initial acceleration of the liquid, when turbulence was 
presumably present in both the normal and superfluid 
components. The minimum value of 7, corresponding 
to the instant when this turbulence was at a maximum, 
could also be explained in the above manner with 
a=1.0. The maximum in r(w) which was observed at 
low heat currents and small angular velocities cannot 
be explained by the above theory. However, the expres- 
sion given in V3 for r contains a “starting function” 
A of uncertain nature which governs the initiation of 
turbulence in the undisturbed liquid. One may speculate 
that A is reduced by rotation, giving rise to a maximum 
such as is observed, but such speculation is of little 
value until the theory has been developed in greater 
detail. 

It is clear that the above analysis is far from rigorous, 
and much theoretical work is required before a full 
quantitative explanation can be attempted. Unfor- 
tunately, a detailed theoretical treatment of this 
problem appears hopelessly difficult at the present time. 
The general agreement which has been obtained, how- 
ever, gives further support to Vinen’s conclusions, and 
suggests that his basic ideas are essentially correct. 
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A new technique is described for the study of decay mechanisms in phosphors. When a phosphor is excited 
by radiation whose intensity is modulated to a depth less than 10%, the modulation of the emission intensity 
has negligible harmonic content. Quantitative comparisons of these two modulated signals, if of sufficient 
accuracy and range, result in qualitative distinctions between different basic mechanisms, and the possi- 
bility of subsequent quantitative analysis. In particular monomolecular and bimolecular processes are 


unequivocally distinguished. 


INTRODUCTION 


HE present contribution, which is the result of 

both experimental and theoretical development 
over several years, provides a new approach to the 
problem of the measurement and analysis of phosphor- 
escence decay. It originated in the work of Lord and 
Rees,' who used sinusoidally modulated excitation. They 
were concerned to distinguish between simple mono- 
molecular and simple bimolecular mechanisms on the 
basis of the relationship between the phase shift of the 
emitted modulation and its ratio of maximum to mini- 
mum intensity. Their experimental arrangement per- 
mitted only a single frequency of modulation. 

It will be argued here that by variation of the modu- 
lation frequency and accurate comparison between the 
modulation parameters of the exciting and emitted 
radiations, it is possible to resolve a number of simple 
‘‘monomolecular”’ processes acting together in the same 
phosphor, independently of whether the actual mecha- 
nisms of phosphorescence are in fact monomolecular or 
bimolecular. This last question can be explored by vary- 
ing the average exciting intensity in addition. The work 
is conveniently divided into four parts. Part I is a general 
statement and analysis of the approach and its possi- 
bilities. Some of the conceptions are outside the ac- 
customed field of solid-state physics, and the introduc- 
tion of a few new terms has been inevitable. Part II is 
devoted to a description of the equipment. As the success 
of the whole thesis is heavily dependent upon the ac- 
curacy and reliability of the observations, it is essential 
to justify the experimental method. In Part III the 
method of numerical analysis is treated, and the resolv- 
ing power of the equipment is assessed quantitatively. 
Part IV gives the results of analyses applied to three 
phosphors, and discusses some of the implications. 


THE MONOMOLECULAR CASE 


Many authors have produced equivalent mathemati- 
cal analyses of the monomolecular case, and it is re- 
produced here only for the sake of completeness and 
definition. 


1M. P. Lord and A. L. G. Rees, Proc. Phys. Soc. (London) 
58, 280 (1946). 


A monomolecular process is said to operate when 
transitions accompanied by emission are spontaneous, 
and are defined sufficiently by their probability per 
second a, which is called the decay rate constant for the 
bulk material. The differential equation describing the 
process in a small volume of crystal is 


dN/dt=I(t)—aN, (1) 


where N is the number of electrons in the state from 
which emission takes place at time ¢, and [(#) is the 
number of electrons being excited to that state per 
second by external means. The quantities 7() and aN 
are evidently closely related to the observable intensities 
of excitation and emission. 

If I has the form of a single step, Eq. (1) is immedi- 
ately soluble, and N approaches its second equilibrium 
value exponentially. Equation (1) is also exactly soluble 
for sinusoidally modulated excitation which may be 
written 

(2) 


where a is the depth of modulation, w is the modulation 
pulsatance, and A is the average value of I. The steady- 
state solution shows that the number of electrons re- 
turning to the ground state per second is 


aN = A{1+<ad cos(wi+¢))}. (3) 


The attenuation factor \, and the phase retardation ¢, 
are given by the relations 


h=a/(a?-+u%)}, 


I(t) =A{1+<a coswt}, 


(4) 
(5) 


Circular functions of the argument w/ in the modula- 
tion part of the excitation function (also linear combina- 
tions of them) are undistorted by a monomolecular 
process whose transmission function is independent of 
both A and a. Furthermore, the parameters \ and @ 
are not mutually independent. A simple monomolecular 
process is confirmed if either parameter can be treated 
as the observable, and the appropriate relation (4) or 
(5) verified over a wide frequency range. A combination 
of both parameters, which we may call the in-phase 
attenuation factor x, leads to a simpler analysis. From 


and 
$= tan (w/a). 
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Fic, 1. The form of relation (6), x =a*/(a*’+*) which 
arises from a simple monomolecular process 


relations (4) and (5) we have 


x =A cosd=a*/ (a*+w”*). (6) 


It will be observed that only the ratio w/a appears in 
the relations (4), (5), and (6). Accordingly, the shape of 
the representation on a logarithmic scale of pulsatance 
is independent of the value of the rate constant. Rela- 
tion (6) which is illustrated graphically in Fig. 1 has 
the additional advantage of a center of symmetry at 
the point [4, loga ]. 


EXPERIMENTAL ASPECT 


In practice it is convenient to use a powdered phos- 
phor, and to sample the excitation and emission in- 
tensities using photoelectric detectors which give elec- 
trical signals defined by 


Texe= A{1+a cosa}, 
and 


oe Bl taXr cos(wi+¢)}. 


The same symbols a, A, ¢, and x may be used provided 
there is proportionality between instantaneous values 
of both Jex. and J, and J and aN. The requirement of 
instanlaneous proportionality formally excludes proc- 
esses of finite rate in cascade with the process “a”, but 
if they are very fast in comparison the condition is still 
closely fulfilled for experimental purposes. 

Frequency is normally conceived on a logarithmic 
scale, even though its measurement may consist of a 
counting operation. Frequency stability and measuring 
accuracy of the order 0.01% are readily achieved over 
many orders of magnitude. On the scale of Fig. 1 this 
corresponds to a uniform uncertainty of less than 1 yw in 
the horizontal direction for a measured point. The range 
of frequency is limited by the feasibility of modulating 
the source of excitation. With the present experimental 
arrangement the depth of modulation is limited to 10% 
(a=0.1), and nearly four decades are accessible from 
3 cycles/sec upwards with harmonic distortion of less 
than 1%. 

The in-phase attenuation factor x is measured by a 
homodyne technique using a bandwidth of about 0.1 
cycle/sec. Under convenient operating conditions the 


noise level is about 0.001 for all values of x. Conse- 
quently when x is plotted linearly as in Fig. 1, the 
vertical uncertainty is also constant, and is equal to 
about 0.001 in. in the figure. 

Thus the representation of observables in Fig. 1 here- 
after called a phosphorogram is experimentally practi- 
cable and analytically simple. It has the advantage over 
the (log/, 4) representation, commonly used for meas- 
urements on a Becquerel’s phosphoroscope, that the 
error can be made small and constant throughout a 
useful range of the observables (x, logw). 

The complete phosphorometer is described in Part IT. 


THE BIMOLECULAPR. CASE 


When absorption of the excitation energy leads to 
ionization of the luminescent center, luminescence may 
result from a recombination of an electron with a center. 
In the simplest case which is that of an insulator, the 
emission probability is proportional to the square of the 
number of mobile electrons. The process is described by 
the differential equation 


dN /dt=I(t)—BN?. (7) 


The inherent difference between the two cases is re- 
flected in the different definitions of the probability 
factors a and 8. The former has dimensions of frequency, 
but the latter those of volume times frequency. 

It is well known that Eq. (7) is soluble for a stepped 
excitation function and leads to a hyperbolic decay 
characteristic. For sinusoidal modulation a useful ap- 
proximate solution can be obtained for small depths of 
modulation. The experimental condition, a<0.1, is al- 
ready sufficient. The solution is given in Appendix A. 
It is shown that under this condition the emission modu- 
lation may be considered as closely sinusoidal especially 
since even harmonics are rejected by the homodyne 
measuring technique, and the third harmonic contribu- 
tion is never bigger than the noise level. From the 
Appendix (A11) the in-phase attenuation factor is 
found to be 


x= 4A 8/ (448+ (8) 


This will be recognized as having identical form to the 


monomolecular case (6), and when represented as in 
Fig. 1 the phosphorogram h 
the point {4, log/2(A8)'}}. 


Four conclusions may be drawn thus far: 


as a center of symmetry at 


1. The simplest, i.e., one-process, mechanisms having 
either monomolecular or bimolecular kinetics should 
give the same elementary phosphorogram, Fig. 1, for 
small depth of modulation. 

2. The accuracy of measurement should be sufficient 
to verify whether these simple mechanisms are a proper 
description of actual phosphors. 

3. Measurement of phosphorograms with different 
average excitation intensities should distinguish un- 
equivocally between a monomolecular and a bimolecular 
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process. The phosphorogram of the monomolecular 
process should be invariant, whereas that of the bi- 
molecular process should move in the direction of higher 
frequencies with higher average intensities. The shift 
between two values of A, 4; and A», should be 


log(A, A). 


4. Because A is not an observable, the ratio A:/A, 
may differ from A2/A,, and so the shift may not be 
exactly 4 log(A2/A,). Also the bimolecular probability 
8 cannot be revealed by the phosphorogram alone since 
it is directly related to A and not to A. 


MORE COMPLEX SYSTEMS 


Because of the considerable accuracy that is available 
in this kind of measurement, it may be expected that 
there will be an improved chance of disclosing more 
complex mechanisms in phosphorescence. Before con- 
sidering actual phosphorescence mechanisms in the 
accepted terms of solid state physics, it is as well to 
treat from a mathematical point of view simple com- 
binations of processes of the elementary type already 
discussed. This will serve to establish the qualitative 
features of their phosphorograms, for unless an intelli- 
gent operator can recognize such features in the phos- 
phorograms of actual phosphors, there is little chance 
that a computing machine will economically reach a 
quantitative analysis by a method of systematic but 
unintelligent trials. 


Cascaded Processes 


Any attempt to describe the details of energy transfer 
through a phosphor from irradiation to emission will 
involve several processes in cascade. Many of these 
processes will be effectively instantaneous, and so will 
inevitably be undetectable by this method since no 
intermediate states are observable. 

Now that the elementary equations (1) and (7) are 
solved, the analytical form of the phosphorogram of two 
processes in cascade may be deduced without recourse 
to the differential equation. If subscripts are used to 
distinguish the parameters of the component processes 
from those of the whole system, we have 


A=A1A2, 
and 
o= $17 $2, 
whence 


x =ArAz2 COS(o1+¢2) 


2 — 2 
= (aya — uray 


{ (a@;?+"*) (ae*+*) }. (9) 


The order of the components cannot be distinguished, 
sO a2; may be supposed larger than a; without loss of 
generality. Relation (9) may be simplified by the 
substitutions 

0=w/a, 
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in cascade for different ratios of their rate constants, 1000 and 
1000r sec 


and 
r=a2/a,>1, 
to give 


x= (1—#/r)/{ 1+) (14+6/r%)}. (10) 


The phosphorogram of two cascaded processes is 
sketched in Fig. 2 with r as parameter. Unless r is large 
the appearance of a minimum makes the phosphorogram 
qualitatively distinct from that of the elementary 
process. In the limit r— ~, relation (10) reduces to 
(6), confirming the intuitive supposition that large 
separations between rate constants would make the 
faster process undetectable. 


Concurrent Processes 


Systems of concurrent processes are more complicated 
even when only a single pair is involved because there 
is a third parameter which measures the partition of 
incoming energy between the two components in addi- 
tion to their two rate constants. It is convenient to 
introduce this ratio as the weight (p) of each component 
which is then fully defined by a number pair (p,a) giving 
its weight and rate constant. The weights can be pre- 
sumed normalized. 

The in-phase attenuation factors of each of a group 
of concurrent components may be added scalarly. With 
an obvious extension of the notation of the previous 
section we have the generalized relation 


x= Li pXi, (11) 
where 


X,=a?/(a?+*). 


The advantage of using the parameter x instead of 
either \ or @ will be clear if the expression for either is 
deduced even for a system of just two components. 
The phosphorogram associated with relation (11) may 
be regarded as the convolution of the elementary phos- 
phorogram (6) with a set of delta functions arranged 
along the axis of logw each with weight p; at the position 
w=a;. By analogy with line emission spectra this set of 
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Fic. 3. Examples of ——— of two concurrent simple 
processes compared with that of a single process (Fig. 1). Curve 1: 
a= 1000. Curve 2: p;=0.3, a; =250; p2=0.7, a.= 1000. Curve 3: 
pi =0.3, a: = 250; p2=0.7, ag= 10 000. The units of both a and w 
are seconds. 


delta functions is called the decay rate spectrum of the 
phosphorogram, and is the more fundamental property 
of the phosphor. Analysis of such a phosphorogram into 
its decay rate spectrum is the familiar problem of de- 
convolution. The possibility of a successful solution is 
closely related to the accuracy and range of the experi- 
mental observations. 

As in the case of cascaded processes, there are qualita- 
tive features of the phosphorogram which permit a 
group of concurrent processes to be recognized. At every 
value of the parameter x the slope is /ess that that of the 
elementary phosphorogram (Fig. 1). Two examples are 
sketched in Fig. 3. In Fig. 4 one of these phosphorograms 
is shown in conjunction with its decay rate spectrum. 
The alternative horizontal scales show how the decay 
rate spectrum may be represented equally well on a 
frequency or time scale, but that there is a displacement 
of log2x betwcen it and the phosphorogram. The vertical 
boundaries mark the limits of the range accessible with 

the present instrumentation. Although the decay rates 
of components lying outside these limits are not observa- 
ble, their combined weights can generally be determined. 

Almost every phosphorogram so far recorded appears 
to be of this type, and may be analyzed as a discrete 
decay rate spectrum. It is surprising that there should 
be no clear evidence of cascaded processes, and also that 
discrete components should be found rather than a 
statistical distribution which might well have been 
expected. 


A Hypothetical Example 


In conclusion a hypothetical example will be given to 
illustrate the potentialities of the method. Let us sup- 
pose that excitation consists of raising electrons to a 
high excited state from which a proportion p; quickly 
reach a particular metastable state. The lifetime of this 
state (a;') is of the order of a millisecond (mid-range 
for the phosphorometer), and the transition to the 
ground state gives rise to observable emission. Suppose 
also that there is an associated trapping state which 


receives a proportion p, of the excited electrons, and 
releases them to the metastable state with probability 
az per second. It is not necessary to normalize these 
weights since there may be other concurrent radiative 
components which cannot readily be distinguished by 
optical filtering. The a;-process could be either entirely 
localized at the luminescence center (monomolecular), 
or involve a conduction band (bimolecular), but in 
either case it is likely to be only slightly temperature 
dependent. The trapping process could also be bimolecu- 
lar, but in any case it should be strongly dependent upon 
temperature. Three main cases are qualitatively distinct : 


Case I. aya. 


The trapping process is not observable and the decay 
rate spectrum has a component at a; with weight 
(pit pa). 


Case II. Ara}. 


The decay rate spectrum has two components (;,a1) 
and (po,ere). 


Case III. ai~ae. 


If px<p2, then the phosphorogram has the features of 
a simple cascaded pair. If px<p., the case reduces to 
Case I. Between these two limits the form of the phos- 
phorogram may be seen from Fig. 2 by combining the 
curves “¢= «” and “r=4” (for example) in proportions 
pi: p2. Although the characteristic minimum may dis- 
appear, the slope in the region w~a, will always be too 
large for successful analysis as a simple decay rate 
spectrum. 

The nature of both processes can be ascertained by 
varying the average exciting intensity. If a is indeed a 
strong function of temperature it should be possible to 
cover at least two of the above cases by recording phos- 
phorograms over a range of temperatures. It is however 
not obvious what temperature variations in p; and pz 
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can be expected: If they are large the issue will be ob- 
scured. Nevertheless, the method should allow consider- 
able progress to be made in elucidating the mechanism 
of phosphorescence. 
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APPENDIX A 
The physical conditions for which the equation 


dN /dt=A (1+a coswt) —BN* (Al) 


was set up require that J is at all times positive, and 
further that after a steady state has been reached V 
must be a periodic function with the fundamental pul- 
satance w of the excitation function /(#). Thus the 
solution may be written as a Fourier series, 


N=D{i+>,-(a, cosrwt+6, sinrwt)}. (A2) 


Because of the additional condition of small depth of 
modulation, a<0.1, the rate of convergence of the ex- 
pansion (A2) will be assumed to follow the set of 
inequalities 

(a;°+5,?)'< 4a, (A3) 
and 
|b,| <(}a)’, 


1@y|, (A4) 


for r= 2, 3, 4, ---. With these assumptions it is possible 
to deduce approximate expressions for a and 5,. These 
expressions are then shown to be consistent with as- 
sumptions (A3) and (A4). 
The term N? may also be written as a Fourier series, 
BN?= B{1+D,,(c, cosrwt+d, sinrwt) }. (AS) 
By squaring (A2) and identifying it with (A5), a set of 
relations between the Fourier coefficients is obtained, 
of which the first few are 


B=6D*{1+4(e7+56/)+ ---}, 

Be, =BD?{2a,+ (a142+-b1b2) +--+}, 
Bd, =8D*{2b,+ (aib2—a2b;)+ ---}, 
Be,= BD? {2a2.4+- 447 —4$b;?+ (a:a3+byb3) + - --}, 
Bd, = 8 D*{2b2+ a:b; + (a:b3— a9b1) +--+}, 
Bey=BD*{ 2434+ a :d2.— byb2+ (a:a44+bb4)+ - - - 

+ (a2aa+b2bs)+ ---}, 
Bdy= 8 D*{2b3+ aybz+ 421+ (a1b4—0b1) + - - 

+ (a2bs—asb2)+---}. 
Using the assumptions (A3) and (A4) in each of these 


(A6) 
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expansions (A6) the terms preceding the parenthesis are 
of order a’, the terms in parenthesis are of order a**, 
and the remaining terms are of order a’** or smaller. 
Consequently, the error in neglecting all but the terms 
of order a’ is just more than 0.1% in the first relation, 
and much less in the remainder. 

With these approximations, therefore, the coefficients 
a, and 6, may be obtained by substituting (AS) and the 
differential coefficient of (A2) in the original equation 
(A1). Using the appropriate relations (A6) and equating 
coefficients for r=0 and r=1, we have 

D= (A/8)}, 
—wa,D= —2Aby, 
and 
wb, D=A (a—2a}). 
The solution is 
a,=}a/(1+&), (A7) 
and 
b= }at/(1+ 8%), (A8) 
where 
t=wD/2A =w/2(Ap)\. 
The expressions (A7) and (A8) are readily shown to be 
compatible with the assumption (A3). Combining (A7) 
and (A6) gives 
¢=a/(1+). 


Equating coefficients for r 


(A9) 
2 gives 
— 2wa2D = — A (2b,+<a,b;) 
and 
2wb2D = —A (2az+ ha,’ —4b,;’), 
whence 
ay= (S¥—1)a*/16(14+48) (1+), 
and 


be= §(—2)a?/8(1+48) (1+). 


These expressions can be shown to be compatible with 
assumption (A4) for r= 2. Equating coefficients for r = 3 
in the same way shows again values compatible with 
(A4) for r=3, and further that 


| 4c] <0.1% of C1 


(A10) 


for all values of £. 
The homodyne detector (Part II) passes a signal 
proportional to 


Cit heat hest:::. 


But on account of (A10) only the first term need be 
considered, so that the measured in-phase attenuation 
factor will be (from A9) 


x=1/(1+®), (All) 


with a maximum error of order 0.1% which is the same 
as the error of measurement. 
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The functions of the phosphorometer are (i) to excite the phosphor under test with ultraviolet radiation 


whose intensity is modulated sinusoidally, (ii) to measure the modulation frequency, and (iii 


to sample 


the excitation and emission intensities, and to extract from their modulated components the in-phase 
attenuation factor between them. The Hg arc source is current-modulated and stabilized by optical feedback 
over the range 3 to 30 000 cps. The average intensity of both excitation and emission is used to control the 
sensitivity of their respective photodetectors so that the modulation signals are always referred to the same 
datum. Both signals are passed in turn through a homodyne detector whose phase is adjusted to identity 
with the excitation modulation. The in-phase attenuation factor which is the ratio of the homodyne outputs 
is determined potentiometrically with a probable error of about 0.002 


THE OPTICAL SYSTEM 


HE optical system is set out diagrammatically in 

Fig. 1. The arc chosen was the strongest source 

of 3650-A radiation readily available. The field lens 
focusses the arc electrodes on the condenser lens. The 
stop provides a definite circle of even illumination on the 
phosphor holder. The filter F1 is a Wratten 18A glass 
filter which transmits only the 3650-A group. The glass 
slide deflects about 8% of the whole cone of exciting 
radiation onto a vacuum photocell whose output is used 
for monitoring both the average brightness, and the 
waveform and depth of modulation. A visual inspection 
of the phosphor and the optical line-up is possible by 
viewing from the opposite side of the glass slide. The 
phosphor powder is stuck to its copper holder with a 
minimum of collodion dissolved in alcohol. The Dewar 
vessel which has a transparent base is evacuated after 
assembly, and the temperature of the phosphor is closely 
that of the liquid in the flask. By this means tempera- 
tures between liquid air and boiling water are attain- 
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Arrangement of the optical components 
of the phosphorometer 


able, though adequate stirring and control involve 
complications. 

Since it opaque phosphors in 
powdered form the emission had to be sampled from the 
front surface, which fixes the position of the photo- 
multiplier PM B. The filter F2 is ideally complementary 
to F1, and the Wratten type 2A is fairly satisfactory. 
The excitation sampling photomultiplier in position 
PM A receives scattered uv radiation from the phosphor 
and requires another filter 1. With this photomultiplier 
in an alternative position equivalent to that of the 
photocell, slight errors appeared in the measured depth 
of modulation. This was presumed to be due to the 
variable sensitivity across the photocathode combined 
with residual nonuniformities of depth of modulation 
across the field stop. 

Due mainly to slight fluorescence of F2 a fraction of 
the exciting illumination reaches PM B. This amount is 
not a function of the luminous efficiency of the phosphor, 
and for the efficient phosphors which have been studied 
to date it is negligible compared with the emission 
intensity. For less efficient phosphors this “straight 
through” signal will not be negligible, and will appear in 
the phosphorogram as a concurrent component of very 
high rate constant. This sets an effective lower limit to 
the efficiency of phosphors which are suitable for 
measurement. 

In order to obtain a two-dimensional optical bench, 
the several subassemblies of Fig. 1 are mounted at the 
appropriate height on the closed ends of loudspeaker 
magnets. The open ends of the magnets are ground flat, 
and the assemblies mounted firmly on a roughly ground 
and flat ;°g-in. steel base plate. The magnetic force and 
friction is strong enough to resist vibration or an acci- 
dental knock, but at the same time allows sensitive 
adjustment of position at a definite height above the 
base plate. 


was desired to use 


THE OSCILLATOR 


The stability of the oscillator which is used as the 
primary source of optical modulation has to be higher 
than that normally available in a commercial unit. An 
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RC oscillator is suitable for the wide frequency range, 
having good waveform and more than adequate fre- 
quency stability. However most commerical oscillators 
exhibit amplitude instabilities greater than 0.1%. The 
oscillator used was a Model M2 RC Oscillator by South- 
western Industrial Electronics, which was found to 
possess amplitude stability at least as good as 0.01%. 
Frequency measurement was accomplished by simul- 
taneously counting cycles from the oscillator and from 
a standard 1000-cps tone for a period long enough to 
provide an accuracy exceeding 0.1%. 


MODULATION AND STABILITY OF THE ARC 


Mechanical modulation of the light source is not 
suitable because of the purity of the waveform and the 
range of modulation frequency that are needed. An 
ultrasonic cell modulator was tried in the initial stages 
but it was found to be too wasteful of light, and was 
abandoned in favor of direct modulation of the arc 
current. The arc operates at an almost fixed voltage in 
conjunction with a ballast resistor from a stabilized 
supply. Shunt tubes carrying an average current of 
about 14 amp allow current modulation of the arc by a 
voltage signal applied to their control grids. Mazda type 
N37 tubes were used for this purpose because of their 
availability, high mutual conductance and current- 
carrying capacity, and tolerance of low plate voltage 
without distortion. The arrangement is shown at the top 
left of Fig. 2. Coupling an oscillator to these parallelled 
grids with suitable bias provides a modulator of good 
waveform up to 10% depth of modulation. For fre- 
quencies above 1000 cps the efficiency of modulation 
declines, but the loss of efficiency can be offset by in- 
creasing the modulating signal up to about 8000 cps. 
Too great a modulating signal causes marked instability 
in the arc and often leads to extinction. 
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Fic. 2. Simplified circuit diagram of the arc 
stabilizer and modulator. 
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Although the supply voltage has a stability of 
+0.05%, this simple method lacks adequate stability 
in the average level of illumination, because of move- 
ment of the arc itself. A fivefold improvement in sta- 
bility was achieved by using a monitor photocell and 
including the arc in a feedback loop whose arrangement 
is set out in Fig. 2. The loop is direct-coupled so that 
small changes of arc brightness caused by movement of 
the arc are compensated by changing the arc current. 
Modulation and brightness control are conveniently 
introduced by using a differential amplifier in the loop. 
This method has the additional advantage that the 
brightness and depth of modulation can be adjusted 
independently, and that the decreasing efficiency of 
modulation after 1000 cps is automatically compen- 
sated. The oscillator output is tailored by a filter (not 
shown in the figure) to reduce the modulation at high 
frequencies to a safe level. The arc is operated close to 
its rated maximum wattage. When a reduced intensity 
of radiation is required, the iris diaphragm of Fig. 1 is 
used in conjunction with the brightness control so as to 
maintain the arc and shunt tubes at the same working 
points. 


PHOTODETECTORS AND DEMODULATOR 


The analytical expressions for the excitation and 
emission intensities and for the in-phase attenuation 
factor are reproduced here from Part I; 


Texe= A{1+a coswt}, (1) 
| = = B{1+-ad cos(wi+¢)}, (2) 


and 


x =A cos@. (3) 


Before the modulation parameters a and ax can be 
measured the average intensities of the radiation sam- 
pled by the two photodetectors must be referred to the 
same datum level. For this purpose it is convenient to 
use photomultiplier tubes because their sensitivity can 
be voltage-controlled. Photomultiplier, power supply, 
and integrating filter can be arranged in a closed loop 
to give ac voltages, Ka coswt and Kak cos(wt+@), which 
are independent of the average intensities A and B over 
a wide range. The arrangement is shown diagrammati- 
cally in Fig. 3. 


The short shielded leads from the two photomultiplier collectors 
are connected to a common load at the input to a de amplifier. 
This arrangement ensures that the photomultiplier loads are 
identical although the additional capacitative loading reduces the 
performance at high modulation frequencies. The desired channel 
is selected by applying the supply voltage only to the appropriate 
photomultiplier. 

The dc amplifier whose input and output working points are 
both at zero voltage makes the effective collector supply voltage 
nearly 100 V, so that sufficient control will be achieved if the 
average output voltage can be kept within +0.1 V, i.e., 0.1%. 
The integrating filter RC (~1 sec) separates this average voltage 
from the modulation signal. The voltage across the capacitor C 
is the crror voltage which is amplified and used to control the 
over-all dynode voltage applied to the selected photomultiplier 
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THE HOMODYNE DETECTOR 


[he terminology is in accord with that of Tucker! who 


has carefully studied the communications aspects of th 


device. It consists of a cl opper which effectively multi 
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7 V rms, changes of about 3 mv dc in the average level of the 
output have to be detectable in the presence of an ac signal of 
nearly 20 V peak-to-peak. At low frequencies this is very difficult 
to attenuate sufficiently, and requires several stages of RC inte 
gration. Capacitors with low soakage have A quick 
charging arrangement is convenient to reduce the taken to 
reach equilibrium. 

For normal optical intensities this filter is more than sufficient 
to cope with the 


to be used 


time 


opti al noise, 
instability throughout the system which are the final limitat 
the accuracy attainable. The filter also determines the low-fre 
quency limit of the apparatus. It is found that below about 34 cy 
voltmeter readings are impracticable. Increase in the number of 
RC stages or in their time constant would only increase the time 
taken for a complete set of readings, and so impose more stringent 
stability requirements over the whole apparatus 


and it is the slow components ol 


ion to 


The Gating Signal 


Some of the requirements for the gating signal are 
implied by the previous section, and some by the mathe- 
matical treatment. They are the following: 
(i) The waveform must be rectangular, and the am- 
plitude at least +15 V with respect to ground. 

(ii) The average value of the positive level must be 
constant to better than 3 mv, i.e., 0.05%, and indepen- 
dent of frequency. 

(iii) The open time of the gate must not differ from 
the closed time by as much as 0.1% throughout the 
frequency range; this corresponds to the positive part of 
the gating signal having a phase duration of 180°+0.2 


The waveform is made rectangular by regenerative 
amplification. Two stages are required to give rise times 
of about 0.5 usec and closely flat tops. A suitable type 
of regenerative stage is illustrated the right of 
Fig. 6, in which the anode-to-grid couplings are shown 
only diagrammatically. 
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he level and stability of the positive excursions of the anodes 
of the last stage lent only upon two resistors and the 
positive supply which is stabilized to better than 0.02%. The 
voltage at the anode N which swings between 22 V and —16V 
is a suitable signal to the gate. The negative excursion of the 
anode M is y to be equal and opposite to its 
positive s of the cathode resistor P2, so that 
now the mean value of the voltage at M is proportional to the 
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at O by the integrating network shown 
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detined by a single rate constant, it is not possible to 
check the performance of the whole apparatus by means 
run. A trivial exception is that of very short- 
ived phosphors which can be used to check the relation 
x= 1 
rhe constancy of the dc output of the demodulator 
simply checked, and this verifies the proper 
idjustment of the modulation reference level. 


i a test 
all measurable frequencies. 
in br 


rhe part of the apparatus following the demodulator 
is not affected by the origins of the electrical signals it 
receives provided they are coherent, so this part can be 
tested by substituting a dummy electrical ‘“‘phosphor” 
for the optical part of the phosphorometer as shown in 
lig. 9. Phosphorograms were run for dummy phosphors 
of three different rate constants so as to cover nearly 


ABLE I 


lest results for dummy phosphors 
RMS 
lifference »0. 004 
300 5 0.00181 1 


1800 0.00252 ; 
18 000 0.00262 4 


than 0.004 
han 0.006 


all the usable frequency spectrum of the apparatus. The 
three sets were analyzed by plotting the phosphoro- 
grams on an extended scale together with a calculated 
phosphorogram defined by a single rate constant of 
ipproximately the same magnitude. To refine the value 
of this guessed rate constant, the horizontal differences 
A logf) between the two plots were summed, and the 
idjusted to make this sum vanish. For this opera- 

1 OF ly points on the steeper part of the phosphoro 
gram 


of the 


0.9>x>0.1) were used. The root mean square 
Ax) from the refined calcu 
lated phosphorograms were then computed. A summary 
is given in Table I. 

The three sets of data can be 


any frequency-independent error by plotting all the 


vertical differences 


used together to test 


vertical differences against register indication. Such an 
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display 

error was observable from this plot but it amounted to 
less than 0.002 for all values of xy. Deducing a reasonable 
plot and applying it to the 
same points, the rms difference for all points together 
can be reduced from 0.0024 to 0.0021. Values of x for 
there were the 


correction curve from this 


which largest differences between the 


three sets appeared to be randomly distributed. These 
calculations take into account all the measured points. 
It is however more realistic to discard some 8 points out 
of the 100 because they appear from an initial plot to be 
incompatible with their neighbors: all but one of these 
corre spond with the & points ol large difference listed 
in Table I. If these were discarded the rms difference 
falls to 0.0019 for all sets together, and to 0.0015 if the 
correction curve is applied in addition 


CONCLUSION 


lhe tests on dummy phosphors with the phosphor- 
ometer described suggest that the probable error in 
making measurements of the variable is independent of 
its value and almost independent of frequency within 
ssible range. The of the rms difference 
0.002) sets a standard for the goodness of fit to 


the acce value 
(Ax 
be achieved in analysis of phosphorograms which is the 


subject of Part IT] 
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The method 


a number of concurrent components 


of deconvolution is discussed for the case in which phosphorescence 


with different rate constants. The re 


quantitatively from the known rms difference of the apparatus 


N Part I a number of different composite arrange- 
ments of individual processes were envisaged as 
possible mechanisms of phosphorescence, and qualita- 


tive methods of recognizing these mechanisms were 


Almost all 
corded are recognizable 


discussed. the phosphorograms so far re- 

as arising from groups of con- 
current processes, and so analysis consists of discovering 
the best decay rate spectrum for each phosphorogram. 
The analysis technique has been developed empirically, 
and though it appears to form a basis for more compli 
cated mechanisms, the development of a technique for 
any other sufficient 
suitable data. 


mechanism will have to await 


RESOLUTION 


Any one component (p,a of the dec ay rate spectrum 
cannot be distinguished from two components each of 
about half the weight and with slightly separated rate 
constants if the phosphorograms in the two cases do not 
differ by more than their rms difference. This error is 
known from the t 
in Part II, and 


decay rate spectrum can be deduced. It is convenient 


st data on the phosphorome ter given 
o a theorem on the resolution of the 


to introduce two new functions to the notation of Part I 
to simplify the logarithmic re pre sentation of frequency 
and rate constant 


Let 


and 
10 log 


then the « juation ol the elementary phosphorogram 


be comes 


1+10” 


The resolution can n be defined precisely as the 


separation An of two concurrent components of equal 
osphorogram 


weight ip whose pl | 
known rms difference Ay from th 


differs by just the 
of a single com- 


al 
ut the nter. In terms of the rate 


constants themselve his is equival 


ponent of weight p 


nt ¢ 


o defining a 


minimum resolution ratio (An>0 


a(n+An)/a(n 7 19(An/10 (6 


The definition of resolutior iy be written analyti- 


cally as 
Ax 


where 6= An 
becomes 


Ax/p 


ca —coshé)sinhy 
and is reduced to 
Ax/p 


for small values of 6 
difference is greatest 


This occurs at a displaceme 
either side of the mean rate cor 
At these values of y, 


+0.04816*, 


Ax/p 
ind in terms of An 
Ax/p=+(An 92 9 


Table I shows this relation in numerical form after in- 
serting the rms difference Ay =0.002 as deduced in Part 
II. The tabulation is for exact values of the log scale 
resolution, and the corresponding ratios of 
stants from relation (6) is also included. 

Three inferences can be drawn from the 
equation (9). 
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SCE 
2. Further efforts to increase the precision of the 
instrument are unlikely to be worth the expenditure. 

3. Because the best resolution for a major component 
is about An= 1, it is appropriate both to make measure- 
ments and to attempt synthesis at intervals of frequency 
given by Am=1. 


SYNTHESIS METHOD 


The practicability of a synthesis method consists in 
being able to compute a trial synthesis quickly, in 
obtaining a simple comparison with the experimental 
data, and in being able to use the difference between the 
two to indicate a better choice of trial parameters. 
Comparisons of experimental and synthesized phosphor- 
ograms were made initially by tracing and superposi- 
tion, It promotes a useful understanding of the function, 
but in the end does not repay the time spent in accurate 
plotting of trial syntheses. 

In seeking a numerical method it is evident that the 
experimental data will have to be converted to a form 
more suitable for numerical comparison. The instru- 
mental limitations restrict m between the bounds 


5<m<45. 


to make measurements at half odd- 
integral values of m so as to avoid the power frequency 
(50 cps) and its multiples, but it is uneconomical of 
time to adjust the oscillator to correspond precisely with 
half odd-integral values of m. Accordingly a numerical 


It is convenient 


method cannot be used directly, and for the early results 
a graphical method of interpolation and smoothing was 
used to obtain a derived set of experimental data (x,m), 
where m assumes exact integral values. 

It is not necessary to have access to a continuous 
range of choice of rate constant in order to obtain 
sufficiently accurate coverage by synthetic phosphor- 
ograms. Except for components of weight nearly equal 
to unity, a discrete range at intervals An=0.05 is 
adequate; and for weighting factors of the order p=0.1, 
the intervals can be increased to An=0.2. To appreciate 
the synthesis process it is convenient to suppose the 
integral values of m(5 to 45) to be arranged vertically, 
and the corresponding derived experimental x’s written 
alongside each. The values of the elementary function 
(3) are tabulated at integral values of m onto vertical 
cardboard strips with the entries at the same spacing. 
Tabulations on different strips are made for each of the 
fractional] values of n from 0 through to 0.95. The whole- 
number part of m can be accommodated by setting the 
strip to correspond with the desired value of m (5 to 45), 
and the fractional part by choosing the appropriate 
strip. It is convenient also to have these tabulations 
made for a range of different weights, p, although this 
considerably increases the initial labor. However once 
equipped with such a matrix of strips, a synthesis may 
be set out by choosing the desired weights, p, and the 


( 
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fractional parts of » for each trial process and setting 
them side by side in the appropriate vertical positions 
for the whole-number parts of nm. The synthetic phos- 
then rapidly computed by summing the 


entries on all the strips horizontally at each value of m 


phorogram is 


in turn. The differences between experimental and 
synthetic phosphorograms can then be found by sub- 
traction for each value of m. 

After entering the derived experimental values of x 
at each integral value of m, it is helpful to compute the 
first differences in x and to check that these are less than 
those for a strip of weight unity. The value of m corre- 


sponding to the largest first differences will be approxi- 


mately the value of » for the component of largest 
weight. Submaxima of first differences are likely also to 
point to the positions of other components but the 
converse is not true unless the components are well 
separated. It is convenient to begin the synthesis by 
assessing the amount of weight that should be allotted 
to components outside the range from the values of x at 
the extremes, and then to allot all the remaining weight 
to a single process in the range at the maximum of the 
first differences. The fitting error between this trial 
phosphorogram and the derived experimental one gives 
a good indication of where additional components will 
have to be placed. 

As with other deconvolution problems such as the 
determination of crystal structures from diffraction 
data, the choice of the trial parameters and the adroit- 
ness of the refinement procedure depend heavily upon 
the experience of the worker. The convolution strips 
make the computation of each trial phosphorogram a 
convenient though still tedious process. Although the 
deconvolution is only one-dimensional there is no a 
priori knowledge of how many components are involved. 
The guiding principle must therefore be to invoke as few 
components as possible, and to increase the number only 
after being satisfied that there is otherwise no possible 
until the rms 
difference between the derived experimental values and 


synthesis. Refinement is continued 
the synthesized values is about equal to the rms 
difference Ax = 0.002. 

A systematic method of synthesis makes it most un- 
likely that the correct decay rate spectrum is any 
simpler than that proposed in the refined synthesis. 
Once the refinement is complete, the tolerance on the 
parameters is very close, particularly for processes of 
major weight. 

The problem of uniqueness of the refined decay rate 
spectrum at present defies rigorous treatment, apart 
from certain evident of the resolution 
equation (9). This situation is not unusual in analytical 
repeated trial synthesis. 


corollaries 
techniques which involve 
Confidence in the results is increased when they are 
shown to be compatible with related measurements. As 
yet no such measurements are known to the author. 





Phosphorescence Mechanisms. IV. Decay Rate Spectra of Ruby, 
Uranium Glass, and Mn-Activated Zinc Sulfide 


HE need for a high level of ac« uracy 1n the meas of the pho pl orogr 
urement of the pl osphorogram has been stressed tora single com! 

in the previous parts. The usual size of figure would it is found 

erve as only a qualitative indication of data contained freque ncy 


in the phosphorogram. Tabulation would require con- quency side 


sic rable pace ince ilmost all the phosphorograms of much smaiier 
discussed in the following are capable of analysis in the higher than the m 
form of a decay rate pectrum, so the adopted cours¢ best solution w 
is to display only the concise and meaningful decay decay rat 

rate spectra and their respective rms difference The 

pho phorogram themselves can be reconstructed very 

approximately by convoluting the components of 

decay rate spectra with the element iry function 

Part III. An exception is made in the simple case of ruby. 


RUBY 


, = 0.915 
The specimen was a synthetic gem which had been a 

7 / 0.040 

rejected because of an imperfection in the cutting and 0.045 

polishing process. The gem was crushed and mounted 

as a powder. The concentration of Cr was 0.38°7 by 

weight. The experimental points of the phosphorograms Fig. 1 

of ruby at room te mperature are shown in Fig. 1. It will component 

be seen that at high frequencies 


the points approach a Since the 
horizontal asymptote which is signifi antly above zero. difference to about 0.002. 
nents 0.0038 is still unde 


Thi indicate s the Iraction of emitted energy which is 


converted by a process too fast for quantitative detec- substantial eae TIO Srees ti 
tion by the instrument (~60 000 sec—'). The remainder ht 1s spoiled by 
, quency end wl 
the theoretical 
found to account for 
deviation is small, it 
unknown experime! 
tion of a further com] 
ment to the fit, 
possibility. The de 
Phe actual phosphoros 

and Wilkins! are avai 
the present met! od 


are compared wit 


where tl! 
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from the phosphorometer data in Table I. The curvature 

due to the second term is barely perceptible in a log/ vs ¢ 
representation. The original figure shows a slightly 

curved line through the points, but the present measure- 
ments suggest that from about 2 milliseconds onwards a 
traight line is to be preferred. 

Recent ‘‘pulse taumeter” measurements of Tolstoi 
and Tkachuk? on ruby show the variation of the lumped 
te constant with emission wavelength, temperature, 
and Cr content. It would appear that their technique 
is entirely complementary, and that where the results 
can be compared there is no discrepancy. In the relevant 
case the rate constants associated with all the emission 
wavelengths accepted by the phosphorometer cover a 
range An=2. The present technique should resolve this 
as two distinct components in a favorable case, but 
here the much greater intensity of the doublet would 
make resolution impossible. 
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Decay rate spectrum of ruby. 


URANIUM GLASS 


Che sample of uranium glass was crushed to a powder 
like the ruby sample so that increased scattering of the 
incident energy would also increase its absorption and 
consequently the emission intensity. Phosphorograms 
were measured at liquid oxygen and ambient tempera- 
tures. Both were amenable to unambiguous analysis as 
a set of concurrent components. The rms difference was 
close to 0,002 in both analyses. The decay rate spectra 
are compared in Fig. 4. Despite considerable changes of 
component weight there is a clear correlation between 
the decay rate spectra at the two temperatures, although 
a small fast component beyond the range of the instru- 
ment appears only at the lower temperature. 

Measurements at only two temperatures are insuffi- 
cient to determine any law of rate constant variation, 


?.N. A. Tolstoi and A. M 


Pkachuk, Optika i Spektroskopiia 6, 
659 (1959) (translation: Optics and Spectroscopy 6, 427 
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hic. 3. Comparison with phosphoroscope technique. Circles 
represent the experimental points for ruby obtained by Garlick 
and Wilkins. The full puted from the decay rate 


, t 1 
spectrul 


line is con 


but if the simple activation energy law 


a s exp( E/kT) 


is approximately obeyed, the activation energy E and 
the temperature-independent frequency factor s may 
be estimated. The result of this analysis is given in 
lable II which also incorporates calculations from much 
earlier work on this material. The shift of rate constant 
is given in logarithmic units, 


n 10 log, a Qn 
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which were introduced in Part III. The equality of the 
logarithmi shifts of rate constant for the two major 
clue to a satis- 


components is striking and may be the 


factory account of the whole 


pl oO phore scence mec ha- 
he error in the determina- 


the 


material 
rate 
can hardly be more than 0.05 (log units) the measure- 
of the shift should be accurate , 


Thus the equality is unlikely to be 


nism in this 


tion of the 
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constants of 


first two components 


ment to about 5 


fortuitous. 
MANGANESE ACTIVATED ZINC SULFIDE 


h of ZnS was fired with 
MnS for investigation by the phosphorometer as a 


\ small impure bat« about 
4% 
possible example of a bimolecular mechanism. The re- 
sulting phosphor was adequat: ly efficient and its orange 
characteristi 


of Mn lhis 
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h more temperature sensitive 


emission was activation 


mate rial proved to be muc 
than the two previously tested, and sufficient reproduci- 


bility of the phosphorograms was only obtained after 


constraining the within a range of 
1°C at first 


exploration concerned temperature dependence rather 


imple temperature 
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less steep than 
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those of the other t 


found 


were invariably 


wo materials. Five components were 


within the range of the phosphorometer, and 


energy was also distributed outside this range at either 


No comparable struct is found in the emission 


end 


pectra, and it is not obvious how the peaked absorption 


spectrum qualitatively observed by Kréger* could be 


s of ZnS:Mn 
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several other phosphors showed that a loss of efficiency 
at high temperatures could be correlated with a rise of 
decay rate. It was cogently argued that both effects 
were the result of a competing dissipative process which 
was strongly temperature dependent. The incidental 
measurements of efficiency in the present sample were 
too uncertain to establish any loss of efficiency. It must 
however be recognized that the application of such a 
hypothesis to this phosphor would necessitate a separate 
dissipative process associated with each component and 
all taking effect at much the same temperature. 

The variation of the component weights is more pro- 
nounced than that of their decay rates. The general 
shift of the phosphorograms toward higher frequencies 
with increasing temperature is shown to be due to a 
shifting of weight in the direction of components of 
higher decay rate, rather than to an increase in the 
rate of the individual components. The opposite trend 
is evident for the very fast component, No. 7. 

A further phosphorogram was measured at dry ice 
temperature. It proved intractable to analysis as a decay 
rate spectrum but included no minimum that would 


TasLe IV. Analysis of ZnS:Mn phosphorogram at 95°C and 
exciting intensity one half that used for Table III results.* 


Rate 


mponent constant, 


Weight 


0.04 
0.06 
0.14 
0.675 
0.04 
0.025 
0.02 


lifference is 0.0025 

indicate a simple cascaded pair. It is possible that it 
should be considered on the lines of the example given 
in Part I. With only a single set of data the development 
of a technique of numerical analysis is almost impossible, 
and no reliance could be placed on the result. However 
it was possible to determine the weights of the extreme 
components Nos. 1 and 7 as 0 and 0.25, respectively. 


Bimolecular Mechanism 


The phosphorograms of the two materials discussed 
previously showed no dependence upon average exciting 
intensity, but with the ZnS:Mn sample the dependence 
was immediately apparent and more attention had to be 
paid to the reproducibility of the level of average excit- 
ing intensity between different sets of measurements. 
The highest temperature (95°C) was chosen for detailed 
study of intensity dependence because the decay rate 
spectrum at this temperature included the component 
of largest weight, and was at the time thought to be the 
simplest. A phosphorogram was measured at half the 
with the results given in 


- 


average exciting intensity, 
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Fic. 5. Decay rate spectra of ZnS:Mn at 95°C with 


excitauion intensity as parameter 

Table IV, and its decay rate spectrum is compared with 
that from the full intensity in Fig. 5. The rms difference, 
0.0025, is significantly larger, but the individual differ- 
ences are random. The increase may be due to the de- 
creased signal: noise ratio at the lower intensity. 

For a simple bimolecular component the predicted 
shift of rate constant for a halving of the average ex- 
citing intensity is An 1.5. The shifts of components 
Nos. 2 and 3 are —1.4 and —1.2, respectively, which 
conform with this prediction to the first order. The 
theory (Part I) was based on the assumption that 
linearity is preserved between the measured intensity of 
excitation and the number of electrons per second raised 
to the appropriate upper state. The slight changes in 
the distribution of energy between the components sug- 
gest that linearity does not hold perfectly in the case of 
this sample. This may account for some of this dis- 
crepancy, but it is thought more probable that the 
crudeness of the theory is largely at fault. The shift of 
component No. 4 is too small for direct interpretation 
on this basis. It seems more likely that this largest 
component should be considered as the sum of two un- 
resolved components of which the smaller is bimolecular 
and suffers a shift, and the larger is monomolecular and 
stationary. The ratio of their weights would have to be 
about 1:10, and the necessary separation would be 
comfortably less than the minimum separation resolv- 
able by the phosphorometer. 


GENERAL OBSERVATIONS 


From our present state of knowledge it must be re- 


rarded as surprising that it has been possible to obtain 
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THEORY Ot} IMPURITY 
where H is the complete Hamiltonian for the electrons 
interacting among themselves and with the impurities. 
According to the above prescription, H’ is given by 


e€ e€ 
A-P ew'E- P, 


mi ma 


H'(t 


where P is the total momentum operator for th 


trons. The resulting current density at /=0 is: 


€ ¢ 
(v 0) (P- AN ¥)) 
mi) ri 


fi enauw [P(0),P(t)-E]}|¥ 


1¢ 
m ‘ale 


on, 
E+terms of higher order in E. 
ma 


Here & is the volume of the system, nm, 
number-density of electrons, and P(t) =e 'Pe 
The conductivity tensor ¢,, is defined by: 


pe 
3 
. 
— Tuy 


a (2-4) 
Since our system is effectively isotropic, we need calcu- 
late only o, the average diagonal element of ¢,,. Using 
this definition and Eq. (2-3), 


‘ 


he expression for ¢ in the form: 


| 2e* en, 
lim Im f e*'di(V¥,| P(O)- P(t) | Wo)4 ; 
sila | smaQ ma 
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it is convenient to write 


x 


(2-5 


Equation (2-5) is the formal starting point of our 
theory. Note that the matrix element which appears 
as the form of an auto-correlation coefficient whose 
time dependence we may expect to resemble a decaying 
exponential]. Unlike Kubo, however, we do not calculate 
an ensemble average for this coefficient. Rather, we 
perform our calculation at zero temperature and, follow- 
ing Kohn and Luttinger* and Edwards,® average over 
random configurations of the impurities. 

To begin the evaluation of the matrix element in 
2-5), we introduce the standard unitary operator, 

, defined by the perturbation series: 
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nteraction representation of V=H—H 


*W. Kohn and J. M. Luttinger, Phys. Rev. 108, 590 
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ing both the electron-electron and electron-impurity 
interactions. #7) is the kineti energy operator for the 
electrons. ts lowest 


Do. l 


eigenstate is the Fermi vacuum, 
has the properties 


(2-10) 


We also introduce the second-quantized representation 
of P in terms of free parti le eigenstates 
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the creation and annihilation 
operators for plane-wave states of momentum k. Thus, 
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XK aya, U (0,1 Ayer’ (Layer (2-12) 


The operator Ut(«, *) has the usual effect of fac- 
toring out the vacuum fluctuations, leaving only linked 
graphs in (2-12). 


III. GRAPHICAL ANALYSIS 


The analysis of (2-12) in terms of graphs follows 
according to the rules of Goldstone® or Hubbard.* In 
general, any graph has the form of a linked vacuum-to- 
vacuum fluctuation which interacts twice with the ex- 
ternal field at times / and 0. We 
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THEORY OF IMPURITY 
of S enables us to perform the time integration in this 
expression. 

The spectral representation of S may be derived from 


the formula’: 


S(k,k’, :—7) 


T(Wo| * aye FO gy te AU lo), (4-2 


where T is the time-ordering operator which includes a 
change of sign upon permutation. Introducing com- 
ple te sets of V+1 partic le states Vs and V—1 partic le 
states Ws, and taking the Fourier transform, we get: 
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The chemical potential, u, is defined by 


u= lim[E.(N+1)—Eo(N)]; (4-6) 
Nox 


and Eo(.V), Es(V-+1), etc., are exact eigenvalues of H 
for .V, V+1 particle systems. 

The function S may be defined throughout the com- 
plex w plane by writing: 


S(k.k’ w) 
x) * Bik k’.x) 
dx +f dx 
x—wW 


1 | . 
met | ‘ 


A(k,k’ 


|. 47 
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4. Some many-body corrections to 5S; 


* For a more complete discussion, see V. M. Galitskii and 
A. B. Migdal, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 189 (1958 
translation: Soviet Phys.-JETP 34(7), 96 (1958) } 
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other analytic in the lower half plane. There is a cut 
along the real axis, the discontinuity across this cut 
being given by the spectral functions A and B. Equa- 
tion (4-3) then tells us that, along the real axis, we 
must take: 
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where the contour C 1s defined in Fig For values 
of (>0, we may close C in the lower half plane; for 1<0, 
we close in the upper half plane. Since S is analytic 
everywhere off the real axis, these contours may be dis- 
5(b). In this 
original expression for S(k,k’,/ 


Inserting Eq. (4-9) into (4-1) and distorting the con- 
e 1 £ 


torted as shown in Fig way we recover our 


tours as described, we find: 


where: 


S kk, me i€) } 


kk) A (Kk kyo)) BC KK oe 


that: 


3(k’ kw); 


Furthermore, from (4-4) and (4-5) we see 


A*(k,k’,w)=A(k’ kw), B*(kk’ co 


is real. Now we may perform the time 


take the (4-10). 


(4-12) 


thus G @1,We 


integration and imaginary part in 


The result is: 


4e? " “ 
fa, fa 
3m? Qa a - 


lim 


a oe 
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he next step in the derivation to take the limit which is the zero temperatu form of Greenwood’ 
a+. The expression in brackets in (4-13) may be formula 
considered expanded in powers of a, the leading term 


] 


hye ing proportional] to a If a j to he finite, the CcO- V. SOME COMMENTS CONCERNING THE 


efficient of this first term must vanish. (That is, it TRANSITION FROM PERTURBATION 
: : ; : < : pear THEORY TO THE SPECTRAL 

must vanish in the exact expression for including all REPRESENTATION 

of the many-body correction Chus we shall identify 


o with the finite term in (4-13 


teat 


The perturbation theoret int rpretation ol Eq 
(4 15) in the Case of l ra It ectrons pre sents 


he ij . certain difficulties whi nu I indled rather care 

/ dA e ° ° , 

ao lim du 1 fully before proceeding ty U ; equation in the 
= smi, * 7 . , 


evaluation of o. In particular, ) depends critically 
upon the treatment of in ft neighborhood of its 
branch point at w=y ( not known 
a priori; and furthermore, any turbation approxima 
Integrating by part tion to 5 may not a ; via mnalyuc prop 
; erties as those exhi 


te? : Eq. 1-7). Thus we 
a ) procedure for the 
omnes body corrections to the 
For our purposes, it 
function S’(Kw), the 
absence of impurities 
shift the chemical pote! 
enters into the condu 
impurity-density, and 
ro construct S’ in perturba 
t-15 the free-electron propagator 
m of S; 


rhe Fourier transform of 


final form ol Ea } 15 contains the expected 


] 


hat, at zero temperature, only those electrons 


whose energie le exactly at the top of the Fermi sea 
contribute to the current. Here the result has been 
tended to in ick ! mportant } 
correctior be the sum of 
In the s ial case of noninteractit les ns, proper self-energy part 
reduc isil t eenwood-Peierls formula. L to the { 


h”’ be the Hamiltonian a single electron interacting cannot 


y 
the impuritic¢ We all denote the eigenstate s of 


ind the eiger tes ¢ momentum operator, 


Then § 


1 1 | 
i(k, k’, (i k’) 
ari Wl a tis not by any m¢ 


according to (5-2 
by the spectral repres 
perturbation expar 
at w= ep instead of 
to be no reason for p 
contour C. In order 
prope rties required 
$-15\. we must 
normalization } 
been used rece! 


ZeTo-\ 


It 
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quantum statistics. We shall borrow heavi 


results 


Let us 


ly from 


imagil e for moment that we can calculat 


D’ exa ly. Formally we may do this by drawing all 
and inserting the 


ske le ton 


self-energy parts have 


proper skeleton self-energy 


' 
exact § 


parts 
electron line (A 


1 


for each 


internal 
diagram is one in which ail been 


removed from the electron lines, a definition which 1 
unambiguous for a self-energy graph.) Evaluation of 
iny of these self-energy diagrams by means of the spe 
repre sentation of S’ leads to the conclusion that 
is cut along the real axis and that the physical 
of w are found along the contour C. 
same kind of graph-by-graph analysis indicates 
long as the 


La 
d, >° is real at w 


pe rturbation expansion is well 
u. Physically this means that 
single parti le-like state just at the surface of the 
Fermi sea does not decay. In perturbation theory, the 
phase space available for energy-conserving decay proc- 
esses vanishes at w=y. The generality of this result is a 


crucial question in the theory of Fermi surfaces. On the 

assumption that the result is valid, Luttinger and Ward 

ave shown that DL’ ( ke is exactly the shift in the 
; 


chemical potential due to electron-electron interact 


| } t 
i S 


ions 


s 


/ q . 
D' (Rew M— €r = Op. 


We now may reconstruct S’ in the following way. Re- 
arrange the Hamiltonian which describes the interacting 


electrons by adding éy to the kinetic energy term and 


subtracting it from the 


interaction term. Then use for 
he tree electron propagator: 


T bu —wW— 1a; 


irbation expansion a 


Calculating S’ according 


sum of 


proper self-energy diagrams 
Since this a, 


obvious way must 


5-2), we must have 

>’ (kw + Oy, 
reasonable e du by itself is the sim] 
proper self-energy p 


art in the new sense 


performing this formal renormalization, we re- 


properties of the spectral representa- 
use .S, instead of Sp for each free electron 


any graph will have a branch point at 


irthermore, sine ec ay, 


r of S, only near the pole 
we may rewrite S, by dropping ta, a 


1 performing w integrations along the contour 


contour nethod ould not 


( \ milar 


applied to ey: 


been 
given rise to an 


have 


because it would have 


anomalous delta function 
pol the simple 
vacuum-to-vacuum diagram drawn in Fig. 6 is obviously 
because & cannot be both <kp 


time. The contour method, on the 


whenever C passed through a 
it crossed the real axis. For « xample, 
zero if we use Eq. (5-1 
and >k,r at the same 


other hand. would give n ntegral of the form, 


~d(e,—er). (5-7) 
Any such delta function which appears in the renor- 
malized theory, however, always will be multiplied by 
(5-3) and 
Thus the contour method is applicable after 
renormalization; and the resulting .S’ 


>" (kr,uw), which vanishes according to Eqs. 


(5-6 i 
is in exact accord 
with the spectral representation to any order in the re- 
arranged perturbation expansion. 

Despite appearances, the calculation of S’ as de 


scribed above does not really require a knowledge of 


the exact value of du. We may eliminate this number 
froin actual computations by making the substitution 
'4+-$u in Eqs (5-4 


and (5-5). The contour relevant 


: pl ine¢ 


w= 
for integrations in the w now is simply Cr which 
uw. The 
du which occurs in the form of an interaction may be 


crosses the real axis at w= ep instead of at w 
handled by noting that, every time a proper self-energy 
, there is a corresponding graph 
this proper part is replaced by —éu. It is self- 
consistent to evaluate this in the same approximation 


part appears in a grap 
in whict 
that was used for evaluation of the corresponding 
self-energy part. Using Eq. (5-3), we see that this is 
equivalent to subtracting from the self-energy part its 
value at k construct the 
function S’(k, w’+éu) by perturbation theory using 


kp, w'=er. Thus we may 


i¢ propagator 

Sp k io" : (5-8) 
21 € 
and the contour Cr a we thoroughly renor- 
The shift 
from w to w’ merely produces a factor exp(iyt) in the 
Fourier f ultimately, we shall 


long as 
malize every self-energy part which occurs. 


transform of S’. Since, 
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work only WiILh close 
disappear. 

Although the renormalization procedure is the one 
which eventually must be used in actual computation 
it is not necessarily most convenient for formal manipu 
lations. A simpler set of rules for graphical analysi may 
be found in the results of Luttinger and Ward Suppose 


we expand the propagator :F k [I | 5-4 } in 


power ol bu: i. 


Luttinger and Ward point out 

just cancel those which were made to occur as inter 
actions and which had the effect of re moving anomalous 
contribution Thus we may use the usual free-electron 
propagator and 1 contour method if we choose the 
branch point at py id do include anomalous grapl q 
Phe graphical analy throughout the rest of the paper 
may be interpreted 


VI. THE CONFIGURATION AVERAGE 


The procedure ot averaging over impurity conhigura 
tions ha been investiga in tail by Kol n ind 
Luttinger and used effectively by Edwards? in evaluat 
Ing } 18 for independ In n ion we 
shall review Edwards’ technique briefly, translating it 
into the language of the many-body formalism, and 
maintaining as much generali is we know how. 

The interaction between electrons and impuritis 


appears in the Hamiltonian in the form 


impurity posi 


examine the con- 
gator S(k,k’w). This 
function is defi by 2) an 3), and may be 
expanded in ; of gray in the usual manner. Any 
particul: " I t int ction a certain 
number 
a grapl 
which may be broug] 
averaged before pertort 
integrations 
If the impurities are « 


fashion, the configurati 


neglecting terms whi 
density of impurities 
indicates a sum over 
groups; 2“ sums tl 
the first term in (6 
scattering events o 
second term involves 
It is apparent that 
a sort of momentum 
slightly new kind of 
all the dotted line 
ing center are 
diagram. Equat 
the momenta of 
vanish Each 
n, to the grap! 
Remember t! 
dotted line carri zero Ire 
The averaged propagat 
and w. It will be conve 
form: 


where = (kw) is t} 


averaged impurity intera 
; ' 


In order to cale 


figuration averag 
allowing for the 
cated in (6-5 


propagators al 


same 


ion 


Note that 
e where 


impurity 


impurities, et 


average restores 


he propagator. \ 
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of momentum between electron lines. In partic ular, let 


us define 


K (Ryw1,w2) = Do we (k- k’) (S (ko) S (kw) av. 


(6-7 


The crucial trick in evaluating this quantity is to 
the fact that 


S(k’ kw) =. k, 


use 
—k’ w), (6-8 


which follows in the usual way from time-reversal in 
variance actually rather significant. Our 
original formula (2-5) expresses o as a matrix element; 
whereas expect true probabilities, i.e., 
absolute values of transition amplitudes 


This step is 
we squared 
to enter into 
the conductivity. As we shall see, 


a final expression for 
the time-reversal transformation introduces complex 
conjugates in just the nght way to give us the sort of 
answer we expect. 

We now insert (6-8) into (6-7) and arrive at a sum 
of all perturbation-theory terms with all possible con- 
tractions between the impurity interactions. Any one of 
these contributions to K may be represented by a dia- 


gram in which two electron lines of momenta k’ and 


k’ enter at the bottom and leave at the top with 
momenta k and —k, respectively. A typical graph of 
this sort is drawn in Fig. 8. In order to sum these 
graphs, 

kt. 


we use the idea of an “irreducible” interaction 
This is a diagram of the above kind which con- 
tains one or more impurity centers connected to both 


par 


of the open electron lines, and which cannot be sepa 
rated into two such diagrams by drawing a line which 
cuts each of the open electron lines only once and crosses 
no other lines of any sort. Figure 8, for example, con- 
tains two such irreducible interaction parts. 

An important feature of these interaction parts is 
that the total incoming and outgoing momenta are 
always zero. Thus we may express any such part as a 
function only of the momentum exchanged between the 
Denoting the sum of all irre- 
ducible graphs by the symbol W, we may find the sum 
of all 


external electron lines. 


graphs by solving the integral equation 


S(k,k’w,)S(—k, —k’, we) )ay 
1 


S(k,w \S(k,we On k 


pb W (k—I, a1 
1 


S(-I, —k’, 


Fic. 8. A contribution to 
K containing two irreduc 
ible interaction parts. 
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LNCI 
Equation (6-9) is exactly the Bethe-Salpeter equation 
in a new context 
An expansion of each term in (6-9) in spherical har- 
monics makes it possible to perform the angular integra- 
After a few standard manipula- 
at the following integral equation 


tion required in (6-7 
tion 
for A 


, We may al\rive 


K(k RS (kw,)S(k 


f RLS (kw) S (kyo 
0 


The interaction term w 


(6-10) 


detined by 


1 r 
fv k—be 
for? J 5 


the angle between h and I. 


Rl ww sin# cosédé, 


(6-11) 


Aj 


VII. SOME PROPERTIES OF § 


In order to solve (6-10) and evaluate the conduc- 
tivity, we must examine the propagator S(k,w 
detail. 

From the spec tral re pre entation (4-3) 


that: 


in some 
, it is apparent 


S*(k,k’ w) S(k’ k,w*). (7-1) 
Ihus, if we evaluate the proper self-energy part 2 (kw) 
as w approaches the real axis and write it as the sum of 


its real and imaginary parts, it follows that: 


A(ky r iT (kw ° 


a(R, Wt 1€ 


Chat is, the imaginary part of the single-particle level 


shift changes sign across the cut 
rhe function S(k,w) is completely determined accord- 
$-3 the 


spectral function. From (7-2) we h 


ing to cut, i.e 


by its discontinuity at the 
ave 


S(k, wtie)—S(k, w—ie 


1 
, (7-3) 
24.1 (kw)? 
where 
o> A(kww) 


e( ky ék 


(7-4) 


If [ is 
the expression in (7-3) has the familiar ‘Lorentz shape. 
In this case T is a measure of the width, i.e., the proba- 
bility of decay, of the single-particle state. 

Following the procedure developed in Chapter VI, 
2(kw) may be expanded in powers of n,, the density of 


small and constant in the region near e(kw) =0, 


”” 


impurities. The zeroth term in this expansion contains 
the ordinary 
We have previously 
assumed that the imaginary part of this self-energy 


no interactions with impurities, and is just 
electronic self-energy, 2’ (k,w 
vanishes when w is equal to the chemical potential of 
the system of interacting electrons without impurities. 
As mentioned in Chapter V, we shall neglect any change 





tribute in 


In due to the 


presence of the impuritie Phu 
assume that tl ( here is the same number 
Therefore the leading 


whic 
term in ['(kyu must 
be, ince the 
conductivity 
den ity 

he contributior 
diagonal element 
tron by a single screened 
ling 


scribes the scatte 
Impurity center I natrix is detined accor 
Chapter VI by a of grapl ome 
lustrated in I ! \ 

that ¢* is to be ev 


con 


cast 
indicates that = 
part of 2 
the impuritie 
this shift is 


calculation 


may CO! 


/ 


matrix 


ell-ene 
action 
lines. Summing 
be the same 

the propagator 
potentia 
Ys (kh kyo 


Matrix | ( 
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completeness are now applicable; and in particular 


Ls ~ 
>: { ( k Iu 


© 1 


Iméi* (kk, 


*6(Ei— yw). (7-11) 


This is the most general form of the desired theorem 
5), (7-11), and the definition of E;, we have 


nkp* r 
ie f r* (Ke hip) |? 
4 (ky m—da’ Oke) 45 


X sin6dé, 


From (7 


where ke is the solution of 


kp?/2m—p (7-13) 


A’ (kr,u) =9, 


[ see Eq. (5-4 ], and @ is the angle between k and ke. 
The term kpe/m—0A'/dkpy may be rewritten somewhat 
more physically in terms of the group velocity of a 
single-particle-like excitation at the Fermi surface 
When 2'(kw) is real, the frequency w(k) is determined 
by 

k?/2m—w- 


A’ (kw) 0. (7-14 


Solving for the group velocity, we find: 


dw k dA 4 
Y, ( . 
> m ok 


defined by 


Che number .\ 
(7-16) 


is a normalization constant which tells the probability 
of finding the “‘bare”’ electron k in the true state of that 
number. Note that Vy is the residue of 

at its pole.’ In terms of the group velocity 


wave also 
; 
S (kw 


Up at k kr, we have: 


nike Vig ad 
f t+ (k . kp,p) |? sinddé 7-17 


dru: 


I (Ru) 


It is that 7-17) reduces to (7-6) when 


up=kpe/m, and Nir=1 


easily seen 


In order to estimate the magnitude and k dependence 
of T, let us approximate f* in (7-17) by: 


4re?Z 


~(k+q, k 
g+k 


4me*kp i 
= trike’, ( ~0.65. 


° 


us rT 


For example, see M. Gell-Mann and M. L. Goldberger, Phys 
Rev. 91, 398 (1953) 

4 This point is discussed in detail by L. Van Hove, Physica 21 
901 (1955), and Physica 22, 343 (1956); and by N. M. Hugen- 
holtz, Physica 23, 481 (1957). Note, however, that their propaga 
tor is not quite the same as ours 


, 
lectrons 


For inde pe ndent « 


4n,7° 
I’ (Rex = ry. 
3n, k/kv+1)*+&, || (R/k + tr, | 
(7-19 


u 
This function has a maximum at k=&ke and a width of 


6/r,! ry. The magnitude of I at its peak 
O.51n 


about kek m 


is about n,/3tny, n&, TY 


VIII. EVALUATION OF THE CONDUCTIVITY 


Returning now to the expression for a given in (4-15) 


and using the definition of A in (6-7), we have: 


lim {2 ReK(k, uw 


eee 


> 
k 
2K ki utte, wu te)}. (8-1) 


Here the expression (4-11) for G(« has been simpli 
fied a bit by use of Eq. (7-1), which describes the be- 
havior of S under complex conjug ition. 

First, let us examine the second term in brackets in 
(8-1). The integral equation (6-10) for this function, 


whi h we shall denote by K, , i 


RI)K, ()dl}. (8-2) 


(From now on, functions like e and I always will be 
understood to be evaluated at w 
term W, 


is given to first order in n; by 


W.,_(k,] $r2n tt (k It-(—k, —1 
4x2, | t+ (kD |2, 


uw.) The interaction 


which determines w, according to (6-11) 


(& 3) 


follows from the graph ical inaly is of Sec VI. 


(8.4) 


sin8 coséd@ 


Apart from the factor cos@, this 
similar to that which appear 
w, (kl) has a maximum at k=/ 
is I k 

It is apparent from the form of Eq. (8-2) that K,_(k) 


is sharply peaked near values of k which satisfy e(k) =0. 


expression is very 
in Eq. (7-17) for I'(R). 


and has the same width 


rhe solution of this equation is not exactly ke according 
to Eq. A(k) which appears in e(k) 
contains the impurity interactions. On the other hand, 
the correction to kp due to these interactions is of order 
n,, and it is consistent with our model of rare impurities 
to neglect it. In other words, we assume that the single- 


electron-like excitation is sufficiently well localized 


(7-13 , Since the 
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between scattering ever propagates as if there 
were no impurities prese 
In the neighborhood of 


by ev tluating 


role of 


hormaiization 


tan 
about & 
VII, we 
kex—nog 1, whi IS easily 
purities and der ns. We 


in this region. De 


From the esti 


he end of SEC 


iat this condition 


satisfied 


for rare also assume 


lid only 
integral 
owly varying 


convergent 


Vsre- 


Ve the 


4oruy 


Equation (8-10) is not a solution -2 
of k far away from ymes small for 
k# 1. [For Coulomb intera *and I'’(k)~ 
k 5 for k hb, 1 mil r ) ribut r th ; > 


2), however, sti I ym the region near 


for value 


over lin (8 
l kp, where K, 


ating (8-2) i 


8-10). Evalu- 


K,_(k) 


le? 


For k near kp, (8-11 
the consistency of 
larger than kr, the 
as kr. 

As it stands, 
(8-1) because the 
a hieve convergence 
from K,,(k 


term in the int 


as indk 


eyral ¢ 


As be fore . 


(3-0 


(8-12) is 
however, Lhe 
vanishes to order I'/e; 

¢ juation yields correctio! 


neglect. In this 


which assures con 
Having achieve 

using only the contribut 

the last paragr pl 

to lowest orde! 


by (8-10). We I 
eke Nig 


L 
OM r-ur 


2e7k pr? 
| [ t(kp. kp.6 1 s#) sinédé 


sarm?n, 





and ugp=kp/m, 


a= (ne*/m)r 


: r 
fo) 
Nile 


mS 1 Fs os) sinédé, 


(8-16) 


where 


(8-17) 


and o(@) is the differential s« attering cross section for 


an electron of momentum kr. 


Equation 8-16) is the 


standard classical expression 
the conductivity. I’, the decay rate for the singl 
ic] i ‘scattering-out”’ probability ; 
‘scattering-in’”’ term. Note 
effect of the exclusion pring iple re- 


} 


ing even in the calculation of ¢(@) in (8-17). ¢(@ 


I USUdIl 


I turns out to be the 


there 1s no 


\TANCI i MI 25 


he exact 


cross section for a free electron scattered by 


an isolated impurity center. This happened mathe- 
matically because we defined the poles in ¢* by keeping 
Ww always just above the real axi 


In similar fashion, it should be possible to rewrite 
8-15) in terms of a scattering cross section for effective 


electrons scattered by shielded impurities. This would 
correct 
Van 


a bit le S p 


involve finding the these 


normalization for 
Hove"), and it seems 


to keep (8-15) in 


tf 


scattering states (set 


simplest, even if hysical, 


its present form 
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Polarizatior 
' 


Rochelle salt was investigated by means of the electro-« 


enological model based on statisiical nucleation 


followed by a two-dimensional sidewise expansion o 


enta 
t 


| 
he nucleatior 


of new domains due to 


1. INTRODUCTION 
A STUDY of the polarization process in Rochelle 


salt (RS) was undertaken for a dual purpose. 
First, some features of polarization reversal interpreted 


as the nucleation and motion of antiparallel domains 


have only been partially investigated. Second, the 


validity of a phenomenological model for the reversal 
mechanism was to be tested on a ferroelectric crystal 
in which domain dynamics could be discerned optically, 
under polarized light, as well as electrically, from a 
study of the displacement current transients. 

The displacement current parameters predicted from 
this model were shown to be in excellent agreement 
with experiment in the case of colemanite.' No direct 
visual observations could be made however, which 
might provide additional justification for the choice of 
a reversal 


mechanism based only on nucleation and 


Two 


was observed in barium 


quent sidewise ¢ 


subse 


. } 1] 
dimensional wall displacement 


xpansion of domains 


H. H. Wieder, J. Appl. Phys. 31, 180 (1960 


reversal as a function of nucleation and 


the domains 
observations for fields larger than 50 volts/cm 


localized stresses whi 


growth of domains in ferroelectric deuterium-doped 
yptic Kerr effect. The results indicate that a phenom 


iomains in a plane inciu 


will adequately ac¢ 


ling the ferroelectric axis 
yvunt for the experim 
For lower fields, the process is controlled primarily 


h hinder the displacement of domain walls 


titanate? under restricted experimental conditions and 


features of the model were confirmed. 
Rochelle salt, however, offers because of its large 
electro-optic effects, the unrestricted 
observations of electrical and optical features of the 


polarization reversal process. 


some above 


adv antage of 


Mitsui and Furuichi® studied the domain structure 
and domain dynamics of Rochelle salt showing that 
the spontaneous shear deformation between neighboring 
domains causes the optical indicatrix to turn in opposite 
directions about the a axis leading to a difference 
in extinction positions between domains. 

the mono- 
clinicity of Rochelle salt using quantitative measure- 
ments of the turning angle of the optical indicatrix to 


define a thermodynami 


adjacent 


Indenbom and Chernysheva*® discussed 


potential theory analogous 


Miller, Phys. Rev. 111, 736 
Miller and A 
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the 
temperature variable parameter. They established the 


to constructions based on the polarization as 


direct proportionality between the spontaneous polar- 
ization and the angle of rotation. Similar results were 
obtained by Abe’ whose investigations indicate that 
not only the spontaneous polarization, but also the 
change in polarization, during reversal of the remanent 
polarization might be proportional to its electro-optic 


Wieder’ 


transients 


analog effect. investigated the displacement 


current obtained during switching and 
described the dependence of the significant parameters 
of these 
in the 


propo ed to he 


transients upon applied field and temperature 


ferroelectric The fast 


reversal time was 
due to nucleation 


domain wall 


range 
and 
displacement in the direction of the ferroelectric a axis 
The experimental inve 

ub eque ntly were undertaken to test, by means of the 
Kerr electro-optic effect 

logical theories of polarization reversal such as proposed 
for BaTiO;® and 
ferroelectric 


tigations to be described 


- the relevance of phe nomeno- 
modified form shown to apply to 
coliemanite,* to the nu leation and domain 
dynami present in Rochelle salt 


2. EXPERIMENTAL 


Experimental investigations on RS in the ferroelectric 
difficult 


lose control of ambient 
and the 


sitates 


phase are because « 


temperature and humidity are required 


low Curie temperature generally nece some 
reirigeration 
It wa decided, 


l otope effect in RS DY 


h deuterium 


to take advantage of the 


the re fore ‘ 
| re pla ement of hydrogen 


wil in tl il lattice. Indenbom and 


Chernysheva® have shown that the angle of rotation 


@, of the optical indicatrix because of the spontaneous 


shear nd tl ntaneous polarization P,° may be 


30b4P (1 


by, is essentially 


the same 
for bot ‘ nd } leuterated salt as 


Mason and older Lie 


however, strongly fe la hown by 


shown by 
lectric properties are, 
the detailed 
of H if i temperatures of DRS 
occur, resp compared 
—- 18°C 
large increase in spontaneous 
should 

DRS 
iter secular stability and is 
than 


tudi 
and +- 35 C 


pe 
to normal RS who irle temperatures are at 


and + 23°C 


polarization . tall | vhich, according to (1), 


lead ced electro-optic effect. 
| 


cence and efflore scence 


laboratory by 


1958 
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Parkerson™ by dissolving 
crystal being suspended in tl iturated solution at 
+36.4°C and the tem 
mately 0.1°C per day. The cry 
be the same as that of ordinary | 
of the crystal ograpl 1 
of x-ray diffractior 
The « ryst ils were 


approxl- 

found to 

1 the orientation 

axes was determined by means 

oriented 

ré spect t ys illos iphi ix . the erro 
electric a axi in i I major Cry stal face 

of 2cmX1 cm. In p the num 


3 kept relatively 


with 


ber of domains 
at a minimun,' 
large ranging be 
The crystal 
silicon 
backing with 
thereafter cleaned i 
Liquid electrodes 
D.O covered by con 
the major surfaces and held in pl by 


dry 


carbide pape I Do 1 as st a nylon 


were affixed to 
several coats 

of transparent nail polis! 

edges and sides to prever! 
Electric fields were 

of pulses of variable ampli a nating polarity 


il in the form 


! it ro econds and 
sufficient duration to polarize the crystal to 
All experiments were 
of +25°C the 
within 1°C 

Motion pictures 
motion of 


with a rise time better tl 
saturation 


temperature 


domat! 
polarizing microscope 
crystal was selecte 
Generally this wa 


edges. The motion | 
view, approximately 


0.12« 0.08 


surface. Figure 1 shows 


frames which illustrate part 


and wall motion of domai 


field is applied to a single don 
Nucleation of a 6 don 


ital oli: sia Shan 
crystal edge in th 


1. Nuclez 
juential 
intervals. Upor 
we iges ni 
Growth of a 


domains are beir 


five sec 


Ordnan 


ari 
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in the yz plane in the form of a wedge which grows 
rapidly along its long axis, in the crystallographic c 
direction and slowly, by sidewise displacement of i 
in the the 6 axis. Frame 2 
that while two domains are in the process of 
new nucleus had been generated which 
thereafter proceeds through the same growth cycle as 
other domains 3, 4, and 5 show further 
of growth of 6 domains. In 
general, polarization reversal appears as a competing 
and growth of either 6 domains 
both 6 and ¢ domains are present 
the reversal process is altered 
although the number of participating domains increases 
and nucleation appears 
+} 


boundaries, direction of 


} 


Snows 


t xpanding, a 


Frames 
nucleation 


th 
i¢ 


ce 


tails and 
: : 

nucieation 

If 


( rystal, 


process of 


or c domains. 


within a not 


as a more significant process 
in wall motion. 

In order to determine whether the domains shown 
in Fig. 1 may be considered as laminae parallel to the 
ab plane, the domain structures on opposite crystal 
faces were compared and found to be essentially the 
The difference in focusing the microscope on a 
domain edge located at the top and bottom surfaces of 
the crystal indicated, however, a slight slope of the 
order of 3° between the a axis and the domain boundary. 
The the 
direction of the ferroelectric 
mined experimentally. It is to be expected, however, 
that it of 


propagation along either the b or the c axis. 


Same. 


velocity of propagation of domain walls in 


a axis could not be deter- 
is several order magnitude faster then 
(Juantitative measurements of domain wall displace 

of 
picture photographs are shown in Fig. 2 for an applied 
field of 60 T he 
initially at a relatively constant velocity of the order 
of 1.61073 


ment as a function time obtained from motion 


volts/cm. domain wall propagates 


cm/sec. As two walls approach each 


isple lifferent domains along the 6 axis 
fv The:disp! ylacement becomes nonlinear when 
walls approachfeach other. In the linear region the velocity 


RR EF 


I 


ECT. th BReGs 





hy 3 
polarization as a function ol 
=) \ Dashed curve 


we 


Solid curve shows the effective rotation of the plane of 
DRS-1 with 


means ol Eq 5 


time for specimen 


was calculated by 


other, their displacement slows to a logarithmic rate. 
This is quite reasonable considering that in the region 
between two walls approaching from opposite directions, 
large strains are induced generating a corresponding 
stress which effectively reduces the applied field at the 
wall. If proportionality between displacement velocity 
and this retarding force is 


sharp decrease in velocity is to be 


of a domain boundary 


assumed, then a 
expected. 

Fig. 1, 
included between 


From photographs such as shown 
found that the 
wall and the ¢ 


88 


was 
domain 
essentially constant 
of a domain. If 
essentially parallel 
he a axis, then their growth may be represented 


angle 6, 
axis, remained 
growth 


then considered to be 


throughout the cycle 


domains are 
to 
as a two-dimensional expansion of an isosceles triangle 
For the sake of simplicity, 
along the 6 and ¢ axes are 
assumed to be constant by neglecting the decrease in 
the Ip 

boundary as well as 
above. If the 
2y and z 


r is the time 


projected on the yz plane. 


the propagation velocities 
velocity as wedge approaches the 
the 
displaceme nts along the 
=v, ({— 7) 
at which the domain was nucleated, 
y tan#, the area s, subtended by a growing 
domain upon the major crystal surface area So Is: 


opposite 
crystal interaction between 
walls described 


b and ¢ 
where 


axes are respectively, and y 


then since z 


v,7({— 7)? tané (2) 
For the purpose of monitoring polarization reversal 
continuous basi 

ilar to that of Abe? 


being 


on a an e ape rimental arrangement 
was employed, the DRS crystal 
mounted between the polarizer and the analyzer 
of a polarizing microscope and a type 931A photo- 
multiplier fitted at the occular. 


was adjusted to within 5 


Generally, the analyzer 
The light of a 
tungsten filament fed from a regulated dc source and 


I 


of extinction. 


issed through a collimator was used to illuminate 


de 
} 


1€ « rystal. 

Alternativ for viewing the entire crystal surface, 
a pair of Glan-Thompson prism rotatable 
mounting calibrated in 5 seconds of arc were substituted 
for microscope. The photomultiplier current 
induced by the light passing through the crystal is 
proportional to the fraction of the number of 


rely, 
set in a 


the 


total 
domains oriented in the direction of the applied field. 


Plotted as a fun tion of time, this current provides a 


di rect representation of oe peer 5 reversal. Figure 3 


ich 1 plot, — 





ordinate having been calibrated 
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hic. 4. Electro-optic and dielectric hysteresis and the propor 
| Kerr effect 


hysteresis 


tionality between polarization and the electro-optic 
during polarization reversal. (a) Electro-optic 


loop 


Abscissa represents applied field, ordinate, the corresponding cur 
rent induced in a photomultiplier by polarized hght passing 
through DRS-3 Dielectric hysteresis loop obtained on modi 
fied Sawyer-Tower bridge circuit. Ordinate represents polarization 
abscissa the electric field. (c) Polarization as a function of electro 


»)btained by applying signals shown 
respec tively, to the x and y plates 


optic signal amplitude. It wa 
on ordinates of 4(a) and 4 
of an oscilloscope 


in terms of the effective angular rotation of the plane 
of polarization by the compensating rotation of the 
analyzing prism. The spontaneous polarization of DRS 
at +25°C was obtained by Hablutzel'' from hysteresis 
loop data to be P,=0.3 ycoulombs/cm? or 9X 10? 
our to 
Since, according to Mason," 
from Eq. (1), the spontaneous 
1.70 10-* radian or 0.975 degree. 
This obviously is in very good agreement with the value 
of 26, 


Is there also direct correspondence between polariza- 


esu/cm?, own similar measurements agree 
within 1% of this value 
by4=6.3X 10 then 


angle of rotation @, 
2 degrees shown in | ig. 3. 


tion and electro-optic parameters dynamically during 
reversal? Some evidence for this is shown in Fig. 4. 
An hysteresis with the photo- 
multiplier current plotted function of field 
shown in Fig. 4(a). The corresponding typical ferro 


electro-optic loop 


as a is 
electric hy steresis loop with polarization plotted as a 
function of field, is 
an alternating, sinusoidal, 60 cps electric field with a 
peak value of 400 volts/cm wa 
DRS crystal. Figure 4(c) sl 
between polarizatio1 I 


hown in Fig. 4(b). In each case 
s applied to the same 
the linear relation 
e effective angle of rotation 


Ows 


ind t 


when the crystal is subjected simultaneously to electro- 
optic and dielectric hysteresis by means of the same 


ac field. It is obtained when the output of a modified 
Sawyer-Tower circuit 1 


photomultiplier current to the a plates of an os illoscope 


applied to the y plates and the 


by means of suitable amplifiers 


In view of observations on domain nucleation and 


growth such as illustrated Fig. 1, the electro-opti: 

’W. P. Mason, Piezoelectric Cr ind their Application t 
Ultrasonics (D. Van Nostra Book Company, I Princetor 
New Jersev, 1950 


D D A « 
transients obtained during reversal such as shown in 
Ad/2¢, AP/2P,) illustrated 
it seems reasonable to interpret polarization 


of the 


Fig. 3 and the relation 
in Fig. 4, 


reversal of DRS in terms ne phenomenological 


model developed in detail for BaTiO, * and colemanit« 

The effective rotation of the plane of polarization 
referred to the fraction of the crystal surface area 
subtended by nucleated and growing domains may 


then be written as 


The nucleation rat dN/dt) is considered to be con- 


trolled by a statistical law suct is found for other 
ferroe lectrics of the forn 
dN/dt)=kNo exp(—kt 4 


where Vo represents the total number of nucleation 
sites and & is a nucleation probability factor. From 
Eqs. (2), (3), and (4) and with due account of the 
ingestion of some nucleation sites because of the 


expanding domains, the electro-optic polarization 


reversal transient may be expressed a 


’ 2v7.No tand ¢ RI 
1—exp] — -~ki+1—e* (5 

2¢, Sok? 2 
The nucleation probability factor k, as well as the 


must be determined from experimental 
be attempted 


fraction (No/S 
parameters before a 


compariso! may 


between (5) and Fig. 3. Since the time derivative of 
(5) is: 
d@ 2v*No tané 
2@ a ki 1 +e * 6) 
dt kS 
k may be derived from the ype of log(dp/dt) vs ¢t in 
the region when ki~1 
Individual (dd dt po it were obta ed trom Fig. 3 
by a graphical method such as described by Pearlsor 
Pie od 
we 
5 
¥ 
z 
3 ‘ 
{ ; 
M 
: 
; 
< r — 
‘ + 
Fic. 5. Graphically dete ed points (d from Fig. 3 are 
shown individually as a f time. The curve was calculated 


by means 
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and Simmons" and the results are plotted as a function 
of time in Fig. 5. From the rising portion of the curve 
shown in Fig. 4, plotted as shown in Fig. 6, the nuclea- 
tion probability factor is then calculated as k= 1.03 
seconds. Upon taking the time derivative of (6) and 
maximizing the resultant expression, it is found that: 


2v7.Vo tand 1—exp(— kt,,) 


=(0.22 second*, (7 


S [ktn— 1+exp(—ktn) ? 


since f,,—~3 seconds may be obtained by inspection from 
Fig. 5. Theoretical curves of ¢ vs t and (d@/dl) vs t, may 
now be calculated by means of (5) and (6) and the cor- 
responding curves shown in Figs. 3 and 5, illustrate the 
good agreement obtainable between the parameters of 
the theoretical model and experimental data. 

Equation (7) also permits a rough estimate of the 
number of nucleation sites per unit surface area since 
v~1.6X 10~ cm/sec and tan &~28.6; therefore, (No/So) 
~1.5 10° nucleation sites per cm? of surface area. Now 
the portion of the crystal surface shown in Fig. 1 is 
9.6X 10~* cm?; therefore, some fourteen nucleation sites 
ought to be available within it. Six individual domains 
are visible and in view of possible ingestion of some of 
the sites by the growing domains, this seems reasonable. 

The theoretical and experimental curves shown in 
Fig. 5 are qualitatively analogous to the displacement 
current transients observed during polarization reversal. 
Such a transient is illustrated in Fig. 7(a). The corre- 
sponding theoretical curve was calculated by means of 
Eqs. (5), (6), and (7). For comparison purposes, 
Fig. 7(b) shows P vs ¢ obtained graphically from the 
experimental transient, the close analogy to Fig. 3 being 
clearly apparent. The switching speed shown in Fig. 7 is, 
however, nearly twice as fast as that shown in Fig. 5. 
This is due in part to the fact that different specimens 
have quite different field dependences for both the elec- 
tro-optic and switching experiments. DRS crystals also 
appear to be subject to the same “fatigue effect” dis- 
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Fic. 6. A plot of log (d¢/dt) vs t using the data from Fig. 5, is showr 
to be a straight line whose slope is k = 1.03 seconds! 
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Fic. 7. Experimental and calculated displacement current 


transients and polarization reversed as a function of time. (a) 
Solid curve represents experimental displacement current density 
as a function of time for an applied field of 60 v/cm, sample 
DRS-2. Dashed curve was calculated from (6) with k = 4 seconds“. 
(b) Polarization function of time obtained by 
graphically integrating displacement transient. Dashed curve was 


calculated by means of | q ) 


reversed as a 


cussed by Abe’ in the case of RS. Qualitatively, the 
switching time seemed to decrease exponentially with 
field in the case of samples in which the fatigue effect 
was minimized; however, no consistent quantitative 
field dependence could be obtained for either the electro- 
optic or the displacement current transients. 

In contrast, the characteristic shape and the sym- 
metry of the curves, such as illustrated for both the elec- 
tro-optic and dielectric transients, was found to be in- 
dependent of the applied field between 50 vo!ts/cm and 
220 v/cm, the upper limit set by the crystal thickness 
and voltage amplitude of the pulse generator. 

Below 60 v/cm the two-dimensional model of polari- 
zation reversal no longer applies. Electro-optic tran- 
sients as well as displacement current transients were 
found to approach an exponential polarization reversal 
such as found by Nakamura,’ of the form: 

P=2P,[1—exp(—t) }. (8) 
The time constant { is field dependent but varied greatly 
between crystal specimens ranging from a high of 
8=5X10-* second to a low of 8=2X 10 second for 
F-=40 v/cm. From quasistatic hysteresis loop measure- 
ments on RS, Nakamura found a relation such as (8) 
at 62.5 v/cm and +10°C with a value of B~2.8x10~ 
Electro-optic reversal curves 
obtained by Abe’ also show an exponential dependence 
of @ upon ¢. At low fields, Nakamura" clearly shows by 
means of the domain pattern in RS, that wall motion 


second”, polarization 


plays an insignificant role and the nucleation of new 
domains is primarily responsible for polarization re- 
versal. Qualitatively this was verified in our experi- 
are unable to confirm the exist- 
, a true coercivity, for both 


ments; nevertheless, we 
ence of a threshold field, i.e 
1957 
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730 H H WIEDER AN 


wall motion and nucleation between 220 and 30 


volts/cm. 


3. DISCUSSION 


In spite of gross simplifying assumptions, polarization 
in RS and DRS for 
Ek>50 volts/cm are adequately described, as shown 


reversal and the domain dynamics 


above, by a phenomenological model based primarily on 
nucleation and sidewise expansion of domains. A con- 
sequence of such a model as shown by White,’® is that: 


0.395 < P»/2P, <0.487, (9) 


where P,, corresponds to the polarization reversed 
between /=0 and f 3 and 4 the ratio 
m/ 2.) =90.425 is obviously well within the range of 
(7) thus providing additional support for the two-di- 
mensional model of reversal. As the applied fields are 
increased, the number of nucleated domains increase 
hence their sidewise displacement is likely to play a 
smaller role in the 


tm. From Figs. 


mechanism. Polarization 
reversal would then have to be expressed either as a 


reversal 


three-dimensional domain growth process or conceiva- 
bly nucleation and growth in the direction of the ferro- 
electric axis might provide a satisfactory model for the 
main part of the proc 


latter may be found in the re 


Partial confirmation for the 
lative switching time of RS 
determined from the displacement current transients® 
at high fields. The switching time is smaller and the 
velocity of reversal much greater than the magnitudes 
extrapolated from our experiments or those of Mitsui 
and Furuichi.® Evidence of 

direction of the axis is also available from 


the experiments of Marutake'’ as 


domain growth in the 


fe rroeier tric 


well as from the 
the orientation of domains at zero field investigated by 
Chernysheva.'* There is reason to suspect, therefore, 
that no unique mechanism of polarization reversal is 
valid for Rochelle salt except at low fields in relatively 
unstressed crystals such as used in the present 
CXpM riments 

David® had shown that the effects of 


stress upon the ferroelectric polarization are equivalent 


a mechanical 


to that of an electric biasing field. It seems reasonable, 


therefore, to expect that a localized stress will then 
DTD. J. White, Technical Memorandum 43-40 U. S. Naval 
Ordnance Laboratory, Corona (unpublished), available from 


author on request 
M. Marutake, J. Phys. Soc. (Japan) 7, 25 (1952) 


18M. A. Chernysheva, Izvest. Akad. Nauk S.S.S.R. Ser. Fiz. 2, 
289 (1957) [translation: Bull Acad. Sciences (U.S.S.R.) 21, 293 
1957)] 

! R. David, Helv. Phys. Acta 8, 431 (1935 
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decrease the effective field at the wall and hence retard 
or impede wall motion thus giving rise to a polarization 
reversal process controlled mainly | y the nucik ation of 
It is likely that the threshold field for 


motion and nucleation 


new domains. 
both 
Nakamura is al 


wall encountered by 


so due to a form of str anisotropy 
since the nucleation prol abi ily 


effective local field 


ilso de pe nds upon the 


4. SUMMARY AND CONCLUSIONS 


as RS and DRS which 
have a large electro-optic Kerr effect, the spontaneous 
rotation of the indicatrix permits the direct 
viewing of nucleation and growth of domains and the 


In ferroelectric crystals such 
optical 
association of domain dynamics with the displacement 
current and the polarization reversal process 

The result of optical and electrical experiments using 
pulsed electric fields above 50 volts/cm confirm a model 
applied SUCCt ssfully on othe r fe rro-€ lec trics. ° his model 
their 
growth in two dimensions perpendicular to the ferro- 


takes into account the nucleation of domains 


electric axis, and the ingestion of some nucleation sites 
due to expanding domain boundaries 
Below 50 | 


within the crystal hinders wa 


volts/cm, a localized stress distribution 
motion and polarization 
reversal then takes place mainly by the nu 


new 


cleation of 
domains. At high fields, nucleation of domains 
again predominates because of the number of 
limited side- 
but growth 


large 
nucleated domains and the consequently 
wise expansion before coagulation sets in, 
in the direction of the ferroelectric axis is considered to 
provide a significant contribution to po 
versal. The 


three-dimensional! growth, but 


irization re- 


, : 
process should then be re garded as one of 


e€ main contribu- 
ind growth 


el 


should be 


fron nucieatior 


along the a axis, a one-dimensional model 


tion probably arises only 


satisfactory. 
sts of 


domains oriented along any of the crystalogrphic axes, 


Since in general, a crystal f RS or DRS cons 


no unique model for polarization reversal can be postu- 
described 
sistent domain 


lated except as in the case of the presently 
experime nts where a re petitive, 
pattern can be obtained in relatively unstressed crystals. 


ACKNOWLEDGMENTS 


The authors gratefully acknowledge the continued 
support of the Office of Naval Research 
phase of research on ferroelectrics. We ar 
C. R. Parkerson for the 


during this 
indebted to 
DRS, 


ussions 


crystals of and to 


D. J. White for many stimulating dis 





VOLUME 


120, 


NUMBER 3 NOVEMBER 1, 1960 


d Bands in Cubic Lattices. I 


JoserH CALLAWAY 


Division of Physical Sciences, 


(Received June 2, 


The results of a previous, perturbation theoretic treatment of 

/ bands in the body-centered cubic lattice are extended in several 
respects: The methods of the previous calculation are applied to 
nergy levels at the points f and X in the Brillouin 
face-centered cubic lattice. As before, the crystal 

potential is that of a lattice of point charges, screened by a uniform 


cdietermine e 


zone of the 


distribution of electrons. The perturbation expansion of the wave 
function of a d electron is developed for the body-centered cubic 
lattice. Calculations are reported for two states near the top and 
bottom of the d band, including terms of first order in the potential 
These functions have the characteristic property that the wave 
function of a state near the top of the d band is more compact 


than that belonging to a state near the bottom. The energies 


I. INTRODUCTION 


I’ is the purpose of the work reported on this paper 
to continue the general study of d bands in cubic 
lattices. A beginning was made in a previous calculation 
(afterwards referred to as I) in which perturbation 
theory with symmetrized linear combinations of plane 
waves as basis functions was used to study d bands in 
the body-centered cubic lattice.’ A simple crystal 
model was employed which consisted of a lattice of 
point charges (atomic number Z, lattice parameter a) 
screened by a uniform distribution of negative charge. 

The study of a simple model as an approach to an 
understanding of some features of the electronic 
structure of the transition metals was undertaken for 
the following reasons: First, the complexities of a 
self-consistent energy band calculation for a multivalent 
element with d electrons on the basis of the Hartree- 
Fock equations are so great that considerable further 
progress in the techniques of band calculation is 
probably required before quantitative results can be 
expected. Second, even if such a self-consistent calcula- 
tion could be made for some particular metal, it 
might not yield much qualitative information with 
respect to the dependence of band structure on lattice 
symmetry and the relevant parameters of atomic 
spacing and atomic Such information is 
required for a real understanding of the properties of 


number. 


these metals and their alloys. Third, at various times, 
greatly different theories of the electronic structure of 
the transition metals have been proposed, some without 
any support in band theory, in an attempt to interpret 
experimental observations of their properties. This 
study should at least be of assistance in determining 
the circumstances in which more detailed theories may 
be expected to apply. 

Of course, many features of the electronic structure 
of real crystals have to be neglected in our considera- 
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of four states for the body-centered lattice are computed as a 
function of the binding parameter Za by a more accurate method 
than that employed in the previous work, making possible an 
estimation of the accuracy of perturbation theory and the depend 
ence of bandwidth on binding parameter. The role of crystal field 
effects in the tight-binding limit is discussed, and the circumstances 
are determined under which the d band may split into sub-bands 
based on functions of differer 
the value of 


Estimation of 
the binding parameter for which such separation 
occurs strongly suggests that this split does not occur for the 


it cubic symmetries 


actual transition metals. Finally, the effects of spin-orbit coupling 
on the band structure are studied in the tight-binding approxima 
tion, A formulation of k- p perturbation theory for d bands is given 


tions. Probably the most serious omission is the neglect 
of spin-dependent interactions between the 


d electrons. It is hoped that the gain in simplicity and 


Cxe hange) 


in qualitative understanding will compensate to some 
extent for the necessary discard of some of the complica- 
tions of reality. 

The principal object of this paper is to determine 
insofar as possible, the the 
d-band structure as one passes, continuously, from the 
case of free electrons to that of tightly bound electrons. 
Principal emphasis is placed on the body-centered 
cubic lattice (since there are two points in the Brillouin 
zone which have full cubic symmetry), but a beginning 
is made in the tructure, the face- 
centered cubic lattice. The wave functions of d electrons 


qualitative behavior of 


study of another 


are bric fly investig ited, and some consideration is given 
to the effects of spin-orbit coupling. 

The perturbation analysis of I may be applied to 
states in any structure, provided only that the sym- 
metry of the such that low-energy s and p 
functions are not incorporated in the wave function. 
In Se 
Results are given for five states at the symmetry points 
rand X (see Fig. 1). Unfortunately, the point X does 
not possess the full cubic symmetry of the corner H in 
the Brillouin zone of the body-centered cubic lattice. 
Consequently, one of the states of the d band at X(X),) ? 
contains s functions as well, so that its energy cannot 
be found by this method for interesting values of the 
relevant parameters. 


state is 


II, the face-centered cubic lattice is considered. 


In view of recent discussions of the wave functions 
of d electrons in metals (with particular attention to 
iron),’ it is interesting to apply the perturbation 
methods to a calculation of wave functions as well as 
energies. This is done in Sec. III for two states pertain- 
ing to the body-centered cubic lattice: Hy, which is 

? Notation according to L. P. Bouckaert 
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R. Smoluchowski. and 
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Re 


Brillouin zone for the face-centered cubic lattice 


Points and lines of syn 


metry are indicated 


a normal d band, and Hoy», 
which is near the top. The perturbation series is in 
fact a 
which are added to the basic plane wave function with 
coefficients proportional to appropriate powers of the 
binding parameter Za. The d part of the first such cor- 
rection function (corresponding to first-order pertur- 


close to the bottom of 


Fourier series for a set of correction functions 


bation theory) is evaluated numerically for the two 
states considered. The result reported by Wood,’ that 
the bottom of the d band have smoother 
wave functions than those at the top is evident here 
The correction function tends to make the simple 


states at 


plane waves less smooth, thus altering them in the 
direction required to produce atomic wave functions. 

The energy of any state for the model crystal con- 
sidered here depends on the binding parameter Za as 
follows: 

ak/Z= f(Za 

Perturbation theory yields an expansion of the function 
f(Za) for small values of the argument. The function 
f(Za) is proportional to (Za) for small Za. The first 
three terms in this expansion were obtained in I for 
the four states considered. It is desirable to determine 
the region in which this expansion is reliable and, 
particularly in view of interest in systems with narrow 
d bands, to determine as much as possible about the 
energy bands in the limit of large Za. (Here we consider 
only the behavior of the energy bands, and do not 
investigate the question of the adequacy of the energy- 
band approximation itself 
to study this problem 


Two methods are employed 


It is possible to make considerable improvements 
with respect to perturbation theory by numerically 
diagonalizing a portion of the Hamiltonian matrix 
(using a basis of symmetrized linear combinations of 
plane waves). The results of this calculation are reported 
in Sec. IV for the four states pertaining to the body- 
centered cubic lattice studied in I. The results indicate 
that the three term expansion of perturbation theory 


gives reliable results up to Za= 25. For larger values of 
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the binding parameter, perturbation theory gives an 
overestimate of the band width. 

For large values of the binding parameter a tight- 
binding approximation is appropriate. This is discussed 
in Sec. V. It is found that the bandwidth must go to 
zero exponentially as the binding parameter increases. 
Crystal field effects in this model, however, decrease 
only as (Za)~* and thus ultimately dominate overiap 
effects for sufficiently large Za.‘ Consequently, the d 
band must split into two sub-bands, one based (in the 
language of the 
functions of xy, 


tight binding approximation) on 
y, yz, and zx symmetries (f2,) and the 
other on the e, functions a®— y* and 32?—r*. By compar- 
ing the crystal field splitting of the d levels with the 
bandwidth calculated on the basis of the tight-binding 
approximation, we obtain an estimate of Za=70 for 
the binding parameter at which this splitting first 
occurs. 

A detailed calculation of d bands in a real crystal 
would have to include the effects of spin-orbit coupling. 
The effects of spin-orbit coupling on d band structure 
are studied in Sec. VI, in the tight-binding approxima- 
tion. A general formulation of effective mass theory for 
d bands in the presence of spin-orbit coupling is also 
given. 


Il. THE FACE-CENTERED CUBIC LATTICE 


The methods of I are immediately applicable to the 
face-centered cubic lattice. The Fourier coefficients of 
potential are (in atomic units 

V (k) -$rZ /Qok 
V (0) =2Z/2a. 


k<0. 


-8Z/xan’ for 


In these equations {4o=a*/4 is the volume of the unit 
cell and k= (27/a)n [where n= (1;,2,n3) | is a reciprocal 
lattice vector. 

The Brillouin zone for the face-centered cubic lattice 
We consider 
of highest symmetry, [ and X. At T, the 
representations of interest are I}. and Ts; 
doubly degenerate and triply de , respectively, 
(neglecting the spin degeneracy). At X, we are con- 
cerned with the representatior s X X;, and Xs. The 
first two are not degenerate; X; is doubly degenerate. 
For the particular point Y= (27/a)(1,0,0) (there are 
three inequivalent points XY); Y, transforms as y—2?; 
Y3 as yz, and X;, as xy or a 


is shown in Fig. 1. here the two points 
irreducible 
which are 


generate 


The re prese ntation As 
which is the completely symmetric on¢ 
states, contains the d function 


and thus includes 
§ whose symmetry is 
2.°—y’—2*. Linear combinations of plane waves 
transforming according to all the representations of 
interest have according to the 
procedure described in the a previous 
paper.® From these, the matrix elements of the potential, 


which are linear combinations of the Fourier coefficients 


been constructed 


Appendix of 


* J. Callaway and D. M. E 
* J. Callaway, Phys. Rev 


dwards, Pt Rev. 118, 923 (1960 
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Fic. 2. The dimensionless quan- gg, 
tity aE /Z is given as a function of 
Za for the five states considered 4- 





(2-1) are easily obtained. The perturbation series 
carried to second order then yields the following results: 


X;: E=78.957/a?—0.6159Z/a—0.00319Z?, 
Toy: E=118.43/a?—0.8281Z/a—0.00484Z?, 
Ty2: E=157.91/a?— 1.0933Z/a—0.00692Z?, (2-2) 


X,: E=197.39/a?—1.4329Z/a—0.01057 2", 


Xs: E=197.39/a?—0.9023Z/a—0.01777 2". 


The results are shown in Fig. 2, where the dimensionless 
parameter aE/Z is plotted as a function of Za. The 
convergence of the expansions appears similar to that 
found in I for the body-centered cubic lattice. The order 
of levels given here (for small Za) is the same as that 
found for copper by Howarth in a cellular method 
calculation.*® 

Comparison of the energies of corresponding states 
pertaining to the body-centered and face-centered 
cubic lattices is interesting in that it illustrates the 
effect of the different boundary conditions on the wave 
functions. The comparison should be made in such a 
way that the volume of the atomic cell is the same in 
each case. The volume of the atomic cell in the body- 
centered lattice is a,*/2; in the face-centered lattice 
it is af/4. We now define a new “‘lattice parameter” a’ 
such that a"/2=a,/*/4, where a; is the ordinary lattice 
parameter for the face-centered cubic structure used 
in (2-1) and (2-2). When we express a’E/Z as a function 
of Za’, the results may be compared directly with pre- 
vious calculations for the body-centered cubic lattice. 
This is done in Fig. 3 for the states Ty. and ey. It is 
that the states at the center of the zone are 
separated by a greater amount in the face-centered 


seen 


*D. J. Howarth, Proc. Roy. Soc. (London) A220, 513 (1953). 
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lattice than in the body-centered lattice, for small 
values of the binding parameter. In the body-centered 
structure, these states are degenerate in an empty 
lattice. 

The behavior of the energies of the states Tyas, and I)» 
for large values of Za as suggested by the perturbation 
series for the face-centered structure cannot be correct. 
It has been shown in previous work that I'y5 must lie 
below Ij, at large Za.* The separation there is due to 
the crystal field splitting mentioned previously. Con- 
sequently, use of only three terms of the complete 
perturbation series is certainly inadequate for Za> 88, 
the point at which crossover of these levels is predicted. 
We shall see later that the limit of usefulness of these 
series is more likely to be about Za= 30. 


III. d ELECTRON WAVE FUNCTIONS 


The perturbation technique employed for a calcula- 
tion of the energies of states at symmetry points of 
the Brillouin zone may also be applied to determine the 
wave function at The perturbation 
series for the wave function ¥,,x' (mth state belonging 
to the ith irreducible representation of wave vector k) 


these points. 


may be written as 
Y sate x* 


Wm (3-1) 


Ue kT 


s.1™m E.° (i,k) — E9(i,k) 


where the u,,' are the wave functions for the unper- 
turbed system. The (unperturbed) energies of these 
states are E,°(i,k). In the following we shall suppress 
the labels i,k, understanding that summations include 
only states belonging to the same irreducible representa- 
tion. The V,,, are matrix elements of the crystal 
potential. There are no matrix elements connecting 
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5 lic. 3. Comparison of levels at 
oF the center of the zone for the 
face-centered cu lattice (solid 
‘ lines) and the body-centered cubic 
lattice lotte il 
3 
2 
¢ 5 ( 3 20 25 % % 40 45 $0 $5 6 
ze 
different irreducible representations. These matrix Bessel function. Since 
elements are linear combinations of Fourier coefficients 
of the potential; consequently they are proportional to Im 
7: : Oi ’ , u » e'* r 3-3 
Z/a. The energy denominators are proportional to a a, 
. . ) 
1/a® so that the first order perturbation term is propor- ‘ 
tional to the binding parameter Za. Each higher term where the sum runsover an .V-fold degenerate set of plane 
includes an additional matrix element and an additional waves whose propagation vectors k»(j) are reciprocal 
energy denominator, thus: providing an additional  |attice vectors, and the coefficients a.. ; are chosen to 
power of Za. The perturbation series thus corrects the yield a wave function of t! ppropriate symmetn 
unperturbed function «,, by adding functions whose the function f.. mav be expressed 
- 4 = a ice m tidy UC CXprit i 
coefficients involve increasing powers of the binding 
parameter. These correction functions are expressed as fm(r/a La Nim Fo( Rm? 3-4 
Fourier series. in which 
The basic functions u, are symmetrized linear com- Mim = 205 (am,j/*/N)K2i(00 3-5 


binations of plane waves.’ In order to obtain a qualita- 
In these equations k;, G;, @; are the spherical polar 
components of k; with respect to a fixed set of axes 
It has been assumed here that thx Im; are Of unit m 


tive picture of the wave function, it is desirable to 
project out of the plane waves the spherical waves of 


principal interest: those with /=2. Of course, all 


. ° . ; ° j » This tion n not va } atich 
spherical harmonics consistent with the cubic symmetry nitude, Thi condition may not always be satisfied ; 
of Y» will be present in (3-1). Let #,,(r) be the /=2 but the resulting modification of (3-3) is trivial. We 
component of ¥; and x, the same component of u,. ™#4Y Now combine Eqs. (3-1 , otain 


These functions must contain the appropriate (normal- #" €Xpression for F'(r/a 


ized) Kubic harmonic, Ko,. Let 


©,,= F,,(r/a)K2;(0,0), Fn (r/a 7 Ar} nj Rm? 
and (3-2 Vew/Z)N 
Xm= fm(r/a)K2i(8,9). +Za> kr). (3-6) 
The function f,,(7/a) is proportional to a spherical eens , 
A table of symmetrized linear nbinations of plane waves Let the coefficient of Za in (3-6) be designated Pm(r/a 


for the body centered cubic lattice may be obtained from the his function has been evaluated numerically for the 
author. This table has also been deposited as document No. 6391 i ele tat } ‘ 

d electron states H,,. and Ho»; pertaining to the ly- 
with the ADI Auxiliary Publications Project, Photoduplication a py : ge _ g to the body 
Service, Library of Congress, Washington 25, D. C. A copy may centered cubic lattice. Since Hj. is close to the bottom 
be secured by citing the Doc ument number and by remitting of the band and H,;, is close to the top for small Za. 
$1.25 for photoprints or $1.25 for 35-mm microfilm. Advance . , 
payment is required. Make checks or money orders payable to 


we can obtain a qualitative idea of the v iriation of 
Chief, Photoduplication Service, Library of Congress the wave function over the band from these two states 
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The computation included 102 plane waves for Hy,» 
and 144 for Hs. The two functions g,,(r/a) are shown 
in Fig. 4. In Fig. 5, the functions F,,(r/a) are shown as 
obtained from (3-6) for Za= 20. 

Approximately 89% of the charge density for Hy, 
and 80% of the charge density are in the ]=2 angular 
momentum state for this Za. Corresponding values 
for the free electron functions are 87% and 68%, 
respec tively. 

The correction function has the expected property of 
reducing the amplitude of the wave function at large r 
and increasing it at small r, thus tending to produce 
wave functions of atomic character. 
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The wave functions of electrons in the d band of 
metallic iron have been studied recently by Wood? 
and by Stern* in order to determine whether the charge 
distribution of electrons in the metal might be more 
nearly uniform than in the free atom. These authors 
have emphasized that electrons at the bottom of the 
band have diffuse wave functions; those at the top 
have compact wave functions. The present calculation 
shows this property does not depend on the crystal 
potential and is characteristic even of wave functions 
in an empty lattice. It is interesting to see explicitly 
that the perturbation correction of the free electron 
wave functions, which tends to make them more nearly 
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* F. Stern, Bull. Am. Phys. Soc. 5, 169 (1960). Also see F. Stern, Phys. Rev. 116, 1399 (1959). 
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d function this property of the 


like 


free electron function 


atomu prese¢ rves 
Both of the functions presented 
} ere are, 


by Wood for metallic iron 


as expected, more diffuse than those obtained 


IV. INTERMEDIATE BINDING 


As the binding parameter Za becomes large, the 


perturbation series expan ion of the ceases to 
be For of values of the 
binding parameter, we We 


set up the matrix representation of the Hamiltonian 


energy 


regime 


useful. an intermediate 


may proceed as follows: 
according to the standard procedure still using plane 
basis 
Ihe matrix elements of the potential are 
still linear combinations of Fourier coefficients of po- 
tential. By considering the dimensionless variable aE/Z, 


waves for functio and diagonalize a finite 


portion of it 


matrix equation so that the 
while t 


one can so arrange the 
off diagonal elements of H7 are constant, he 
kinetic energy part of the diagonal elements contains 
1/Za. It is then not difficult to obtain numerically the 
energies of the states as functions of Za. This has been 
done for the four states T° ®, rs Ho; ,and Hi» pertaining 
to the body-centered cubic lattice which were considered 
in I. Sixth order matrices were considered in each case, 
thus including all plane waves through type (27/a 
(2.2.2) for T and (27 3.1.1) for H. The results are 
shown in Fig. 6, where they are compared with the 
perturbation solutions found in I. 

Deviations from the results of perturbation theory 
begin to be seen around Za As expec ted, the 
energies of the states decrease more rapidly with 
increasing Za than is predicted by perturbation theory 
The order of levels remains the For 
Za>50, perturbation theory predicts qualitatively 
incorrect results. 

For values of the binding parameter for which this 


5 


20 or 


same, however. 
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ade quate 3 


the 


This separation IS SHOW! 


band is, 
and Hj. 


that 
llally expone ntial 


ne vidal ) the d 
H, 


evident 


procedure i 
approximately, separation bets 
the bandwidth decrease n an esse! 


manner for large Za. To a 


ipproximation, we can 
write: 
t-] 


E(Hos EA, 


We find, approximately, how 
ever, that this procedure yiel 


of the bar 


timate of the 


rate of dec reas 
V. TIGHT BINDING 


As the binding is increa - onvergence of the 
the kinetic 
nts of 
approxi- 

of the 
ter integrals 


plane wave expansion becom: 
i 


energy terms in diagor the 
Hamiltonian become 
mation 
tight-binding method in whi 


the lack 


different at 


} ‘ : 
small I nt-binding 
form 


is then appropriate simple 
I niv two cer 
and of ogonality of 


are in luded 


functions on oms 
applied to the transition elemer 
and others 

If the inter 


neighbor atoms 


ction betwee 
ilone l 

in the body centered cul 
its midpoint (in energy 
bor interact 


d. W 


second neig 
metry is remove 
effect of includin 
field. 

} 


fourth-order 


crystal 
The 
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potential of a point charge lattice tend to lower the 
energies of states (in cubic lattices) 
functions are based on the Kubic harmonics xy, yz, 2. 
(tg functions) with respect to those of 


whose wave 


symmetry 


— y?; 322—#? (e, functions). This effect is automatically 
included in the plane wave calculation described in 


the previous section; it may be included in a tight- 
binding calculation by adding a k-independent term 
(6Dq in the conventional notation) to the diagonal 
matrix elements for functions of e, symmetry and 
subtracting a term (4Dg) from the diagonal matrix 
elements of the /z, functions.” There are no off diagonal 
elements of the crystal field. Effects due to bonding of 
the d orbitals, often discussed in the literature of crystal 
field theory are naturally included in the tight-binding 
calculation. 

Qualitatively, it is easy to see that the crystal field 
tends to split the d band into two sub-bands based on 
the functions of e, and f,, symmetries, respectively. 
The effect is illustrated clearly in Fig. 8, in which the 
energy bands are shown along the [100] axis in the 
Brillouin zone of the body-centered cubic lattice. The 
curves are obtained from a crude calculation using the 
results of Suffczynski" for interaction integrals. The 
calculation employs an unscreened Coulomb potential 
2Z/r around each ion (for this reason energy values 


Ay [ (tag E(4e)] 


ze 
7. Bandwidth (defined as the separation between H>2,- and 


H\;) as a function of Za from the plane wave expansions 


Moffitt and 
Phys. Chem. 7, 107 (1956 


* A review of crystal field theory is given by W 
C. J. Ballhausen, Ann. Rev 








Fic. 8. Effect of crystal field splitting on d bands along the 
100 | axis according to the tight-binding approximation. Broken 
lines correspond to 8 = 20, solid lines to 6 = 25 


cannot be compared directly with those of the previous 
section) and considers second neighbor interactions, but 
neglects the lack of orthogonality of wave functions on 
different atoms. Crystal field effects are included as 
described previously, 
from reference 4. 


numerical values being obtained 


If we consider hydrogenic d state radial wave func- 
tions: 


Ra= (a™/6!) re", (5-1) 


and let R,; be the nearest neighbor distance, the band 
quantities are functions of the variable 


b haR, (v3 4)aa (5-2) 
The curves in Fig. 8 are drawn for 8 
respec tively (aa= 46.2 


case 6 


20 and B= 25, 
respectively). The 
20 is one in which the crystal field splitting 
10Dq is about one half the bandwidth produced by 
the interaction integrals. In the case 8= 25, correspond- 
ing to the extreme tight-binding limit, the crystal 
field splitting is about eight times the bandwidth. For 
the present purposes, the bandwidth produced by the 
interaction integrals is defined as the separation between 
H, 5 and H,, in the absence of a crystal field splitting. 
From the work of Suffczynski 
nrst neighbors 


(a/Z [E(H os: )— El Hy» 


and 57.7, 


one has, considering 


0.045628°(14-1/3)e*. (5-3) 


Several interesting qualitative results may be noted. 
First, the effect of the crystal field in separating the d 
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levels into two sub-bands is clearly seen. Similar results 
may be expected in other crystallographic directions, 
although some degeneracy present in this case will be 
removed. Second, it will be observed that the band 
from the tf, functions is broader than that 
based functions. This occurs because the 
width of the 4, band is determined by the integral 
(dda);. (The notation used here is that of Slater and 
Koster for two center integrals*; however, here the 
subscripts 1 and 2 refer to nearest and second nearest 
body-centered cubic lattice.) The 


formed 


on the eé, 


neighbors in the 
width of the 
(dda), is proportional to 8%~* while (ddx), is propor- 
tional the follows. Third, the 
splitting of the degeneracies of the bands along the 
100 axis is 
tions. The splitting of the e, band is determined by the 
(dda). integrals while that of the f2, band depends on 
the (ddx 
to a greater extent. Also, the second neighbor integrals 
fall off exponentially as -28/v3), so for large 8, 
the splitting of the sub-bands falls off more rapidly 
than the bandwidth. The discussion in regard to point 


e, band is determined by (ddx),. Since 


conclusion 


to pb 


accomplished by second neighbor interac- 


integrals. Conse quently, the Co band is split 


exp 


three applies, however, only to bands along the [100 | 
axis. There is a first order interaction splitting of the 
sub-bands in other directions. 

Finally, we wish to estimate the value of aa at which 
the crystal field splitting of the bands is equal to the 
overlap splitting. The crystal field effect is obtained 
from reference 4 as: 


(a/Z)10Dg= 1.492 10*(aa)~*. (5-4) 


It is easily determined graphically that the overlap 
(5-4) equals the crystal field splitting 
of aa greater than this, we 


splitting given by 


for aa= 48.5. For value 
to be split into two sub-bands. 


22/3 


may expect the d bands 
where 
pure 
has 


As a rough approximation, we may set a 
Z is the is the value for a 
Coulomb potential). If consider a=6 (iron 
splitting to occur, we must have, 
12. It would seem to be unreasonable 

involving completely separate d 


ionic charge (this is 
we 
a=5.4), then for the 
approximately, Z 
to expect a mode 
sub-bands to apply to iron, as has been proposed by 
Mott and Stevens and others 

The of 


criticized in two respects negle¢ 


calculations this section may be 
t of the lack of ortho- 
gonality of the wave functions on the different atoms, 
the neglect of the screening of the Coulomb 
potential. A more act tight-binding calculation 
including these effects is being carried out by Mr. D. M. 


Edwards. The 


rough 


and 
urate 


results will be reported at a later date. 


VI. SPIN-ORBIT COUPLING 


The consequences of including spin-orbit coupling 


in band theory have been discussed in a general way by 


} 


Elliott, who has given character tables for some of the 


N. F. Mott and_K. W. H. Stevens, Phil. Mag. 2, 1364 (1957) 
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double space groups of principal interest." The only 
application to d bands of which I am aware is that of 
Lehman, who has considered the 6d band of the actinide 
metals.'® He has considered, in what 
tight-binding approximation, face-centered 
lattice with (effectively 
parameter and a relatively large spin-orbit coupling. 
are also of interest in 


to a 
( ubic 


amounts 


a moderate value of the binding 
The effects of spin-orbit couplit g 
the case of narrow d ban Our treatment here will 
concern principally tered 
although much of the discussion will apply to any 
cubic structure 

The most striking effect of spin-orbit coupling is the 
, which is sixfold 


cubic lattices, 


body-cer 


removal of degeneracies. The I tate, 
degenerate when spin is included is split into a doubly 
] 
i 


degenerate level I';*+ lying above a fourfold degenerate 


level I's. If we write the spin-orbit coupling as a pertur- 
bation in the approximate form 
V, cL S, 


6-1) 
the separation between t} 
¢ is small compared t« 
level and the Ij, state. latter, Tyo, 
spin-orbit (It 
however, raised in energy by an amount proportional 
to ¢7.) The splittings at H are similar to those at Ir. 
There are two representations for 
[100] axis: A, and A;. For this 
I's sae Acct Ap. The state As fourfold de 
absence of spin-orbit coupling is split into the doubly 
degenerate A, and A;. Since bands of the same symmetry 


do not cross, there is a profound modifi 


7 tat 
wo sta 


3¢/2 provided 
the 


LeESE es is 
» the separation between 


The 


interaction. 


original Ios 
level is not split 


is 


by the 


the 


states along 


> Ay 


generate in the 


ixis and 


ation of the 


its of cross over. Since the 


band structure near the poi 


100 axis is now the only one with nontrivial symmetry 


properties, no accidental degeneracies or crossovers of 
bands will be permitted on other axes, and significant 
effects on the band structure must be ex 

To determine the form of the bands in tall, 1t 1S 
to tight-binding h. It is 
desirable to express the matrix representing the spin 


Kubic Harmonics 


pected. 
de 
use the 


convenient ipproa¢ 


orbit coupling on the basis of These 
functions normalized have the 
symmetry xy, yz, xz, 2*—y¥’*, x?>—4*, (numbered 1 
through 5, respectively). They may be combined with 
and spin. One 
ol L S on the of 


to the procedures given 


(always assum 


spin functions for up and down (+ a1 


first constructs the matrix basis 
spherical harmonics according 
by Condon and Shortley" 


basis above. When this is done, the 


then transforms to the 


and 
resulting 1010 
matrix may be factored by rearrangement of rows and 


columns into two essentially identical 5X5 matrices. 


On the basis of functions (in order y27— y*(+ 


22? — x2— y7(+-), ixy(4 a 5X5 matrix 


“R. J. Elliott, Phys. Rev. 96, 280 (1954 
‘8 Guy W. Lehman, Phys. Rev. 116, 846 
16 EF. U. Condon and G. H. Shortley, The 
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The matrix of the entire effective Hamiltonian may 
now be constructed. If, for example, Hs is the (real) 
tight binding matrix element connecting the functions 


2 
? 


~ 
— 


Hu 

H 45 6 

M |- tH yt iis 
r/2 tv3 


fa 


A 4s 


4 2 
= 2 
0 () 
0 0 
0 0 
a * 
Po ees 


The tight-binding matrix elements may be expanded 
in powers of k. If the integrals representing interactions 
between neighbors are regarded as parameters to be 
determined either from experiment or from a more 
rigorous theoretical calculation, we have a formulation 
equivalent to that called k-p perturbation theory by 
Kane.'* The only significant difference between this 
approach and that adopted by Kane for germanium, 
silicon, and indium antimonide is that we do not 
diagonalize the spin-orbit coupling initially since the 
separation between the states I’, and I'25, will ordinarily 
be greater than the spin orbit splittings. Consequently, 
states of definite 7, m,; are not particularly suitable basis 
functions. 

The matrix elements may be written: 

Ay;- d,+ A (k,? + k,?)+ Bk, 
Hy.=Ck,k,, 

Hy3=Chk,h., 

Hi, =, 

H\,= —2Dk,k,, 

Ho - d+ A (k,?+ k2)+Bk,’, 
H3= Ck.k,, 

Hu= —V3Dhk,k., 

H.s= Dk,k,, 

Hya=dit+A (k2+k?Z)+ Bh, 
H y= V3Dk,hz, 

H3= Dk.k., 

Hy=d,+ E(k2+k7?)+Fk?, 
Hy=G(k2—k,? 

Hyy=d.t+J (k2+k,?)4-Kk. 
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of symmetry xy and 22*—2*°—y (only functions of 
the same spin are connected in this way),'” then the 
Hamiltonian matrix can be put in the form: 


M N 
H ; ’ 

N M 
M and \N are the following 5X5 matrices 
(same basis as 6-2, extended by including functions of 


(6-3) 
in which 


reversed spin) 


(+ ify, 
H 55 115 


Hy, 
() 1Hy3 
iH 0 
Hy, 0 


The quantities d,, d,, A---K are the parameters in 
terms of which the bands are described. These expres- 
sions may be obtained either by expansion of the 
tight-binding matrix elements or directly from sym- 
metry considerations. The following additional relations 
are also obtained 

E= J —4v3G, 
F=J— 3c, 
K=J—v3G 


(6-6) 


. 
This discussion applies to any cubic crystal and 
could be for instance, to describe a d-band 
semiconductor with band extrema at k=O if such 


used, 


exist 
For a general point in the Brillouin zone, it is neces- 
sary to diagonalize the full 10X10 Hamiltonian. For 
points along the [001 | axis, considerable simplification 
is possible, since all off diagonal matrix elements of the 
tight binding Hamiltonian are zero and Hy.=H 3. 
The secular equation may then be factored into two 
identical quadratic and two identical cubic equations. 
The quadratic equation gives the energies of the 
levels of Ag symmetry; the cubic, the A; levels 
The energies of the A¢ states are given by 
2k (Hoo Hy; t/2)4 


Hys— Hx 


¢ 25¢7 
+ . (6-7) 
4 Hy H».)? 


x114 
Hys— Hx 


The energies of the A; states are determined as the 
17 These matrix elements may be obtained from the work of 
Slater and Koster (reference 9) provided allowance is made for 
crystal field effects in the manner described in Sec. V. 
* E. O. Kane, J. Phys. Chem. Solids 1, 83 (1956); 1, 249 (1956). 
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h'1G, 9. Effect of spin-orbit coupling on d bands along the [100 ] 
axis for 8=15, af/Z=0.016 (solid lines). Dotted lines are bands 
without inclusion of spin-orbit coupling 


-0.08; 


Hits =A): 


roots of the equation (we put E 


2)\?+ [y(6 — 3¢/2)—28¢ Jr cy, (6-8) 
in which y=H 44 
vanishes at k=O, 
E=H,,+¢ is 

(I',*) roots at k 
at that point Hy=H These results agree with those 
of Lehman." 


Hy; 6=H»—Hy. The quantity 6 
so that at this point a root (I';*), 
The remaining two different 
0, given by (6-7) and (6-8) agree since 


found 


Equations (6-4 and have been applied to 
sketch the d bands along the 001 axis of the Brillouin 
zone of a body-centered cubic lattice. The tight binding 


(6-8 
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formulas of Sec. \ 
for B=15, (aa 
coupling af/Z order 
emphasize for illustrative purposes the effect of 
spin-orbit interaction. The results are shown in Fig 
The most important result coupling 


of several de 


were Phe evaluation was made 
ae ae 
reiatively iarge 


spin-orbit 


was ¢€ mployed In 


of the spin-orbit 


is the removal generacies no 


Ios, and J7o5 


' 
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only are the 
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ved as well 


accidental 
There is 


levels split, but most 
rem 
only one crossover of Ag and A; levels. A small increas« 
bandwidth if determined 
states) can also be noticed. One observe 


of ma 


in the four 


Irom these 
that it might 


be possible to have some carriers | effective mass 


present even when the overall d bandwidth is small. 


By way of application to the actual transition metals, 
the effects of spin-orbit coupling on the band structure 
ncountered in 
the 
ompared to 


must be qualitatively similar to those « 
this simple example. Of course, in the iron series, 
spin-orbit coupling will not be as larg 
the bandwidth as that used her 

In the extreme tight-binding limit di 
5, in which crystal field effects have 
of the d bands into sub-bands bas 
t,, and e¢, symmetries, the principal 
coupling will be to split t 
energy approximately 3¢/2. (We 
>.) Except for this splitt 
will be that shown in Fig. 8 for 8 


scussed in Se 
caused a splitting 
functions of 
f spin orbit 
ne lower, lon, band by an 
umed 10Dgq 


ng. the form of the bands 
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The electrical resistivities of polycrystalline Gd, Tb, Dy, Ho, Er, Tm, and Lu have been measured between 
1.3°K and room temperature. The slope of the resistivity curve for Gd changes near the Curie point. The 
curve for Tb is very much like that for Gd but there is some evidence that two ordering temperatures exist 


for this metal. Dy, 


Ho, and Tm all show peaks in resistivity near their Néel points, while Er shows only a 


change in slope at its Néel point. The change from ferromagnetism to antiferromagnetism in Dy is seen asa 


sharp rise in the resistivity. 


I. INTRODUCTION 


E present here the temperature dependence of the 

electrical resistivities of Gd, Tb, Dy, Ho, Er, 
Tm, and Lu. All of these elements have the hexagonal 
close-packed crystal structure! and have very similar 
physical and chemical properties. For a given member 
of this group good correlations are found in the ab- 
normal temperature dependence of such physical prop- 
erties as specific heat, magnetic susceptibility, thermal 
expansion, thermoelectric effect, and electrical re 
sistivity. 

The measurements reported below were made on the 
best samples presently available in the Ames Labora- 
tory. For Gd, Dy, and Er we believe these samples are 
superior to samples for which resistivities were reported 
previously.? This is manifested in more distinct breaks 
in the resistivity curves, lower values of the resistivity 
and smaller slopes in the curves. In other earlier work 
Bridgman’ reported the resistivities of a number of rare 
earth from 0°C to room temperature. The 
resistivities of single crystals of Dy‘ and Er® have been 
measured and polycrystalline results have been pre- 
dicted from these measurements. Agreement with the 
results reported here is good. 


metals 


Il. EXPERIMENTAL PROCEDURE 
A. Apparatus 


The variable temperature apparatus used for this 
investigation is shown in Fig. 1. A similar heat leak 
chamber was used and described by Anderson.* Ap- 
propriate changes in the apparatus were made to permit 


* Work was performed in the 
Atomic Energy Commission 

+t Now at the Edgar C. Bain Laboratory of the U. S. Steel 
Corporation, Monroeville, Pennsylvania 

1 F. H. Spedding, S. Legvold, A. H. Daane, and L. D. Jennings 
Progre in Low-Temperature Physics edited by J. C. Gorter 
North-Holland Publishing Company, Amsterdam, 1957), Vol. II 

?'S. Legvold, F. H. Spedding, F. Barson, and J. F. Elliott, Revs 
Modern Phys. 25, 129 (1953) 

> P. W. Bridgman, Proc. Am. Acad 

*P. M. Hall, S. Legvold, and F. H 
971 (1960) 

*R. W. Green, 
Ames, Iowa, 1960 

*G.S 


109, 243 


Ames Laboratory of the U 


Arts Sci. 83, 1 (1954 
Spedding, Phys. Rev. 117, 


Ph.D. thesis, Iowa State University Library 
unpublished ) 
Anderson, S. Legvold, and I 
1958 


H. Spedding, Phys. Rev 


operation with liquid hydrogen and nitrogen as well as 
with liquid helium. Since operation of the apparatus at 
the higher temperatures was not economically feasible 
when helium was used as the cold reservoir, a nitrogen 
reservoir, which was refilled automatically, was used to 
maintain any temperature between 77.5°K and 400°K 
for indefinite periods of time. 

Temperatures were changed by using pulses of elec- 
trical power in the 140 ohm heater coil to obtain the 
temperature desired. Automatic 
used to 


temperature control 
temperature when it 
desirable to do so. It was found that in the temperature 
regions where the resistivity was well behaved it was 


was maintain a was 


sufficient to have approximate equilibrium conditions to 
obtain good data. Temperatures and resistivities were 
measured simultaneously 


[he sample resistance was determined by the usual 
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VIN, 
TaBLe I. Sample analysis. 


Element Analysis (in % 


Gadolinium Dy 20.01; Y=0.05; Pb=0.01; Eu<0.01; Sm 
not distilled =0.05; Nd<0.05; Mg<0.01; Si, 0.025; Ca, 
0.06; Fe, 0.02, Ta=0.1; C, 210 ppm; N, 130 
ppm; Ag, Al, As, Au, B, Be, Bi, Co, Cr, Cu, Ga, 
Ge, Hg, Ir, Mn, Mo, Na, Pb, P, Pd, Rh, Ru, Sn, 
Sr, Ti, Tl, V, W, Zn, Zr not detected; Ni trace 


lerbium Dy, 0.05; Gd, 0.05; Ca, 0.04; Eu, Fe, Ho, Si, 
not distilled ) Ta, Y, Yb, Tm, La, Lu, Nd, Pr, Er, not 


detected 


Dysprosium Y<001; Tb<0.1; Yb<0.005; Er<0.02; Ho 


(distilled ) <0.02; Ta, 0.2; Fe<0.01; Si<0.03; Ca<0.05; 
C, 100 ppm; N, 15 ppm; Mg very faint trace 


I 


Holmium I'm20.01; Er<0.02; Dy 20.04; Y <0.01; Ta, 

(distilled ) 0.2; Fe, 0.01; Ca, 0.05; Si<0.02; C, 75 ppm; N, 
94 ppm; Ni, trace; Cu, trace; Mo, Cr, Al, Sc not 
detected 


Erbium Ca, <0.01; Fe, 0.02; Mg<0.01; Si<0.01; 

distilled Y <0.01; Dy <0.005; Yb <0.0002; Tm <0.002; 
Ho <0.008; Ca, faint trace; Cu, trace; La, 
trace 


Chulium Lu 20.003; Yb 20.0005; Er 20.004; HO=0.04; 

distilled Y<0.02; Ca<0.05; Mg~0.05; Fe, 0.02; Si 
<0.01; C, 120 ppm; N2-9 ppm; Ta, 1.5; Ag, As, 
Au, Ba, Bi, Co, Ge, Hf, Hg, In, Mo, Na, Nb, 
Ni, Te, Ti, Tl, V, W, Zn, Zr, not detected. Cu, 
trace; Al trace; Mn, trace; Cr, trace. 


Lutetium Y~0.05; Sce<0.02; Yb<0.005; Tm<0.002; 


not distilled Ca<0.05; Mg<0.03; Cr<0.02; Fe~0.01; Si 
<0.03; C, 66 ppm; N, 720 ppm; As, Au, Ba, 
Be, Cd, Co, Cr, Hf, Hg, In, Na, P, Pt, Ru, Te, 
rl. V. Zr not detected, Cu, trace; Mn, trace; 
Nb, trace; Ni, trace; Sn, trace; Ta (strong line 


four-probe method using current reversal. An electronic 
constant-current power supply was used to supply 0.342 
amp to all of the samples measured. Sharpened brass 
wedges approximately an inch apart mounted on a 
quartz block were used as potential contacts. Sample 
diameters were determined with a micrometer. 

Most of the measurements below 20°K were made in 
the liquid hydrogen or liquid helium baths. Tempera- 
ture measurements were made with a vapor pressure 
thermometer or with copper constantan thermocouples 

The probable error in the determination of the sample 
resistivities was about 1%. Temperatures were known 
to_the nearest 0.1°K. 


B. Samples 


All of the samples were cast rods ;’s-in. in diameter 
and 2-in. long. The curves for Gd, Tb, Tm, and Lu were 
obtained after annealing. Annealing attempts on Ho and 
Er were unsuccessful. The curves reported for these two 
elements were obtained prior to annealing. No attempt 
was made to anneal Dy 

It has been observed that Ta impurities in a rare- 
earth metal will greatly reduce the resistivity and give 
erroneous results below the superconducting transition 


of Ta. Consequently, we have not plotted any points 


AND SPEDDI 

below 4.4°K for Tm and Lu which apparently pick up 
Ta in the casting process. For the same reason we have 
taken the residual resistivity to be the 4.4°K value for 
all the samples. 
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ELECTRICAL RESISTIVITY OF 


In Table I we show the results of spectrographic and 


other tests for impurities in the samples used in this 


work. 
III. RESULTS 


The electrical resistivities observed on the heavy rare- 
earth metals are shown in Figs. 2-8 and are discussed 


below : 


Gadolinium. A sharp change in slope occurs in the 


resistivity of Gd between 291 and 292°K (Fig. 2). 


Measurements of magnetic moments,’ thermal expan 


°K 


Fic. 4. Electrical resistivity of Dy vs temperature 


5. Electrical resistivity of Ho vs temperature. 
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sion,’ thermoelectric effect*® and specific heat® indicate 

abnormal behavior near this temperature and suggest 

that the sharp change in slope should be associated with 
I 


ferromagnetic ordering 

Terbium. There is a sharp change in the slope of the 
resistivity curve for terbium at 229°K as seen in Fig. 3. 
\ careful study of the resistivity just below this tem- 


6. Electrical resistivity of Fr temperature 


i 
#2o 320 


7. Electrical resistivity of Tm vs temperature 
7F. Barson, S. Legvold, and ¥. H. Spedding, Phys. Rev. 105, 
418 (1957 
* H. Born, Ames, lowa, 1959 
*M. Griffel, R. E. Skochdopole, and I 
93. 657 (1954 


private communication). 


H. Spedding, Phys. Rev 





electrical resistivit nperature 


insert in figure) showed a slight increase in 


perature (set 
slope with increasing temperature at 219°K. Measure- 


ments of magnetic moments," specific heat," thermal 
expansion’ and thermoelectric effect® suggest that from 
219°K to 229°K terbium is in a weak antiferromagnetic 
state and that below 219°K it is ferromagnetic. 
Dysprosium. As seen in Fig. 4, a sharp increase in 
resistivity with increasing temperature occurs at 90°K. 
\"peak was found at 174°K. This is in good agreement 
with the single crystal observations of Hall et al.4 An 
applied magnetic field of 22.4 kilo-oersteds will remove 
most of the peak and will suppress the resistivity jump 
at 90°K heat,’ magnetic 


Measurements of specitic 





(OHM -cm xii ®) 


Pmag 


Ho Dy 
6 7 8 9 
S(S+i) OR (bly 5? 
Fic. 9 magi 
resisiivity vs S(S-+ 
Gd to Lu 
%”W.C. Thoburn, S Rev 
112, 56 (1958 
uL. D. Jennings, R. M. St 
Phys. 27, 909 (1957 
2M. Griffel, R. E 
Phys. 25, 75 (1956 


Legvi Spedding, Phys 
H. Spedding, J. Chem 


Skochdopole, at Sper 


ding, J. Chem 


and thermal ex- 
from 90°K io 


moments,'** thermoelectric effect* 
pansion’ suggest antiferromag: 
174°K and ferromagnetism below 90°K 
Holmium. A change in slope (see Fig. 5 
19°K. A peak was found at 127°K. Measurements of 
ioments!® and thermoelectric 


19°K 


letism 
occurs near 
. magnet n 


specific heat, 


effect® suggest ferromagneti below and anti- 


ferromagnetism from 19°K to 127°K 

L, Erbium. A pronounced minimum occurs 
for erbium at 80°K as seen in the points were 
taken temperature increasing from 4.2°K. 
Measurements of magneti: ’ and specific 


in the curve 


with the 
moments 
lerromagnetk below 
20° and 80°K. 

not detectable 


heat'® suggest that the metal i 
20°K and antiferromagnetic bet 
The ferro-antiferromagnetic transition is 
in the polycrystalline resist urve reported here. 

Thulium. A peak occur 
specific heat'* and magnetic moments'® suggest Tm is 


data 


ween 


\leasurements of 


antiferromagneti lov i an sistivity 

below this temperature do not indicate a change to a 

ferromagnetic state 
Lutetium. The resist 


over the temperature region 


well 


Inve stigated 


was found to be 


behaved 


TABLr II. Magnetic 


Element 


sper hie 


Measurements of 
effect® also indicate norn 
IV. MAGNETIC DISORDER RESISTIVITY 


tt,?? Kasuya, 
and Wei and Marotta 


Following proposals by I Schmitt 
deGennes and Friedel, les, 
we may expect a contribut from 
3 J. F. Elliott, S. Legs 
1143 (1954) 

“TD. R. Behrendt, S 
109, 1544 (1958 

15 B. C. Gerstein, M. Griffel 
Skochdopole, and F. H. Sped 
16 B. L. Rhodes, S. Legvold 
1547 (1958) 

17 J. F. Elliott, S. Legs 
1595 (1955) 

18 R. E. Skochdopo 
Phys. 23, 2258 (1955 
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magnetic scattering. We consider the resistivity as a 
sum of the residual resistivity (pre.), the magnetic 
contribution (pmag), and the phonon contribution (pp). 

We assume that by extrapolating the linear high- 
temperature part of the resistivity curve back to zero 
degrees K we eliminate py,. The resistivity intercepts 
thus obtained are shown as pex: in Table II. Also shown 
in Table II are the pres and the pmag. The latter are 
obtained by subtracting the pres from the pext. This 
method is somewhat simpler than the method used by 
Anderson and Legvold®* and follows the free electron 
model.?”? The two methods yield about the same results. 

*%G. 5S 
1958 

27 4. Sommerfeld and H. Bethe, Handbuch der Physik (Verlag 
Julius Springer, Berlin, 1933), Vol. 24, part 2, p. 499. 


Anderson and S. Legvold, Phys. Rev. Letters 1, 322 
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In Fig. 9 we have plotted the pmsg contributions as 
functions of two different parameters. The S(S+1) 
parameter is the one used by Anderson and Legvold** 
and the parameter [ (J+1)/J }S* has been suggested by 
Brout and Suhl.”* 


ACKNOWLEDGMENTS 


The authors are indebted to Dr. J. Powell for prepar 
ing the pure rare-earth salts needed, and to G. Wakefield 
and C. Habermann for producing the metal samples 
used J. Alstad gave much valuable assistance in the 


treatment of data. 


* R. Brout and H. Suhl, Phys. Rev. Letters 2, 387 (1959) 


PHYSICAL REVIEW VOLUME 12 MBER 3 NOVEMBER 1, 1960 


Impurity Conduction at Low Concentrations*t 
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Physics Department, Rutgers University, New Brunswick, New Jersey 


(Received June 23, 1960) 


The conductivity of an n-type semiconductor has been calculated in the region of low-temperature T and 
low impurity concentration mp. The model is that of phonon-induced electron hopping from donor site to 
donor site where a fraction K of the sites is vacant due to compensation. To first order in the electric field, 
the solution to the steady-state and current equations is shown to be equivalent to the solution of a linear 
resistance network. The network resistance is evaluated and the result shows that the T dependence of the 
resistivity is p<exp(e@/kT). For small K, €;= (e*/xo) (4anp/3)*(1—1.35K*), where xo is the dielectric con 
stant. At higher K, ¢; and p attain a minimum near K =0.5. The dependence on mp is extracted ; the agree 
ment of the latter and of ¢; with experiment is satisfactory. The magnitude of p is in fair agreement with 
experiment. The influence of excited donor states on p is discussed 


I. INTRODUCTION 


F.% sufficiently low temperatures, transport effects 
in doped semiconductors are not due to free 
carriers but 


occur as a result of charge transport 
between impurity states. The term impurity conduction 
denotes this type of transport. When the impurity 
concentration is high, the impurity states overlap 
strongly and lose their localized character. It is often 
said that an impurity band is formed and that con- 
duction takes place in this “band.” At low concen- 
trations banding does not occur and conduction takes 
place by hopping of electrons from occupied to un 
occupied localized donor states. 

In recent years, many interesting experimental data 
on impurity transport have been published. Data are 


* This work is based on a dissertation submitted by one of us 
in partial fulfillment of the requirements for the Ph.D. degree at 
Rutgers University 

t This work was supported in part by the Office of Naval 
Research. 

¢ Present address 
Urbana, Illinois. 


Physics Department, University of Illinois 


available for the resistivity and Hall effect,!~’ effects of 
strain,® and magnetoresistance?® in the temperature 
range of impurity transport. 

We restrict our discussion throughout to those cases 
in which impurity “banding” does not occur and the 
hopping process is important. The hopping process was 
suggested by Conwell’® and by Mott." The same 
mechanism was independently proposed by Pines, 
Abrahams, and Anderson” in connection with the 
study of electron relaxation processes in Si. 


C. S. Hung and J. R. Gleissman, Phys. Rev. 79, 726 (1950) 
?H. Fritzsche, Phys. Rev. 99, 406 (1955) 
S. Koenig and G. Gunther-Mohr (Appendix by P. J. Price), 
J. Phys. Chem. Solids 2, 268 (1957) 
‘H. Fritzsche, J. Phys. Chem. Solids 6, 69 (1958) 
‘H. Fritzsche and K. Lark-Horovitz, Phys. Rev. 113, 999 
1959 
*T. A. Longo, R. K. Ray, and K 
Chem. Solids 8, 259 (1959) 
7 J. S. Blakemore, Phil. Mag. 4, 560 (1959) 
* H. Fritzsche, J. Phys. Chem. Solids 8, 257 (1959). 
*R. Keyesand R. J. Sladek, J. Phys. Chem. Solids 1, 143 (1956 
1° E. M. Conwell, Phys. Rev. 103, 51 (1956) 
"'N. F. Mott, Can. J. Phys. 34, 1356 (1956 
21D. Pines, Can. J. Phys. 4, 1367 (1956 
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In this work, we shall compute the electrical resis- 
tivity for impurity conduction in the low concentration 
range. The model we shall use may be described as 
follows: Consider a semiconductor with Vp donors and 
V, acceptors, Vp >Na« (n type). At the low tempera- 
tures of interest the acceptors will compensate .V, of the 
donors and there will be .V,4 ionized donors, .V4 ionized 
acceptors and Vp—.V, electrons remaining in donor 
states. At 
wave functions of neighboring impurity sites is small 


low concentrations 


the ov erlap between 


and the banding or ‘“‘resonance’”’ energy between the 
sites is much smaller than the energy difference between 
the sites due to the fields." 
The local fields are produced by nearby ionized ac- 


variation of local electric 
ceptors and donors. The electrons are then well localized 
and neighboring impurity states are nondegenerate. If 
one of the Vp—N, donor electrons is close to one of 
of the V4 vacant donor sites, it can hop into the avail- 
able site and the transfer is accompanied by the emis- 
sion or absorption of a phonon in order to conserve 
concentrations below which this 
model is appropriate are about 610" in n-type Ge 
and 2X10" in n-type Si. A study of the higher con- 
centration region has been made by Kasuya."4 Kasuya 
and Koide considered the low 
region as well and their model is similar to ours.'® 


energy. The donor 


have concentration 

In the model we have described, charge transfer will 
be random in the an external electric field 
will be no net current. An electric field pro- 
duces an average gradient of donor state energy in the 
field direction which increase in the 
transfer rate to sites of lower field energy. Thus, a net 
current will flow in the field direction. 

In Sec. II, we compute the transfer rate for electron 
transfer. In Sec. III, we consider the current. In Part 
\ of this section, we derive the distribution function 


abse nce of 
and there 


will cause an 


and transform to an equivalent resistance network. In 
Part B, we compute the Fermi energy for the distri- 
bution. In Part C, we extract the temperature de- 
pendence of the resistivity and in Part D we analyze 
the activation energy and the compensation depend- 
ence. We conclude Sec. II in Part E with the completion 
of the derivation of the resistivity expression and a 
discussion of 
In Sec. IV we compare our work with experiment and 
comment on a few related matters 


the ma ority concentration dependence. 


Some of the computational details are unfortunately 
quite complicated. Phey are described in detail in the 
Ph.D. thesis’? of one of us (AM). Some of these details 
are described briefly in the Appendixes. 


importance of the influence of 


13 The loc al 
pointed out to us in unpublished work of P. W 
reference 12 

“ T. Kasuya, J. Phys. Soc. Japan 13, 1096 (1958 

16 T. Kasuya and S. Koide, J. Phys. Soc. Japan 13, 1287 (1958 

‘6 The present work and that of reference 15 are independent 
studies 

7 Allen Miller, Ph.D 
unpublished). Available from 
Michigan 


fields was first 
Anderson (see 


1960 
Arbor 


Rutgers University, 
Microfilms, Ann 


iversity 
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II. TRANSITION RATE FOR ELECTRON 
TRANSFER 

We shall compute the transition rate for an electron 

hop using the deformation potential approximation for 

the electron-phonon interaction. The 


electron wave 


functions are taken from the effective-mass theory.)*: 


The wave functions for the 


iowest 


energy states (un 
perturbed by nearby impurities) of an electron on the 
ith donor is 


¥i(r (II-1 


where @¢,(r) is the Blo unction for the 
duction band minimum of which there are n. The F,(r) 
are hydrogenlike envelope functions 


approximation, are 


whicl , loa good 


(rab) e) (x22) /a2+22/6?})), (11-2 


F,(x,y,2 


where the z axis is parallel to the containing the 
pth minimum. The constants a and 6 are the transverse 
and longitudinal radii of the orbit, respectively. They 
h(2m,/ Eo al o/m,)*a. Eos 
is the observed ionization energy nor ground 


are given by a 
state while m,and m, are t} longitudinal 
effective masses. 
cerned with the 
nature of the wave function at distances far from the 
impurity. We have therefore obtained Eq. (II-2) and 
the expressions for a and } by extending a procedure 
used by Kohn and Luttinger" the case of isotropic 
mass (mM, 
tion of the equations whi termi! , 9 
Eq. (5.4) of reference 18 
When the mass anisotr 
Eq. (II-2) is obtained 
Values for J be are 
and ‘ 


In the present problem, 


m,). That is, we obtain the asymptotic solu 
z) [cf., 
ivenvalue 


iccount, 


availal 
‘optical” methods. Sin 
tabulate a and 0b in Table I, 1 
The a, appearing in Eq 
of the appropriate linear combinati: 
which diagonalize the 
turbation. In Si'® and 
symmetrical combination a,=n~ 


tetrahedral 


Ge, the gr 


spectively). In Ge, the first excited 
generate triplet whose wave functions have the form 
of Eq (II-1) but with the coefficients 


Suppose now it 2 and 7 ar il ar 
ionized donor = si 


R=R,—R, itl 


d nearby 
separated by 


energy difference 


mW 
Turnbull (Ac 
% W. Kohr 
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A=E,—E;. The latter arises because the local and 
applied fields differ at the two sites. The wave functions 
of an electron at i and j are W, and W, which are solu- 
tions of an effective-mass Hamiltonian containing the 
potential due to donors i and j as well as the nearest 
ionized acceptor. The Coulomb fields of all the other 
ionized donors and acceptors are assumed to cancel, 
Thus, 


on the average we write 


Vi =ay.tay;. (II-3) 


We determine the linear combination, Eq. (II-3), 
for VY, by a variational calculation on the Hamiltonian 


H=T+V.—e/xori.—e/nor;, 


where 7 is the effective-mass kinetic energy operator, 
V, is the potential due to the nearest ionized acceptor, 
ric) is the distance of the electron at r from the 
at Ri», and xo is the static dielectric constant 


The result of the calculation is 


donor 


a, a; 


(4/2W)[1+ (14+4WS/A+40?, a 


/ 


where A=(y 
E,—E and 


V — (Yj, V ,;) is the zeroth order 


L-SI+ Wi Vabd—SWiV ds), 


S= (vi 
We call W the resonance energy. The last two terms 
of Eq. (II-4) are small and we therefore write 
W=L-SJ. (II-8) 
For low concentrations, we have W<A so that 
Vi=y¥.t (W/A)y;, 
—_ (W A)yi. 


(1]-9 
V y¥ 


for the transition of a donor 
electron from site 7 to the ionized state 7 is given by 


(H')= (W;, EnV) +A(¥,,o¥,), (11-10) 


The matrix element 


where we have used the deformation potential 
In Eq. (11-10), Ey and éW; are the change 
in energy and wave function due to a dilation 7. It is 
not difficult to that the second term of Eq. 
II-10) is small compared to the first; we therefore 
drop it henceforth. 


theorem.” 


show!’ 


rhe dilation is 
n= V-dR(r)=i(h/2poVs)* >, gilb, exp(iq- 4) —c.c. 
where po, V, s are the density, volume, and velocity of 
longitudinal sound ; b,, 6,* are annihilation and creation 
operators for longitudinal phonons of wave vector q. 
We compute the matrix element of Eq. (II-10) using 
the wave functions of Eq. (II-9). The result, for phonon 


" % J. Bardeen and W. Shockley, Phys. Rev. 80, 72 (1950) 
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TABLE I. Donor state orbit radii in S and Ge 


b (A) 


Donor Optical Thermal Optical 
As 194 &R9 
P 21.1 93 
5 22 21.6 99 
587 13.6 
(90 15.6 
71.3 16.2 


®* This line refers to the ex 


t ted triplet s 4 Sb in Ge which lies about 
6107-4 ev above the ground state ritzeche, Phys. Rev. 115, 336 


grou 
1959), and D. Wilson and G. Feher unication) 


absorpt 10n, is 


il’ iE, (han, 2poVs)(W/A [ (y,,e'o "y 


(W,,e€ 


(II-11) 


where we have dropped a term involving an overlap 
matrix element This term may be 
shown!’ to be small, and we do not include it. 

The matrix element is evaluated as follows: We write 
¥,(r—R)=y,(r) where R connects i to j. The square 
bracket of Eq. (II-11) becomes 


[ J=(et=1)e,). 


In evaluating this matrix element, we 


between i and 7 


(I-12) 


use the wave 
function as given by Eq. (II-1). The procedure is 
identical to that used by one of us previously.” We 
assume an isotropic mass and recognize that both 
F,(r) and exp(iq-r) vary slowly over a lattice spacing.” 
he result is 


[ ] (e'* *—1)[ 1+ (a*g 2)? }?, 


4 


where a* is an average orbit radius.” Inserting this 
into Eq. (II-11) and get, for 


absorption, 


H’)\?= (hE?/2poV's)(W 


result squaring, we 


A)*gn, 1 cosq: R) 
(1+ (ga*/2)?}*.  (II-13) 


The transition rate is 


Uy (29/h)(V srt) f H' *6(hsq— A)dq. 


The nonoscillatory part of | H’|? contributes 


U y= (Ey*/rpos*h*)W?| A\ ng, (II-14) 


where we have, in accordance with reference 23, re- 
placed the square bracket of Eq. (II-13) by unity. We 
have written the transition rate for absorption, 4<0. 
If A>O, n, is replaced by n,+1. The cosq-R term of 
Eq. (II-13) contributes a term whose ratio to Eq. 


™ Elihu Abrahams, Phys. Rev. 107, 481 (1957), see Eq. (6) ff. 
= For np=10"* cm™ and a compensation of 5%, g= A/A&s=10* 
cm" 
* Note that this result justifies the use of an isotropic mass in 
this part of the calculation since the mass appears only in 
1+ (a°%g/2?=1 
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(II-14) is — (As/RA) sin(RA/hs). Because of the oscil- 
lating sine factor, this term will not contribute ap- 
preciably to the conductivity. Once we know the 
resonance energy W, we shall have completed the 
discussion of the transition rate, Eq. (II-14).** 

In order to compute W, Eq. (II-8), we first evaluate 
the transfer integral L from Eq. (II-5). The procedure 
is similar to what we have already done in the com- 
putation of the electron-phonon matrix element, Eq 


(II-11) ff. We have 


L — (€*/Ko) ; a, “ap Dein ® 
* (F ,(r—R)u,, Fp: (r)upe'?-?”-*/r), ~(1T-15) 
; p I p 


where we have written u«,(r) exp(ip-r) for the Bloch 
fun tions ¢,(r and used the fact that u,(r—R) u,(Fr). 
rhe superscripts on a», a,» indicate the possibility 
that the states on i and/or j may not be the ground 
donor state, in which case one must use the appropriate 
set of a for the state in question 

Similar arguments to those used previously”! lead 
us to the conclusion that the leading term in L comes 
from p=p’ since F(r—R)F(r)/r is varying. 
However, the isotropic mass approximation is not a 
good one in the present case, so we use Eq. (II-2) for 
F,(r). Equation (II-15) becomes 


slowly 


L — (€?/k wa°b) >) ay “ape mf (ar r) 
<exp[ — (rp'+r,’)/a], (II-16) 
where 
rp! a{ (x—a a?+ (y— y;)?/a?+ (s—2,)?/B |}, 


with the ¢ axis parallel to the axis of the pth valley. 
We approximate the integral in Eq. (II-16) by replacing 
r by r,‘ in the denominator and evaluate it in confocal 
elliptic coordinates. The result is 


L (e?/xoa”) Fp apa ”P RR (1+a R,) 
Ke Re/e = =(TI-17 
where 
R= a(x,7/a?+ y,,?7/a?+2,7/8)), x x,—X). 


(II-7), which is required 
for W is evaluated by an identical procedure. The 
result is 


The overlap integral S, Eq 


. w ) p-/ 
S apap Mp’ ¢ 


(1+R, 


J 


a-t R, 3a’ 


x<e Rp a 


(11-18 
Finally, J may be evaluated from Eq. (II-6). The 
result if J e/xoR where we have dropped a small 
term proportional to exp(—2R/a* 
Introducing Eqs. (II-17, 18 


and our result for J 


into W=L—SJ, we get, to lowest order in a/R,, 
\W |? (2e? 3xoa*)? >»; apa; "Ap" a; )* 
X RyRy ei(P’-W) R-(Ryt Ry / 
™ Our result, Eq. (II-14) disagrees with that of reference 15 


that the third term 


is actually the most in 


There is an error in that paper i 
is neglected whereas it 


of their Eq 


22) portant one 
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The terms for which p#p’ will oscillate and make no 
net contribution to the conductivity. In the beginning 

that 
is the number of valleys 


of this section, we have seen for all states of 
interest, Op 2=1/n. where n 


T herefore we get 


iW 2e? 


mass 18 suffice 


In the case that the 
angular average of J 


. itropl 4 the 


W |*)= (2e?/3xoa?)?(1/n) (wa/4aR)'R%e?*/*, (11-19 
where a= (a/b)?—1. To compute the average, we have 
assumed aR/a>>1 which is valid in Si and Ge. If, 
however, the mass is exactly isotropic, then so is |W 


since R,=R. In this case, the factor (ra/4aR)! in Eq 
(II-19) must be replaced by u 

The result, EF 11-19), shows that the 
of the Bloch functions in the effective 


functions is an interference between the 


effect 


wave 


omy 
mass 
minima which 


reduces the resonance energy W by a factor n 


Ill. THE CURRENT 
A. The Steady State 


In this section we ler the current in an applied 
field F. Imagine a surface of area S perpendicular t 
F. Let 1 and ] denote sites above 


tively. The Greek letters a. 8. etc. will 


consk 


ind below S, re spe 
denote different 


states on the same donor, e.g., singlet, triplet. Finally, 
let the distribution f,* be the probability that the stat: 
a on donor i is occupied. 

The current density is the net rate of charge flow 
across S. In an independent electron model, it is given by 


j=((/S)> DX [ftd—dLis fi NV in 


aB i>S.j<8 


fF(1—>, fiDU jm ite |, ITI-1 
where e is the magnitude of the electron charge, 
U ica).j(s) IS the transition rate, Eqs. (II-14, 19), from 


the state a on i to 8 on j and it must be remembered 
that 1 is above S and 
If F=0, there will be no net charge transport and 
the square bracket in Eq. (III-1) vanishes for each pair 
of sites. If FXO, the U’,, are 
low field energy and a current will flow 
The /,* are determined by the steady-state condition 


} is below. 


altered, favoring sites of 


+ LX [fe i—}> (Nl 


se — + 7 
7 ‘ ”) ¥ 
fs ‘4 
8(1—T f.)U jes) sca) =O, +(IT1-2 
28 A similar interference effect rs the theory the 
hyperfine interaction of a r electr S h the Si® lei 
See reference 18, Sec 
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since the left side is 6/,°/dt. If F=0, Eq. (III-2) is 
solved by 


(=[D, exp(GkE” 


where 8=1/kT, E7X7= E,*-—E,7, Eg is the energy of 
state a on donor i when F=0, and ¢ is the Fermi energy. 
The latter is determined by 


+exp8(E,e—¢) }", (III-3) 


bi fe a Nop- Na, 


ia 


(IIT-4) 


since the right-hand side is just the number of electrons 
in donor states. To obtain Eq. (III-3), we have made 


use of the reciprocal relation 


U ica),j(8) EXp(BE,®) = Uys) <a) exp(BE,*), (ILI-5) 


which may be obtained from Eq. (II-14). 
If F¥0, Eq. (III-3) is no longer the solution. In 
order to solve for the f,* in the presence of F, we writ 


f*=(X, exp8(e*—«7)+exp8(e*—o)}", (II1-6) 


and attempt to find the ¢,*. We use this form for /,* 
in the steady state condition, Eq. (III-2), and we make 
use of the reciprocal relations, Eq. (III-5), but with 
the electric field energy included in the energies of the 
states. These steps lead us to the following expression 
for the steady-state condition (where we have taken 
care to keep only terms which are linear in the electric 
field F chosen in the x direction): 


y x V; x) j(8 Zi(a).4( =9, (IfI-7) 
a,i(#j) 
where 
V ite (= €f—e,*- E,P+ E@-+eF (x;—x;), (IIT-8) 
and 
LZita).j()= Sfi+>, expp(— E,7+$)] 
<[1+ 3, exps(—E,7 +9) ] 
<Xexp8(E,*—£)[BEU ire) 1(8) J 2 (111-9) 


In Eq. (II-8), x, is the x coordinate of the ith donor. 
In the same way, the current, Eq. (III-1), becomes 


j=L L Viva (IIT-10) 


j 8) /Zi(a),j()- 


a8 i>8.j3<8 


The result of the development so far is to cast the 
problem into the form of a resistance network with 
impedance elements Z;;2),,,s) connecting the states a, 8 
of the sites i, j, with corresponding potential drops 
V ica).9(). The steady-state condition, Eq. (III-7) is 
Kirchhoff’s first law for the network; Eq. (III-8) is 
Kirchhoff’s second law. The current is given by Eq. 
(IIT-10). 

In order to compute the resistivity of the crystal, 
we must find the equivalent resistance of a network of 
Vp sites each of which consists of a neighborhood of 
junctions which correspond to the different states on 
each donor. Every pair of junctions is connected by an 
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element of resistance Z;4).;«. Between junctions in 
the same neighborhood, we have impedances Zj,),4(8). 

At this point, we can note that the resistivity must 
vary rapidly with majority concentration since Z,; 
xexp(2R/a). This is in accord with experiment. 
Furthermore, we see from Eq. (III-4) that the Fermi 
energy {=+0 N,=0 and {=—o when 
N,a=Np. Thus, from Eq. (IIT-9), every element Z= @ 
in both cases and the resistivity must have a minimum 
for some compensation K=N4/Np between 0 and 1. 
That this must be so is clear since for K =0 there are 
no vacant sites and for K=1 there are no electrons. 
Such a minimum has recently been observed.5?* We 
also note that each Z varies exponentially as 1/7 which 
is also consistent with experiment.* 


when 


B. The Fermi Energy 
We evaluate the Fermi energy from Eq. (III-4) 
which may be written in the form 


Np 
Na > 2 [1 texpp | 


ad | 


-E:+t,)}, (111-11) 


where £;, is the ground-state (singlet) energy on 1 and 
ft, is the singlet Fermi level, that is, what ¢ would be 


in the absence of excited states. ¢ itself may be obtained 


from 
et a cB Aa 


where A, is the energy of the state a above the ground 
state (the ground state, A,=0, is included in the sum). 
Note that in the above we have used Eq. (III-3) for 
f«* which is consistent with our approximation to first 
order in the electric field. Terms depending on F occur 
only in the potential drops Vy, Eq. (III-8). 

To evaluate Eq. (III-11), we transform the sum to 
an integral by introducing a density of ground states 
F(E). The energy distribution arises from the local 
field variations due to the spatial distribution of ionized 
acceptors. The zero of energy is taken as the energy of 
the donor ground state in the absence of acceptors. 


We have 


hte 


(IIT-12) 


Na=Np f F(E)(1+e~)dk, 


where y=6(E—{,). 
(with K- N 4 Np 


{n integration by parts gives 


s 


K= i-sf v(E)dEL (1+e*)(1+e6-%)}", (TII-13) 


where 0(E)= fo" F(E’)dE’ is the number of singlet 
states with energy less than EZ. For low temperatures, 
the denominator of the integrand is sharply peaked at 
y=0 (E={,). If 0(£) is slowly varying we may remove 
it from the integral and evaluate it at ¢,. This pro- 


* A. L. McWhorter, Bull. Am. Phys. Soc. 4, 186 (1959) 
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cedure may be justified in detail.'’ The integral may 
now be performed and the result is 


1—K=v(¢,)/(1+e-*e). (111-14) 


In order to determine »0({,), we need to know F(£), 
In our model, F(£) is determined by the Coulomb 
repulsion due to the nearest ionized acceptor. Thus 
E=e*/xor;, where r; is the 
acceptor. If we use the 

3(ry?/r4*) exp( 
find 


distance to the nearest 
formula, P(r;) 
-r,/r4)* for the distribution in 7;, we 


Poisson 


F(E) =3(E43/E*) exp(—E4/E)', _ (I-15) 


kor, With ry defined as (3/4mn,)', the 
distance A simple inte- 
gration now gives v(/) and Eq. (III-14 


defining equation for the singlet Fermi level ¢,: 


where ky=e 


average between acceptors. 


becomes the 


1—K =exp(— £4/f,)*{1+exp(—p¢,) }. (111-16) 


J 


An analysis of Eq. (III-16) shows that there are three 
interesting regions of compensation: 


O0< KsSe**4, Pi (1/8) InK : (III-17a) 
e PPA KS 1—e "4, y= —E,/\nt(1—K); (I1I-17b 
i—e 84 KS, t,= (1/8) In(i—K) (III-17c) 


For all available data, Eq. (II1-17b) is appropriate. In 


when A is small enough, the 
logarithm may be expanded and we have simply 


( kp, (III-18) 


this intermediate case, 


where En=é rp 3/4anp)'. In the above, na 


and mp are the acceptor and donor concentrations. 


Kol p, 


C. Resistance Network 


We have to compute the resistance of a network with 
widely varying impedance elements given by Eq. 
(111-9). We proceed by dec omposing the network into 
chains each of which threads the length of the crystal 
in the direction of the field. We select those chains 
which essentially determine the net resistance, namely 
those which consist of small impedances pointing 
primarily in the field direction. The paths of very large 
total impedance will not affect the total network 
resistance. A set of such “paths of least resistance” is 
found in what follows. 

From a given site, the chain is continued by the 
following rule: Construct a solid angle centered on the 
field direction of magnitude 42ry(R) where y(R) is some 
function, to be determined later, of the distance R from 


the site. Pick out that site (usually the closest one) 


which is connected to the starting one by the smallest 
impedance element in the allowed solid angle. In this 
scheme, one must exclude the incoming element which 
has just reached the starting site in order that the 
chain not go back on itself. In the end, we determine 
y(R) by a variational method which appropriately 
emphasizes the field direction and small impedances. 


AND 





E. ABRAHAMS 
The total impedance of a chain is then 
Z.=Npif 22, Z)dZ-+ vps f 2? Z)dZ, 
where JN is the number of chain elements. P;(Z)dZ is 


probability that the jth smallest impedance in the 
allowed solid angle has a value in dZ. p, is the proba- 
bility that a chain element is the jth smallest in the 
allowed region. Either an outgoing element is the 
smallest (j=1), or the which 
case the outgoing element is the second smallest (j= 2). 

Since the length Z of the crystal is large and the 
impurities are distributed at random 


incoming one was, In 


, each of the least 
resistance chains will have the same resist and we 
shall have to take them in parallel. The number M of 
such chains will be estimated later. The resistivity of 
the crystal is then 


ance 


p= Pipit pop (I11-19 
where 
p V/LM fee Z)dZ (111-20 


In order for our method to be valid, we must later show?” 
that the 
possible impedances is a good approximation. 

We now begin the computation of P,;(Z). 
follows, we only 


that pj41>p;, namely restriction to smallest 
In what 
their 
be the probability of 
finding at least one element between 0 and Z. Then the 
probability of exactly 1 elements with values less 
than Z is given by the Poissor 


sider elements lying in 


allowed solid angles. Let 


1 distribution 
ee i 


Thus, the probability that the jth smallest 


Z and Z+dZ is given by 


P,(Z)dZ = g' (Z)dZg*' (Z)e-9 2 1 III-21 


g(Z). This 
most conveniently by treating R as the variable rather 
than Z. We may express Z,;a),;(3) in terms of £;%, 
E*—Ej, and Vice from Eq. (III-9). The tran- 
sition rate Uj¢a),(g) is given by Eq. (II-14) in terms of 
the resonance energy W which in turn, Eq. (II-19), is 
a function of R,;. The results of Part B of this section 
give the Fermi energy. When these steps are carried 


To proceed, we must calculate is done 
I 


out, we get an expression for Z which is complicated 
by temperature-dependent exponential 
j 


factors origi- 
nating from the excited donor states. However, in 
Appendix A we show that the result is simply expressed 
in terms of the impedance elements in the absence of 


excited states. The result for the net impedance between 





27 The fact that the condition p;,;/p;>>1 is met can be seen from 
the evaluation of p; whi ides this secti From Eq 
III-30), dropping the sma terme ir R we see that the 
required ratio is 
| { 2r iq)! r bh] 
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sites 1 and 7 is 


Zis=Zz.ihe (111-22) 
Z.4j3= BRg2®4/*h,,(T)h,(T), (111-23) 
hy, (T)=[1+exp8(— E;+¢,) ] 
x [1+exp3(—£,;+¢,)], (111-24 
h,(T) = (8E,;)Lexp8(E;—£,) 
—exp3(E,—t,)],  (III-25) 
B=S(9n/2) (pos®/E,") (xe?h*/e*) (xaa’). (111-26) 


In Eq. (III-22), J, is a factor given by Eq. (A-2) of 
Appendix A; it depends on the energy differences 
between excited and ground states. Z,,; is the im- 
pedance in the absence of excited states. In Eqs. 
(III-24, 25), E; is the ground-state energy of the ith 
donor and E,;= £,—E;. Eqs. (III-22-26) express Z as 
a function of the distance between the sites R(=R 
E(=E,) and A(=&,;). 

With this notation, we get for the probability of 
finding at least one impedance between 0 and Z, 


} 
ty/) 


g(Zo) —teny ff 1(R)RF(EMEAR, (III-27) 


where F(£) is the density of states, Eq. (III-15). In 
deriving Eq. (III-27), we have used the fact that the 
probability of finding an impedance in dR is np if dR 
lies in the allowed solid angle and zero otherwise. The 
distribution in A has disappeared from this result. The 
reason is that the distribution has a maximum near 
A=0 and in fact can be taken to be a sharply peaked 
function of A without appreciable loss of accuracy in 
the computation of g(Zo). The region of integration in 
Eq. (III-27) is thus defined by those values of F, R 
for which Z(R, E, A=0)< Zo. 

The evaluation of g(Zo) is performed in Appendix B. 
The result is 


Ro 
g(Zo) temo} f 7(R)R*dR 
+BE,aRy?y(Ro)I 6|, (III-28) 


where Z(Ro,0,0) = Zo defines Ro, a is as usual the trans- 
verse orbit radius, and J is a number depending only 
on compensation; it is defined explicitiy in Appendix 
B. The term in J is small and will always be dropped, 
except when it occurs in an exponential since it contains 
a temperature dependence and will contribute to the 
activation energy. 

Having found g(Z), we may evaluate P;(Z) from 
Eq. (III-21) and compute the resistivity, Eq. (III-20). 
The result is that p; is expressed as an integral over R 
which may be evaluated accurately by the saddle-point 
method. The result depends on the choice of y(R) but 
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if we assume that this function does not vary rapidly 
near the extremum, we find that the latter occurs at a 
value, R,,, considerably larger than rp, the average 
donor separation. This reflects the fact that impedance 
elements of greater than average length, while not 
occurring often, tend to retard the flow considerably. 
The result of the saddle-point investigation is instruc- 
tive with respect to the choice we shall have to make 
for the allowed solid angle y(R). It turns out that 
R,,.~([2rp*/3ay(Rm) }'—BlaE,/6 and 


pj « exp[ 2(2rp/3a)y-*(R,,) }. (111-29) 


This shows that a variational calculation will reveal 
+= 1 near R,, in order to make p, small. We shall there- 
fore choose y(R)=1 for R>R,, where both R,; and the 
form of y(R) for R< R, are still to be determined. In 
any case, we must have R:< R,,. With these restrictions 
on 7(R), the result for p; is 


pj= (NS/ML)A,a*(a/rp)'v?"(R1)2(1+ coshpt,) 
& exp[1.09(rn/a)'+ (Ri/rp)*—u(R) 
-B1Fw/3), (111-30) 

where 
v(R;,) 


(27p/3a)'+u(R,)— (Ri/rp)? 


Ri 
u(R;) tenn f 7(R)R?dR, 


A; =1,(12a) xo?n9mpos*h*/4E 28 (j—1) 1. 


In the above /, accounts for the excited states (Appendix 
A) and we have absorbed the ccnstant B which is given 
by Eq. (III-26). Only the first term of 0(R;) is large; 
the others will be neglected. 


D. The Activation Energy 


We have proceeded far enough to discuss the tem- 
perature and compensation dependence and activation 
energy of the resistivity. From Eq. (III-30) we see 
that the temperature and compensation dependence is 
given by 

pxl [2+ ehe+ eMhe je BE Als, 


For compensation K near unity, the third term in the 
square bracket is largest and p —> ~ as discussed earlier. 
For all data available at present, 6f,>>0 and we may 
therefore write the temperature dependence as 


px lee, 


(III-31) 
€ {,—-IE, 3, 


It is only for Sb-doped Ge that excited states are 
important and /, differs from unity. In all other cases, 
we shall have a simple activation energy. In general, if 
we define the activation energy by e,=d(Inp)/d8, we 
shall have 

e={,— (1E4/3)+e, 


(IIT-32) 
e-=l,dl,/dg 
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The excited-state contribution ¢, is computed in Ap- 
pendix A. In Sb-doped Ge, the activation energy is 
slightly increased and in all other cases e, is negligible. 
We have discussed the factor J in Appendix B. For 
1.05 and we have, using Eq 
BEA<— K <(),03), 


low compensations, / 
(IIT-18) for £,, the result (¢ 


f En—1.35E «t+. (IIT-33) 


For larger values of K we must evaluate J numerically 
from Eq. (B-5). In addition, we use Eq. (III-17b) for 
t,. The results are tabulated in units of Ep in Table IT. 

We see from the table that (and 


é therefore p 
a minimum for 0.45< K <0.55. 


attains 


E. Majority Concentration Dependence 

given by Eq. (III-19). We have 
I11-30). All that remains is to deter- 
the probabilities p,; and pf. and the 
factor (VS/ML) which appears in Eq. 
now discu 


The re istivity 
evaluated p;, Eq 
R; and 7; 
geometrical 
(111-30). We 


the majority-concentration dependence. 


mine 
these quantities and extract 


The number of chain elements A 
length L of the crystal by 


/ Vf [CR cose dary R 


where P;(R)dR is the probability that, of those im- 
pedances lying in their allowed solid angles, the jth 
nearest one is at a distance lying in dR. This probability 
is obtained from a relation just like Eq. (III-21) where 
g is re placed by 


is related to the 


[pi Pi(R) + p2P2(R) \dRAQ, 


[TI-34) 


u(R ten [ 7 (R’)R°dR’. 


Also, @ is the angle between R and the field direction. 
The Q integration is over the allowed solid angle. We 
recall that we have chosen y(R)=1 for R>R,. For 
R< R,, it is possible to show" that with good accuracy 


pi=1, po=0. Therefore, we have 


} 
L=41n vf R*(y- 


To proceed, we need the form of 7(R); we choose it 


istivity. We refer to Eq. (III-30) 


to minimize the re 
f f 


€ €. 


0.640 
0.004 
0.534 
0.511 
0.450 
0.351 


0.229 
0.285 
0.286 
0.287 
0.295 
0.323 
0.356 


0.298 0.391 


AND 


E \BRAHAM 

and maximize (1/p;). To d we crudely approxi 

mate the number of chair issuming each site 
member of only Then MA 

From Eq. (III-30) we then find that the t 

which deper ipon vy and ure 


is a 
(1/p, 
R, rp 


It is not difficult } that y~4 for all 
leads to a maximum of | fw ubs 
(III-35) into Eq. (III e exponential 
terms in u(R) by unity, this result cact. The jus 
cation for this procedur 1s \ 1; see Eq 
(III-34). On the basis of thi 
simplicity that 
Eq. (III-36) with respect to 
result’? is R,=1.46rp, 

0.352rp, and p; may be determined from Eq. 
by using M=npLS/N and replacing the ten 
dependent factors (exc pt I.) by c Ki III-31 

Finally, we must compute the probabilities p,, p 
The form of y restricts outgoing impedances to approxi 
mately a hemisphere in the field direction for R<R 
and there are no restrictions f R>R,. Thus, if the 
incoming impedance ha ler than R,, its 
origin | 
and the latter is then the 
region. The probability th: 


tifi 


issume for 
is COr maximize 
lue of Y 
Cherefore, é 
[11-30 


peratt 


ies in the excluded 


outgoing one 


in the allowed 


Ry 
f P,(R)dR=1—exp[ —y(R1/rp)* ]}=0.817 
“9 
If this is not so, we estimate that the incoming element 
has a probability one-half ng the smallest in the 
allowed region of the outgoing one. If it is the smallest, 


the outgoing element i illest. Therefore 


pi=0.817+ (1/2) exp 0.909 


p.=0.091. 
Since f; also represents tl obability 
element points in the field d 


that a chain 
we note that 90% 
of the elements do so. 

Our task is 
obtained from Ea. 


complete. The 
III-30) and the 
previous paragraph. The activation energy is given in 
Table II and the effect of excited states, contained in 
the factor /,, is discussed in Appendix A. The 
result is 


now resistivities pj; are 


conclusions of the 


final 


(1+18.2(a/rp 
Xexp[ 1.09 Tp/a 


a/s *DoAK 


0.091 and A 
bs« rbs Lil the I 
5.0x« 10. Tr 


displayed the maj 


where p2 we have ju found to be 
numerical factor whicl 
and R,. Its value is 


explicitly 


| ictors of Y 
III-37) we have 


oncentration de- 
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pendence and the observed activation energy ¢. The 
calculated values of ¢;—e, are obtained from Table IT. 


When excited states are unimportant, /,.=1 and ¢,=0. 


IV. CONCLUSION AND COMPARISON 
WITH EXPERIMENT 


A. Temperature Dependence 


As was pointed out in Sec. IIID, a simple activation 
energy obtains if excited states are not important. This 
type of temperature dependence is generally observed.?'* 
For low compensations A, this activation energy is 
given by Eq. (III-33) and is 
e= (e2/xo) (4anp/3)'(1—1.35K 4). 

For higher A, the activation energy is given in Table II 
of Sec. HID. We present a comparison of these results 
with measurements of Ray** on n-type Si in Table III. 

There are two sets of calculated values in Table HI 
ince A is believed to be between 0.03 and 0.05. The 
calculated from Table II. The 
agreement Is satisfactory. 


values are obtained 

In Table IV we present a similar comparison for 
measurements of Fritzsche‘ on Sb-doped Ge near 2°K. 
K is again uncertain, but believed to be between 0.02 
and 0.06, Since excited states are important in Sb- 
doped Ge, we have obtained the calculated values in 
Table IV from Eq. (ITI-33), i.e., e=ete,. Table II 
provides ¢ and ¢, is computed from Eq. (A-4) at 
T=2°K. The value of e, turns out to be 0.1310 ev 
so that the excited state increases the activation energy 
slightly. Table IV shows satisfactory agreement for 
A =0.06 for the activation energy and its dependence 
On Np. 

In Table V we present a comparison with results of 
Fritzsche and Cuevas” on p-type Ge in which K is 
known to be 0.4. From Table II, the calculated acti- 
vation energy is 0.289 E,4. The agreement in Table V 
is fair.” 

We have remarked on the minimum in the resistivity 
which occurs as a function of compensation for 0.45< K 

0.55. Such a minimum has been observed in p-type 
Ge for 0.05< K <0.6 


Pasce Ill 


Activation energies of n-type Si 
Activation energy X 10° ev 


Calculated 
K =0.03 K =0.05 


Sample np 
x10 16 ¢ m 3 


Measured 


number 


Sb(7-15 6.05 7 6 0 
‘ 


As (0-6-2 6.5 2 
As(Q-6-4+4+-2 14 5 4 


28 R. K. Ray (private communication 

*H. Fritzsche and M. Cuevas, Phys. Rev 
and private communication 

*” Our discussion has been carried out for m type but the tem 
perature and compensation dependences which we have derived 
are also valid for p type 


119, 1238 (1960), 
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ras_e IV. Activation energies of Sb-doped Ge 


Activation energy X 10° ev. 
Calculated 
K =0.02 K =0.06 


Sample ny 


number <10~"* cm™* Measured 


6 0.99 1 
1 1 
1 
1 


0.99 
3 1 1 

30 1 1 
1 1 


) 
J. 


B. Majority-Concentration Dependence 


From Eq. (III-37) we see that the majority-con- 
centration dependence may be tested by using the 
observed values for p and e;. If we define 


Y =p(a/rp)[1+18.2(a/rp)'}'e*s, = (IV-1) 
we have 


InY = InC—Se,+1.09(rp/a)!, (IV-2) 


where only the last term of Eq. (IV-2) depends on mp. 
We use the experimental values at 2.5°K of reference 
4, and we expect that the graph of InY vs (rp/a)! will 
be a straight line with slope 1.09. In Eqs. (IV-1, 2) we 
need a value for the transverse orbit radius a. The 
samples are Sb-doped Ge and most of the conduction 
occurs through the when T=2.5°K 
(1.=4). The singlet state radius is 69.2A, while the 
triplet state radius is 71.6A. (These are obtained from 
the mean of the thermal and optical values of Table I.) 
We therefore use the weighted average a=70.8A. The 
results are shown in Table VI. The four points of 


excited states 


In¥ vs (rp/a)! lie very well on a straight line of slope 


1.03." The agreement is satisfactory 
£ . 


C. Absolute Magnitude of Resistivity 


In the last column of Table VI we have calculated 
the resistivity from Eq. (III-37). We have used, for 
n-type Ge, the values n=4, s=4.92X10* cm/sec, 
f= 114ev,” a= 70.8 A, a= 18.8. Thus, C/l,=9.6X 10 
ohm-cm. The agreement is fair. The magnitude of p is 
the least reliable part of the calculation due to uncer 
tainties connected with the treatment of the effective- 
mass anisotropy, the deformation potential constant, 
and the spread in orbit radius due to zero-point lattice 


motion. The latter will affect the computed value of p 
PaBLe V. Activatio 


energies of p-type Ge 


ergy X 10° ev 
Calculated 


na Activation en 
10-8 cn Measured 


0.756 3 3.8 
1.19 4.5 
1.45 48 
3.20 6.2 


Use of the singlet state radius rather than that of the average 
would make the slope 1.00. Use of the triplet radius, would make 
the slope 1.05 and change the calculated p by 30% 

"The value of the deformation potential constant F, 
into account both shearing strain and dilation 


takes 
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ABLE VI. Majority concentratic 


i ABRAHAMS 


yn dependenc e¢ in Sb-doped Ge 
Sample npxX10-% p (2.5°K ex 10° p (calculated 
number t x 10~* ohm-cn ev r ! } x 10~* ohm-cm 
5 1.6 5810 0.99 20.4 15.3 2.2 10% 
7 ae 4.2K 10P 1.1 17.1 11.9 10.0% 10 
Q 30 sO 1.2 14.9 9 S¢ 138 
10 5.2 5.6 1.5 11.4 6.01 11.0 
by about 30% and the same is true of the uncertainty and 
arising from the choice of transverse orbit radius.*' Be- ws 1+ R/a+ R?*/3a*)*e die 
cause of the small transverse orbit radius in n-type Si, , ; 
. = YI V pg= (1— R/a+R?/3a")2e"! 
the magnitude of p is extremely sensitive to the donor ; 
concentration which is difficult to determine accurately. s 
We therefore do not discuss the absolute magnitude of E,(—a ¢ 
the resistivity of n-lype Si. However, we have included at 


such samples in the discussion of the activation energy 
ince it depends only weakly on donor concentration 
(e,e np! 


D. Magnetoresistance in Weak Fields 


It is possible to discuss the corrections to the electron 
transition rate due to the presence of a magnetic field 
of the order of, say, 3000 oe. The changes arise from 


the modification of the electron wave functions. We 
do not give the details’? here but merely quote the 
result that the corrections are extremely small, of the 


order of 1°% or less. This conclusion is consistent with 
the experimental results 


E. Exchange Between Donor Sites 


The exc hange integral between two donor electrons, 
while not germane to the present problem, is of interest 
in other work, particularly in spin resonance studies.* 
The inte gral is defined by 


r.) (e* 


Ko 12) Wi (Poh, (ty )dridre, 


and may be evaluated by methods similar to those we 
have used for the transfer integral Z in Sec. II. The 


result is 
I, nN Ld Typ! pp LD I pq 
where*™ 
e Kod { 25 8 23R ha 
- 3.R?/a?— R*/3a)e~ (Ret Fa)! 4 
+ (6a/R)[T po(y+1nR/a 
V oq E1(—2R,/a—2R,/a 
27 oT wat Fi(—2R,/a) }}, 
% (5. Feher and E. A. Gere, Phys. Rev. 114, 1245 (1959), and 
references quoted therein; C. P. Slichter, Phys. Rev. 99, 479 
1955); G. Feher, R. C. Fletcher, and E. A. Gere, Phys. Rev 
100, 1784 (1955); A. Honig and E. Stupp, Phys. Rev. 117, 69 
(1960 


¥ 


“7, has been evaluated for the hydrogen molecule by 
Sugiura, Z. Physik 45, 484 (1927 


and C. Herring for a valuable 


on i and 8 on 7 is given 
degeneracy of the excited state 


In the above, n is the number of conduction band 


p ind g, and R, is defined 
(11-17). 


minima which are labeled by 
Eq. 


in connection with 


F. Time-Dependent Fields 


We shall merely make a remark on the modifications 
necessary if the external field is time dependent. 

The steady state will not be obtained so that the 
left-hand side of Eq. (III-2) must be 
0f°/dt. If the transformation used to obtain Eqs. 
(III-7, 10) is again made, it is found that Eq. (III-10) 
still holds but that the potentials V,; are determined by 


ist set equal to 


> V4 a).i¢8)/Zica).j = Cd (Ef — V jg))/dt, 
1) #7(8 
which replaces Eq. (III-7). In the above V i(a),,¢s 
V icay — Vyca) and C,* is defined as (e?/S)8 fF (1— fF) 


where /,? is given by Eq. (III-3). 

This result expresses Kirchhoff’s rule for a circuit 
similar to that ved in the text. The nec essary 
modification is that attached to each site 7(8), there is 
a generator with emf of value 


desc ril 


E,®. The generator, in 
turn, is connected to a condenser of capacity C;* and 
the condenser is connected to ground 
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APPENDIX A. EFFECT OF EXCITED STATES 

between states a 
ITI-9). Let » be the 
and A, energy 
referred to the ground state. The degenerate states at 


In general, the impedance Z;j,4) ;:s 
by Eq 


its 
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a given site are at the same potential so we shall take 
the v? impedances connecting an excited state on one 
site to one on another in parallel. 

We do not expect the ground state to be at the same 
potential as the excited states at the same site. However, 
a calculation similar to that of Sec. II shows that the 
ratio of the transfer rate between neighboring sites to 
that between two states on the same site is of order 
(W/)*. This is smali so that it is a good approxi- 
mation to take all elements between two sites in parallel. 

The net impedance between sites i and j is 


Z; = > Zita (8) a, 


a8 


(A-1) 


If we use Eq. (III-9) for 2; (a) ,;(4, and perform the sum 
in Eq. (A-1), we find the results quoted in the text, 
Z3;=1Z,, Eqs. (III-22—26) where 
1e= (1+ vem®4*) {14 ve F404 (v/A)(1—e-F4 
x[(4—A,)/(1—e-8(4-40) 
+ (A+ A,)e~84+/ (1 —e-F(4+40)) Jy —-1, 


(A-2) 


We have written /, in the case that there is a single 
v-fold degenerate excited state. The generalization to 
other cases is straightforward. We note that Z, is the 
impedance in the absence of excited states whose entire 
effect is contained in the factor /,. 

In the limit A,—0, 1," »+1, i.e., there is a 
(v+1)-fold degenerate ground state. In the limit 
A.— ~, l-'-—+1, i.e., the excited states do not con- 
tribute. In the case the phonon energy A=0, we have 


1,= (1+ ve®4*)[1 — 28vA,/(1—e84*)+ ve-F4e', (A -3) 


[t is possible to show"’ that the effect of zero-point 
lattice motion on the excited state energies does not 
materially affect these results or those of Sec. IIIB 
which give the Fermi energy. 

Finally, for use in Sec. 111D, we need the excited- 
state contribution, ¢,, to the activation energy. Ac- 
cording to Eq. (III-32), this is the logarithmic de- 
rivative with respect to 8 of Eq. (A-3): 


) 


- 28A./(1- 


e83¢) — p(1—e 84 


. (A-4) 


1— ef 4¢— yp? l1—e Bae) IBA Ly 


APPENDIX B. INTEGRATION FOR 
IMPEDANCE DISTRIBUTION 


We perform the integral for the expected number of 
elements with impedance less than Zo, Eq. (IIJ-27 


g(Zo)= deny f [RRP EMER, 


B-1 
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where the limits of integration are defined by 
Z(R, E, A= 0)< Zo. (B-2) 


From Eqs. (III-22-25), we have 


Z(R,E.0)= BI.R'e* 2/1 +-cosh8 (E ~{,) }. (B-3) 


We shall perform the integral over £ first, using Eq. 
(III-15) for F (2). We define Ro and R, by 


Z(Ro,0,0) = Zo, 
Z(Rob 9,0) = Zo. 

Then, from Eq. (B-2), the limits on the £& integral are 
O<R<Ry O<E< 
Ro< R<R,, FE 


E*(R), 
(R)<E<E*(R), 
where 
Z(R, E*+,0)=Zo, 
E+—§,={[,—E-, (Ro<R<R,). 


The result of the integration is 


Ro 


g(Zo) f 7(R)R?* exp(— E4/E+)*dR 


4p 





Rg 


- 


y(R)R*Lexp(— £,./E-) 


E.4/E*) MR | 


(° (B-4) 


exp! - 


The first integral of Eq. (B-4) may be evaluated by 
expanding the exponential about Et=«. The first 
term predominates. The second integral is only over a 
small range in R and we therefore evaluate the slowly 
varying factor y(R)R? at Ro. The final result is 


Ro 
s(Z:)= tno] f y(R)RdR4 ab: saRey(Ro)1/6), 


0 


where the relation between Zo and Ro is Eq. (B-3) with 
E=0 and J is a number depending only on compen- 
sation and is 


I (f -f Jurtev x= (E4/f,)*. (B-5) 
2/8 z 


For compensations <3%%, 7=4.05 and for larger 
compensations, numerical integration leads to the 
results quoted in Table II of Sec. IID. 
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The parar 
temperature between 300 and 1400°K 


able discontinuities in the me 


ugnetic susceptibility of polycrystalline samarium metal ha 
rhe high-temperature phase transfort 


agnetic susceptibility, indicating that the interact 


ions are small at these temperatures. The experimental results are compare 


ol paramagnet appears 
predicted by sell-Saund 


that the energy levels of Sm*** 


in metallic sar 


ers coupling than has been realized before 


resulting from the interactions bet n the samarium ions are briefly 


low-temperature investigations 


INTRODUCTION 


HE various investigations of the magnetic prop- 
erties of the rare earth compounds have played a 
ignificant 


role in the tudy of the structure of atomic 


electron shells in t 


e rare earth ions. The determination 


of the magnetic behavior of the rare earth elements 
themselves has been hindered by the unavailability of 
these metals in the pure state. However, recently rare 
earth metals have become accessible in relatively high 
purity from various sources primarily due to the pioneer 
work of Spedding a 


of production of rare earth metals 


nd his collaborators on the methods 
Although a con- 
iderable amount of work already has been done on 
various physical properties of rare earths from liquid 
helium to room temperatures, the behavior of these 
metals above room temperature is quite unexplored 
Recently we have focused our attention on the mag- 
netic susceptibilities of 
temperatures because 


these elements at elevated 
the low-temperature studies by 
have indicated that the magnet 


behavior of rare earth metals in the paramagnetic state 


various investigators 


can be fairly successfully explained using a positive-ion 
Van Vleck theory of para 
magnetism. However, these conclusions were based on 


approximation and the 


measurements made in relatively small temperature 
ranges. Our primary goal was to extend the magneti 
susceptibility respect to the 
temperature and then to compare the observed mag 


measurements with 


natic behavior with the 


Van Vleck theory 


detailed predictions of the 


THEORETICAL CONSIDERATIONS 


rhe electronic configuration of a tripositive samarium 
ion is 1s?, 2s*2p%, 3s°3p%3d", 4s*4p%4a4 f>, Ss*5p® Ac 
cording to the Hund rule and due to the fact that the 
4f shell is less than half 
lowest multiplet of Sm*** 
677 13/2, and Ad 5 ET 
ground state (Fig. 1 

Since the arrangement 


full, the energy levels of the 
are °H5)2, °H7;2, °*H9/2, °H11/2, 
where the term °Hs5,2 represents the 


of the lowest energy levels of 


"?. 


Enerey 


Spedding and A. H. Daane, ir gress in Nuclear 
Pergamon Press, New York, 1956), \ 1, Ser. V, p. 413 


a particular rare earth 
behavior, a det: iled kn 
of great significance. Thi 


lI iple can 
be obtained from the fl rescence spectra and infrared 


absorption. The positir energy levels of the 


ground multiplets have indeed been determined for 
various rare earths using this method. However, the 
structure of the multiplet be approximately 
calculated assuming the existence of the 


rule? which states that 


Landé interval 
‘~paration bet 

> Land S value, 
is proportional to the higher J value of 
symbols S, L, and J 
sponding to the 
mentum, respectively. 

The first 
levels is the determit 
AF). This can be do 


ween 
two neighboring levels, | 
the pair The 
numbers corre 
| angular 


spin, mo 


step toward the calculation of the energy 


of the multiplet 


formula 


ENERGY 


15/2, L=5, S=5/2 


| 
re 8/2 
| 
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Fr Es;e 9/2 


FEr2 gene 7/2 
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PARAMAGNETIC BEHAVIOR 
where m is the mass of an electron, c the velocity of 
light, A the Planck constant, m the principal quantum 
number, / the orbital quantum number of an electron, 
L the total orbital quantum number for the whole 
electronic for the rare earths is the incom- 
plete 4f shell, and Z the atomic number. Since Eq. (1) 
was derived for a hydrogenic atom it cannot be applied 


t¢ 


unit which 


) rare earth ions directly. However, we can assume 
that a nonhydrogenic system can be approximately 
represented by introducing a nuclear screening constant 
a into Eq. (1), i.e., we replace Z* by (Z—o)* and con 
sider o as a parameter. Using the recent values‘ for 
m, e, c, and h, Eq. (1) becomes 


2L+1 
(Z—a)*, 2 
n®l(1+-1) (214-1) 


where the units of AF are in cm". 

The x-ray data of Wentzel® have indicated that for 
rare earth =34+4. It appears that the para 
magnetic susceptibility measurements are more sensi 


ions o 


tive to o and thus the screening constant can be more 
reliably determined for such studies. This has been 
demonstrated recently for neodymium.® 

Once the width of the multiplet is determined, its 
detailed structure can 
Landé interval rule 


Ejy-1- 


be found by applying the 


E,s=AJ, (3) 


A is a constant. The results of such calculations 
for tripositive samarium ion are shown in Table I. This 
table also shows the theoretical values obtained by 
Judd? who, by using perturbation theory, has included 
in the second-order corrections to the 
first-order positions of the energy levels. He has shown 
that the Landé interval is not obeyed since 


Ey 


where 


calculations 


~-fey aJ+bJ*, } 


where a and b are constants. However, for most of 





rasie I. Energy levels of the lowest multiplet of Sm* 
Ejfem™"] 
o c= ao; ,.= c= Judd’s 
Term 320 33.0 34.0 350 36.0 theory* Experimenta! 
6]. 9683 8455 7348 6353 5463 6650 6600> 6650 
87/53 7042 6149 5344 4621 3973 5100) 5000%* 49204 
®Hive 4754 4151 3607 3119 2682 3670 3600°* 
Hy. 2817 2460 2138 1842 1589 2270 2300°* 
175) 1232 1076 935 809 695 1030) 1100%* 
*H; 0 0 0 0 0 0 0 
*B.R Son I n) AG@, 157 (1956 
H. G 31 5 1938 
H. Go 28. 673 937 
G. Ros 40. 5OR 149 
‘J. A. Bearden and J. S. Thomsen, Am. J. Phys. 27, 569 (1959 
G. Wentzel, Z. Physik 33, 849 (1925 
*S. Arajs and D. S. Miller, Suppl. J. Appl. Phys. 31, 325S 
1960 


7B. R. Judd, Proc. Phys. Soc. (London) A69, 157 (1956 
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~ 
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rare earth ions the second-order contributions are small 
and thus it appears that the Russell-Saunders coupling 
is a moderately good approximation. 

The experimental values given in Table I have been 
obtained by the indicated investigators using various 
rare earth salts 

Knowing the energy levels Fy, the paramagnetic 
susceptibility can be evaluated numerically using the 
Van Vleck theory.* When the thermal energy &T is 
comparable with the energy intervals of the lowest 
multiplet, the paramagnetic susceptibility per gram 
can be written as 


(N/M)D se s2B2J (J 4+1)/3kT +s ](2I +1) e-F4!*7 


(5) 


where .V is the Avogadro number, M the atomic weight 
of the particular rare earth metal, & the Boltzmann 
constant, 7 the absolute temperature, 8 the Bohr 
magneton, ind 


Vy (2+ Der Bser 


3 F yay Ky 
. =i, (6) 

6(2J +1) Eyyi—- Ey Ey—Ey 1 

with 


1 
F,=—[{(S+L41)-PY.2—-(S—L)*}. (7) 
J 


The quantity gy is the Landé splitting factor, i.e., 


S(S+1)+J(J+1)—L(L+1) 


gy=1+ 


(8) 


2J (J +1) 


When the energy intervals of the multiplet are large in 
comparison with kT, Eq. (5) reduces to 


V g7°8?J (J +1) 
M 


Va J 
| (9) 
3k7 M 


It should be mentioned here that Eq. (9) is equivalent 
(except for the term Na,/M) to that derived by Hund? 
assuming infinite multiplet width and neglecting the 
second-order Zeeman term in the energy equation. The 
Van Vleck theory includes this second-order term 
which gives rise to the expression Nay/M which is 
especially important for samarium and europium ions 
but is negligible for the last half of the rare earth group. 


EXPERIMENTAL PROCEDURE 
The 


function 


magnetic susceptibilities of samarium as a 

of temperature were measured using the 
Faraday method. The apparatus has been described 
in detail before 


* J. H. Van Vieck, The Theory of Electric and Magnetic Suscepti 
bilities (Oxford University Press, New York, 1932), p. 226 
*F. Hund, Z. Physik 33, 855 (1925 


°S. Arajs and D. S. Miller, J. Appl. Phys. 31, 986 (1960) 
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Cast polycrvsta amarium (99+ %) was pur- 


chased from the Lindsay Chemical Division of the 


sper trograpl! ic analysis 


American ind Chemical Corporation. Results 


of the are given in Table I] 


rhree samples (designated by numbers 1, 2, and 3 


were prepared from the original material. Each sample, 


having a mass of about 7 grams, was wrapped in a 


tantalum foil and enclosed in a silica capsule. Since the 


vapor pressure ol marium at elevated temperatures 


is quite high, the capsules were filled with helium gas 
at about 20 cm Hg pressure at room temperatures 

isceptibility of each sample was at 
After the high 
amples 
pro 


su ceptl 


The magnet 


first measured at room temperature 


temperature studie tne isceptibilitie of these 


were again checked at room temperature Thi 


cedure showed no appreciable change in the 
bility values, thus show ng that the high vapor pressure 
of samarium did not influence the measured x vs 7 


curve 


RESULTS AND DISCUSSION 


Values of the paramagnetic susceptibility of metallic 


from the experimental 


samarium were obtained mag 
ita by correcting for the diamag 
0.1310 
samarium as 
This 


investiga 


netic susceptibility d 


netic contribution which was taken to be 


m The paramagnetic behavior of 


a function temperature shown in Fig. 2 


figure also vs all the known previous 


tion on metal imarium 


it room temperatures 


The present irements in the neighborhood of 


S000 K 


mea 


agree satistactonly with the room-temperature 


determined by Spedding e/ al.'* The deviations 


and Leipfinger’s'® values from the present 
re very possibly due to larger impurity 
The point associated with 


nings 
C,orter 


V 


B70, 566 


ARAJS 
Lock’s name in Fi is only approximately correct 
since it w ytained If 1 the Bz grapn of hi 
paper. The pti samarium meas 
ured by Klemm a n it room temperatures is 
} 


considerably larger than those of all the other investi 
is differ 


mentioned 


gators It can be expected tl! the cause of th 
ence is due to impuriti lso it should be 
that Klemm and 


| 


Bon used a mixture powdered 
samarium and potas 


investigations. Simil 
done with a powdered 

Samarium, which is rhombohedral at room tempera 
1190°K 


be vie ved 


tures, changes | cryst ructure about 


€/a ratio 

packed structure 

Is more comp ited 

metals. It takes nine la 

itself. Also 

to a 180 
The present inve 


ture repe il 
, there is in orresponding 


rotation abo 


the paramagneti 

preciably as the 

is no discontinul 

point of samarii 

similar to 1 

may be 

between the l 
The solid curves 

Datatron 205 con 

according to 

The previous 

simple theory, 


of the eneryvy level 





PARAMAGNETI( BEHAVIOR 
satisfactory for explaining the temperature dependence 
of metallic neodymium, In fact, it was found that the 
screening constant ¢=35. For samarium such a value 
of o gives perfect agreement between the theoretical 
and experimental values of the paramagnetic suscepti- 
bility at 300°K. However, the measured temperature 
variation of x for samarium is considerably larger than 
the simple theory predicts. It appears that 
deviations result mainly from the energy level distri 
butions used in the susceptibility calculations, although 
the 


these 


5d-electron and conduction-electron contributions 
may also be partially responsible. It is interesting to note 
that the more refined theory of Judd’ for finding the 
energy levels of the tripositive samarium ion does not 
help to explain the observed temperature dependence of 
the paramagnetic susceptibility for samarium metal. 
Thus, it is possible that the breakdown of the Russell- 
Saunders coupling in metallic samarium is larger than 
that used in Judd’s theory, although it seems to satisfy 
the observed spectroscopic results in various samarium 
salts as indicated in Table I. Finally, it should also be 
emphasized that the Van Vleck theory does not include 
any interactions between the rare earth ions, i.e., the 
theoretical curves in Fig. 2 represent the magnet 
behavior of systems consisting of noninteracting tri- 
positive samarium ions with various energy level 
distributions. 

Although this paper deals primarily with the mag 
netic behavior of samarium room 
temperatures, some comments of interest will also be 
made on the low-temperature properties. This region 


metallic above 


is especially interesting because the interactions be- 
tween the samarium ions which are not very important 


at elevated temperatures become extremely important 
temperatures, 


at low giving rise to certain collective 
behavior. The only known work of interest on direct 
magnetic studies is that due to Lock.'* His data show 
anomalies in the 1/y vs 7 curve at about 100°K and 
14.8°K. Lock considers 14.8°K as the Néel temperature 
The magnetic susceptibility anomalies are supported 
also by specific heat investigations'’:'§ and recently by 

7L. D. Jennings, E. D. Hill, and F. H 
Phys. 31, 1240 (1959 

18 L. M. Roberts, Proc. Phys 


Spedding J Chen 


B70, 434 


London ) 
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electrical resistivity studies." Roberts,'’ who measured 
the specific heat of samarium between 2 and 20°K, 
found a peak in the specific heat curve at 13.6°K, which 
has been confirmed by Jennings et a/.,'* who report the 
anomaly at 13.8°K. In addition to this peak, Jennings 
et al. al 
105.8°K. 


samarium 


so found an anomaly in the specific heat at 
The el 


made by 


‘ctrical resistivity measurements of 


Colvin” completely support the 
the work of 


Colvin et al.” on the electrical resistivity of heavy rare 


above-mentioned anomalies. Moreover, 


earths, where the magnetic status of these metals has 


been established by magnetic investigations, suggests 


that the two anomalies observed in metallic samarium 
are of magnetic origin. In fact, it appears that the Néel 
temperature may be 105°K and not 14.8°K as suggested 
by Lock. 
transition in the neighborhood of 
like a 


Lock’s data on the magneti 


Moreover, it is tempting to consider the 
14°K to be due to 
Although 


susceptibility do not seem 


something ferromagnetic ordering. 


to support this picture at the present time, it may be 
that his sample consisting of a polycrystalline agglom- 
erate of condensed samarium vapor on a thin tantalum 
sheet was not satisfactory for the studies of collective 
interactions 


magnetic It definitely appears that the 


problem of the low-temperature magnetic behavior of 


samarium metal is not yet settled 
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A mechanism for low-temperature coloration of alkali halides is proposed ir 


of a halide ion or single ionization of two adjacent halide ions leads to the formati 


molecule which occupies two adjacent halide ion sites. If the molecule is localized at 
jump of a nearby halide ion into the other site, a vacancy and interstitial are forme: 


by each of these imperfections leads to the production of the F center and H center 


PROBLEM of considerable interest in the study centers has been proposed by Varley.’ He suggested 
of color centers in alkali halides is the origin of that if a halide ion were doubly ionized it would 
defects responsible for the various centers. At tempera- become a positive ion in a region of high electrostati 
tures above room temperature a wide variety of repulsion. Because of its small size this positive ion 
conductivity and diffusion measurements' appear to could easily be ejected into an interstitial position thus 
indicate that the primary lattice defect is the Schottky forming a Frenkel defect in the negative-ion sublattice 
defect: a cation-anion vacancy pair. Calculations also It appears from recent work at liquid helium temper 
argue that the energy of formation of the Schottky atures that the basic effect of x rays is to create an 
defect is less than that for a Frenkel defect.2 The interstitial halogen atom leaving a vacancy In the 
Frenkel defect considered in this case is an interstitial lattice. This Frenkel defect model arises in part from 
positive ion and a positive-ion vacancy. Because of the the atomic nature of the two prominent color centers 
large size of the negative ions, a Frenkel defect in the formed at 4°K: the F center and the Hf center. The 
negative-ion sublattice would require even more energy F center has long been regar s an electron at a 
and would be thermodynamically less stable. halide ion vacanc’ ntly inzig and Woodruff® 
When color centers are formed at room temperature have proposed a detailed model of the H center which, 
and below by the action of x rays, it is likely that the in its simplest terms, consist: in interstitial halogen 
ystem will not achieve thermodynamic equilibrium. atom. These centers complen 
Under these conditions it is po ible that Frenkel as sense that if they recombine, 


well as Schottky defects can occur. Considering the reformed. This model of the H center is derived from 


high density of color centers that can be formed in an paramagnetic resonance spectra® ; supported by 
alkali halide by x raying at room temperature and optical measurements on the symmetry of the H 
assuming that Schottky defects are responsible, Seitz* center.’® Other evidence arises from the work of Rabin 


hich vacancies diffused into and Klick" who find that the coloration rate is independ- 


proposed a mechanism 1n W 
the crystal under the action of x rays. Later it was ent of the initial concentration of negative-ion vacancies 
found that large densities of color centers could also be in the crystal, the concentration of chemical impurities, 
formed in crystals x rayed at liquid helium tempera- and the degree of strain of the crystal 


that Frenkel defects are formed in the perfect lattice 
and show that the coloration rates among the different 


tures.‘ In this ca diffusion over long distances 
appeared impossible. Again assuming that Schottky 2 ‘ ‘ 
is alkali halides vary as the atomic dimensions of the ions 
defect are aruly responsible, SEITZ proposed that - . ‘ ; ‘ : 
aay ; In a way consistent with a I lefect mechanism. 
pairs ol ! | negative-ion vacancies could be } : , , ' 
A number of other recen x] ne! F been 

; P interpreted on the basis of Frenkel 
some implications of this model were considered further While Varlev’s model can |} used t 


by Markham’ and by Dexter.’ 


produced locations during x-ray irradiation.' 


o explain the 
production of Frenkel defects, rious objectio1 have 
\ very different model for the formation of color been raised to it bv Seitz ar + an more 


\. B. Lidiard, Handbuch *j. H. O. Varley, Nat 
nger-Verlag, Berlin, 1957), Energy 1, 130 (1954 
*W. Kanzig and T. O 
araday Soc. 34, 485 1958 
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MECHANISM 


recently by Dexter.'® Dexter argues that in a time very 
short compared with that of lattice vibrations, the 
doubly ionized halide ion will capture an electron from 
a neighbor. He considers the resulting center from the 
point of view of band theory as two nearby holes which 
repel each other and rapidly move apart, and he 
concludes that the Varley mechanism is not likely to 
be the correct explanation. 

It is also unlikely that the halide ion is directly 
displaced by momentum transfer from an energetic 
electron, since efficient coloration of KBr is found for 
x rays from a 50 000 volt machine. Under these condi- 
tions the maximum transfer of energy to the Br is 
about 4 of an ev which would appear to be orders of 
magnitude too low for a direct displacement. 

The model described here is an attempt to describe 
in some detail a way in which Frenkel defects might be 
formed and which is free of some of the objections 
raised by Dexter to the Varley mechanism. The various 
stages of this mechanism are illustrated schematically 
in the drawings of Fig. 1. Figure 1(a) shows the perfect 
lattice. In Fig. 1(b) the central halide ion has lost two 
electrons by an encounter with an x-ray photon or a 
high-speed electron. Varley has estimated that about 
10% of the ionization may be of this double kind. As 
proposed by Dexter, Fig. 1(c) shows that the doubly 
ionized halide ion has captured an electron from a 
neighboring halide ion so that two neutral halogen 
atoms are formed. In this process a large amount of 
energy is supplied to the center. The configuration of 
Fig. 1(c) can also be reached by having each of two 
neighboring ions separately ionized and the subsequent 
steps may follow equally well in this case. Dexter next 
that electrons from outer halide ions are 
transferred to these atoms; this is equivalent to saying 
that two holes are repelled outward. In the model 
proposed here it is suggested that another effect may 
occur with high probability. The two halogen atoms 
may quickly alter their electronic configurations to that 
of a separated halogen molecule bound 
together by exchange forces. This would lead, in Fig. 
1(d), to the moving together of the atoms to form a 


proposes 


somewhat 


more normal halogen molecule. The molecule is small 
and is neutral so that its energy is nearly independent 
of its position within the two neighboring vacancies. 
In the case drawn here, which is roughly that for KCl, 
the molecule could fit nicely into one vacancy alone. 
Ihe center would be in a state of high vibration for a 
short period of time due to the transfer of an electron 
as illustrated in Fig. 1(c). Under these conditions it 
may frequently be possible for a neighboring halide ion 
to jump into one of the vacancies. One possible resulting 
configuration is shown in Fig. 1(e). This step is the one 
in which an interstitial is formed; it is believed that the 
mechanism illustrated here for producing interstitials 

1 T). L. Dexter, Phys. Rev 


118, 934 (1960 


FOR COLORATION OF 


ALKALI HALIDE 


l'1G. 1. Schematic illustration of a proposed model for production 
of color centers by x rays at low (a) The perfect 
lattice; (b) after double ionization of a halide ion; (c) after 
transfer of an electron to the doubly ionized halide ion; (d) forma- 
tion of a neutral halogen r formation of a vacancy 
and interstitial halogen by the jump of a halide ion; (f) capture of 
an electron by the vacancy to form an F center and capture of an 
electron by the halogen the 7 center 


temperatures 
olec ule: e 

molecule to form 
requires little energy compared with that necessary to 
displace a halogen atom directly to a region sufficiently 
distant from the back diffusion is 


unlikely. Finally, in Fig. 1(f), the capture of one of the 
free electrons by the vacancy gives 


vacancy so that 


rise to the F center; 
the « apture of the other electron at the halogen molecule 
gives rise to the Hf center. 

It has been pointed out by Maurer'® that the substitu- 
tional molecule in Fig. 1(e) corresponds to the model 
proposed by Kinzig and Woodruff for the V; center.® 


If, therefore, some of the free electrons are trapped at 
F centers to form F’ centers or are trapped elsewhere 


centers as well as H centers 
may be formed. While it is not certain that V, centers 
are formed on x raying at low temperatures, it has been 
suggested that the slight shift of the H band on bleach- 
ing may be due to the presence of the V; band nearby.” 

One feature of the present mechanism is that some 


than at the molecule, V, 


*R. J. Maurer 


private communication 
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of the F and H centers could be close to each other. As 

sult one might look for effects of one center on the 
other. Two experiments have been attempted both of 
which failed to find suc} 
irradiation in the H-absorption band failed to produce 
F-center should 
occurred if the #7 center transferred energy to the F 


a re 


an interaction. In one case 


luminescent emission which have 
center.'’ In the other experiment no effect was found on 
center if the 7 centers were 


oriented in 


the polarization of the / 
that 
direction rather than being randomly distributed.” The 
details of the 


turned so most of them were one 


pin-resonance spectrum also argue against 


7 W. D. Compton ar unpublished work 


a close proximity of the F and H centers.'* It thus seems 
likely that the centers move apart even at 
temperatures. One iy be the propagation 
of the H center along tl w of ions in the 
(110) directions. The f 
however, not been 


these low 


mecnanism 


motion ! 


ave, 
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I. INTRODUCTION 


N searching for nuclear quadrupole resonance (NQR) 

in metals one anti ipate d the possibility of observing 
the resonance in a superconducting metal. Since NOR 
is pe rformed in zero magne tic 


field (except for a small 


rf field), the requirements on the particle size are much 


easier to satisfy than they are for an experiment on the 
(NMR) in superconduc- 


tors.'~* Following the discovery of the NQR in gallium,‘ 


nuclear magnetic resonance 


* Supported in par the U. S. Office of Naval Research and 
the Alfred P. Sloan Foundat 
1F. Reif, Phys. Rev. 102, 1417 (1956); 106, 208 
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hat the relaxation 
rate will change when the met comes supercon- 
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ducting. It was in fact found expe 
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AR QUADRUPOLE RI 
five percent of the transition temperature; at lower 
temperatures a further decrease was noted. 

The result is in agreement with NMR experiments on 
aluminum.** The latter involved a field cycling method, 
which allowed the measurements to be made in the 
normal state, following periods of relaxation in the 
superconducting state. By measuring the relaxation 
rate under steady-state conditions, we avoid the prob- 
lems of trapped flux and supercooling which are 
associated with the field cycling of a superconductor. 

The results of the experiments on aluminum and on 
gallium (reported here) are both in agreement with a 
calculation of the relaxation rate based on the Bardeen, 
Cooper, Schrieffer (BCS)* theory of superconductivity. 
The (contact) magnetic hyperfine interaction between 
the nucleus and the conduction electrons is assumed to 
predominate over other relaxation processes. However, 
we note that a nuclear quadrupole interaction with 
conduction electrons may under certain circumstances 
contribute to the relaxation rate: As a further con 
sequence of the BCS theory, it will be shown in a later 
section that the quadrupole contribution to the rate 
drops exponentially to zero with an infinite slope at 
T=T,., the superconducting transition temperature 
This difference in the magnetic and quadrupole inter- 
actions depends upon their respective behaviors under 
the operation of time reversal. 

It is somewhat difficult to observe the NQR in a 
superconductor because the experimental rf field is 
attenuated in the sample (Meissner effect). However, 
the maximum attenuation on this account is less than 
a factor of ten (which is easily tolerated), and further- 
more the effect may be used to advantage by calcu- 
lating from it the superconducting penetration depth 

The NQR frequency is observed to change below the 
transition temperature. This is consistent with the 
assumption that part of the quadrupole energy arises 
from a static interaction between the nuclear quad- 
rupole moment and the conduction electrons 


NOR in Gallium 


We are concerned with the process of detection of 
radio frequency resonance absorption in crystals which 
possess energy levels determined by the nuclear quad- 
rupole moment and the crystalline electric field gradi- 
ents at the nucleus. These are caused by crystalline 
inisotropy of the surrounding charge distributions. In 
general, one must consider ionic charges at lattice 
points, covalent bonds, and (in a metal) the conduction 


electrons. 
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NCE IN SUPERCONDUCTING Ga _ 763 
The subject of NOR has been reviewed extensively." 
In his thesis, Pomerantz discusses gallium in par- 
ticular. We summarize here some pertinent facts. 
Gallium exists in two isotopes, each of which has a 
nuclear spin J/=%. The quadrupole coupling produces 
two energy levels, which are separated by a frequency 


v= e&gO(14+n9)!/2h, 


where g=4q.2, the maximum component of the electric 
field gradient tensor, eQ is the nuclear electric quad- 
rupole moment, and the asymmetry parameter 
n= (drz—Qyy)/Qee- The relative abundances of the two 
isotopes, Ga® and Ga”, are 60% and 40%, respectively ; 
at 4.2°K, the NQR frequencies are 11.31 Mc/sec and 
7.13 Mc/sec. The present work is concerned primarily 
with observations on the Ga®™ isotope. 

In succeeding sections we shall discuss the experi- 
mental apparatus, the measurements, the theory of 
relaxation, and experimental results. 


Il. EXPERIMENTAL APPARATUS 
Resonance Equipment 


The marginal oscillator was used in previous experi- 
ments on gallium‘ 
necessary for the 
experiments 


additional features were 
performance of the present 


some 


Calibration 


Since this experiment involved the measurement of 
signal amplitudes, a means of calibration was needed. 
Two different calibrators, functioning as primary and 
secondary standards, were used. The latter employed 
a triode, as described by Watkins'*-*: A voltage at the 
modulation frequency is applied to the grid, thereby 
changing the plate resistance; the plate resistance is 
loosely coupled to the tank circuit of the marginal 
oscillator; the variation in plate resistance is equivalent 
to a modulated nuclear resonance absorption. 

The other calibrator employs a mechanical chopper,” 
which switches a fixed resistance across the tank circuit 
once each cycle of modulation frequency. The chopper 
type of calibrator has the advantage of stability: It 
consists only of resistors, 
The tube 


subject to changes 


and an off-on 
calibrator, on the other hand, is 


capacitors, 
device. 
in tube characteristics. However, 
the chopper calibrator has the practical disadvantage 
of a limited dynamic range (several fixed amplitudes 
could be obtained by switching among different re- 
sistors, but this is inconvenient at radio frequencies). 
In practice, thé two calibrators were used in conjun¢ tion 


lr. P. Das and E. I 
F. Seitz and D. Turr 
Suppl. No. 1 
2M. Pomerar 
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*G. Watkins, thesis, Harvard University, 1953 (unpublished). 
*R. V. Pound, Progress in Nuclear Physics (Butterworths 
cientific Publications, Ltd., London, 1952), Vol. 2, p. 21. 
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764 R. H. HAMMOND 
the tube type for calibrating the intensity of the 
resonance signals and the other type for checking on 
the first. Since the experiment extended over a period of 
many this reliable 
indispensable part of the equipment. The tube cali- 


weeks, sort of standard was an 
brator was used in order to establish the fact that the 


linearity of the whole system was better than 3% 


under all conditions of operation. 


Phase 


Since the detected resonance signal 


varies with oscillator level, the correct phase setting 


phase of the 


of the coherent detector must be determined at each 
rf level. This was accomplished by making a series of 
least three preliminary 
the 
The signal strengths were usually 
for identical 
conditions over the entire period of experimentation. 


runs for every level setting. At 


runs were made, in addition to the final one at 
selected best phase 
reproducible to within a 2% variation 


Frequency Measurement 


In order to avoid exposing the superconductor to 


the square-wave modulating field which is usually 
employed in NOR experiments, the modulation of the 
absorption was accomplished alternatively by modu- 
lating the frequency of the marginal oscillator. The 
modulation frequency was 100 cps, and the rf frequency 


3 kc/sec, peak-to peak. The 


frequency was measured by means of an events-per- 


excursion approximately 


second frequency counter, the counting interval being 


exactly one second. Each measurement represented, 
therefore, an average rf frequency over one hundred 
modulation periods. 

Other factors, important in obtaining the necessary 
accuracy, level and the 


amplitude of the frequency excursion. Since two percent 


included monitoring the rf 
is rather high for measurements of this sort, 
Fig. 1) in the normal and 
superconducting states, demonstrating the very high 


accuracy 
we show pictures of two runs 


signal-to-noise ratio which permits us to achieve the 


accuracy whi h is claime d 


Cryogenic Equipment 
Cryostat 


Temperatures below 1°K were obtained by pumping 
on liquid helium through a small (0.020-in. diam 
orifice. The arrangement included double Dewars for 
uid helium, respectively. The 
“the bath,” 


except in one instance, kept at atmospheric pressure. 


liquid nitrogen and 


latter, which will be referred to as was, 


Immersed in the bath was an all-metal cryostat,’ 


which, at its lower end, consisted of two concentri 


16 We wish to thank Dr. N. Kurti for ance in 
of the crvostat 

16 Similar to the crvostat described by ]. F. Cochran. D. I 
Mapother, and R. I Phys. Rev. 103, 1657 (1956 


the design 
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brass cans, isolated by a space containing a controlled 
amount of exchange gas. The inner can contained liquid 
helium, and was suspended by a one-inch length of 
(#-in. diam) stainless steel This tube was 


tubing. 


terminated at the inner can by the 0.020-in. diam 4-in. 


film creep. Successively higher sections of the pumping 
line were larger and larger, the room-temperature end 
having a diameter of 2 in. This was connected through 
a valve and diffusion pump of comparable size to a 
forepump. The temperature attained 
0.793°K, for which it was nece ssary to reduce the bath 
temperature to 1.6°K; temperature of 
4.2°K, the lowest inner can was 
0.839°K. 

The inside of the inner can was the working space, 
containing the rf coil wound on a Lucite form, and the 
sample in a glass tube which allowed liquid helium to 
enter, thus insuring thermal contact with the inner can. 


lowest was 


with a bath 


temperature in the 


which was 
critical in the sense that it in part determined the heat 
leak to the inner can and, 
temperature) consisted of 


The rf connection between the two cans 
hence, the lowest attainable 
a vanadium tube (length 


_ 


Fic. 1. (a) Run at 7=1.18°K 
T =0.793°K. Time constant ~5 


effect, the intensity is about 
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2.2 cm, circumference 0.8 cm, and wall thickness 
0.001 in.). Vanadium was chosen because, while it is a 
superconductor below 4.2°K, it is also a poor heat 
conductor (the difference in heat conductivity between 
the normal and superconducting states of metals is 
not enough to be helpful here). The rf current passed 
through the two cans via platinum-soft-glass seals. The 
cans were sealed on with Wood’s metal. 


Temperature Measurement 


The temperature of the helium in the inner can 
between 4.2 and 1.2°K was determined from the vapor 
pressure; calibrated were used at lower 
temperatures. 

The vapor pressure was measured via the tube con- 
taining the rf lead. This tube was connected with the 
pumping line just above the outer can. In this way 
one avoided measuring the pressure in a line supporting 
a gradient in pressure. Below the lambda point, the 
pressure gradient in the constriction was negligible. 
The actual pressure measurement involved a mercury 
or oil manometer, or a McLeod gauge. 

In order to obtain accurate temperatures 
1.2°K, commonly measures the paramagnetic 
susceptibility of a suitable salt. However, it was 
sufficient for this work (accuracy about 0.001°K) to 
use a certain type of carbon resistor, which had previ- 
ously been calibrated against a paramagnetic salt in 
independent experiments.!*-” In order to verify the 
accuracy of this method, we compared our value of 
T. (1.084°K) with the result of Seidel and Keesom™ 
(range 1.084 to 1.090, average 1.078°K). It is not known 
whether the small differences between our result and 
theirs arises from differences in the properties of the 
samples or alternatively from differences in the tem- 
perature calibrations. 


resistors 


below 
one 


Two Speer resistors were fastened outside of the 
inner can with G.E. 7031 cement. The resistances were 
measured with a potentiometer (measuring current 
1 microamp). 


Temperature Regulation 


It sometimes required between 3 and 5 hours to 
accumulate data at a given temperature. Therefore, 
in order to smooth out drifts in temperature from 
variations in pumping speed and from variations in 
rf power levels, a temperature regulator was needed. 
At temperatures above 1.5°K, a commercial manostat 
operated satisfactorily. However, at the lower tem- 
peratures a different scheme was employed. This 
included an ac Wheatstone bridge (one of the Speer 
resistors in the measuring arm), a null detector (con- 


7 J. Gordon, thesis, University of California, 1958 (unpub 
lished 

18 V. Arp, thesis, University of California, 1959 (unpublished 

# T). Peterson and D. Edmonds (private communication) 


* (. Seidel and P. H. Keesom, Phys. Rev. 112, 1083 (1958 
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sisting of a narrow-band amplifier and phase-sensitive 
detector), and a dc power amplifier supplying power to 
a noninductive heater on the inner can. Similar circuits 
have been described elsewhere.” 


Sample 


The supplier of the sample (Aluminum Company of 
America) stated the purity to be 99.999%, In its final 
form, the sample consisted of a dry powder mixture 
of one quarter gallium and three quarters quartz 
powder of comparable particle size. Previously made 
samples, in which the gallium was suspended in oil or 
paraffin wax, were found to include strains which pro- 
duced a broadening of the NOR signal at low tem- 
peratures, and a severe loss in intensity. 

The gallium particles were made by exposing the 
molten metal to volatile 
liquid containing a stabilizing agent. The 
mechanism of emulsification of liquid metals has been 
described by many authors.” 

Microphotographs of the sample were made in order 


ultrasonic radiation in a 


organi 


to analyze the size distribution. Each particle was 
observed to be very nearly spherical. The diameters 
ranged between 1.5 and 3.8 microns; approximately 
ninety percent of the diameters were between 2.0 and 
3.2 microns. 


Ill. MEASUREMENTS 
Saturation Method 


A preferred method of determining the relaxation 
time 7, would involve a pulse technique” which gives 
a direct measurement of the appropriate time. However, 
preliminary results of this sort were unsatisfactory at 
low temperatures, presumably because of transient 
heating effects on the sample at high rf power levels. 
Therefore, although some rough data were obtained 
by this method, the principal conclusions of the present 
work are based on experiments employing the well- 
known method of progressive saturation of the cw 
resonance. 76 

A convenient variable is the “saturation factor” Z, 
which is defined as the ratio m/no, where n is the net 
excess number of nuclear spins in the lower of two 
energy states, and mp is this number at equilibrium. 
The result of a first-order perturbation calculation is 


ni [1 T ay’*H 77 if \¥) } 


where vy is the nuclear magnetomechanical ratio, 


1 C. Blake, C. E 
715 (1958 

2 C. Bondy and K. Sollner, Trans. Faraday Soc. 32, 556 (1936); 
and 31, 843 (1935). L. Bergmann, Ultrasonics and Their Scientific 
and Technical Applications (John Wiley & Sons, Inc., New York, 
1948 

SE. L 


Chase Maxwell, Rev. Sci. Instr. 29, 


and E 


Hahn, Phys. Rev. 80, 580 (1950 
*N. Bloembergen, E. Purcell, and R. V 
73, 679 (1948) 
%*E. R. Andrew, Nuclear Magnetic 
University Press, New York, 1955 


Pound, Phys. Rev. 
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field, T; is 
g(v) is the 


H, 2H, coswt is the applied ri magnetic 


the nuclear spin-lattice relaxation time, 
normalized shape function for the absorption, and 
a=4 for NMR; or 2 for NOR, / 


specimen or axial or nonaxial symmetry.”® 
Since the 


3 in a polycrystalline 
observed ignal is proportional to the 


saturation factor, the method of determining T 
involves measurement 
larger values of #/,, ranging 
[ whe re ay’H T ig . l 

The 


determining 7, precisely 


ol the resonance at progre 


Sivé 
r from Z 1 to, Say, Z 


ly 
1 


preceding saturation factor is not good for 
However, the deviations of 
a correct expression from the above simple form in the 


absorption mode (as contrasted with the changes in 


behavior of the dispe rsion mode) are not great. If one 
desires 
on the simple formula is adequate. (It was observed in 
the present that the 


“saturation there 


mere ly relative values of 7);, the analy is based 


experiments absorption line 


narrowed’”* was also a slight 
maximum of the absorption intensity” before saturatiot 


set in.) 
Response of the Marginal Oscillator 
Normal State 
factor, we 


to make use of the saturation 


obtained 


In order 


must consider how it 1 from the observed 


resonance. It can be shown" that the re sponse ol the 


marginal oscillator is proportional to még(v), where 
is the filling factor fH, Ir SH, dr. In this « Xpressio! 
the numerator is proportional to the energy stored in 
the sample metal; the de nominator re presents the total 
rf coil. The con 


determined X pe ri- 


magneti associated 
tant ol 
mentally by means of the calibrator. 
that the 
appropriate to a volume element dr, of the sample is 


H 2dr,/ J Hydr. Thus 


energy 
proportiona ity ma 
hus we may say 


ignal S=nég(v). The incremental signal dS 


S45 


dS =ng(v)dt, where dé 


ample 
sample 1 


However 
complicated by 
spheres ; i 
also be differer 
its value it 
shape lunct! 


%C. Dean, PI 
A. G. Redtx 


the possible effects of its variatio1 considered. 
We also neglect the effect on (§H;*dr of the reduction 
in effective sample volume by the Meissner effect in 
the ratio 

error 
from this approxin The 
frequency of the tank circuit changed y onl 7/10% 
ol tne 


superconductor 


the Supe rcondus tor Tt iS 1 ré 
of sample volume to co 


ation 
because 


In order to evaluate the exp on for t sponse 
when the sample t know 
H, as a function of positior re of the sample 
A good approximation is provided by the 


uper OT! 


olutions to 
London’s equations. 


we are justified in u 


since the dominant tern quency 
We may furthermor: 
penetration instead 


Pippard,*' sin 


juation for 


lation ol 


The 


sphere of samy] 
cer al 


Calculated on the 


penetration appear to be 
Pippard’s equatio! 


At vanishin 
Appendix A, 
demonstrated 
consider the rat 


that in the 
(signal in 
temperatures belov 
ratio, R, against x 
sphere of sample 
tration depth. Sin 
temperature 
mation, we us¢ 
two-fluid mode! 

all 


1950 
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\(O), where A(O) is the penetration depth at /=0. 
Figure 3 shows R vs T, fitted to the experimental! points 
by choosing a value of A(C@)=1200+100 A for ro=1.3 


microns, the weighted average over the size distribution. 


Signal during Partial Saturation 


This case is considered in Appendix B. We evaluate 
the saturation factor in the superconductor, using the 
solutions of London’s equations. Figure 4 shows the 
saturation curves for both normal and superconducting 
metal. It will be recalled that Z is the ratio of the 


partially saturated signal to the unsaturated signal. 


; PERCOND 
R= RATIO NQR SIGNAL [ SUPERCON 
on 





09 
Te A 
‘ Te 
Fic. 3. The ratio of the NQR signal intensity, superconducting 
to normal state, vs the reduced temperature. In plotting the solid 
line we employ Fig. 2 and obtain a best fit to the experimental 
points shown by choosing A(0)=1200+100 A and assuming 


A4=A(0)(1—#)-*. The dotted curve shows the temperature ce 


pendence of the signal intensity in the normal state 


Determination of 7, in the Superconductor 


Reduction to normal State Saturation Curve 


4 


As is shown in Fig. 4, the Meissner effect displaces 
the saturation curve towards larger values of H,; the 
displacement of the curve depends on the value of xo. 
The two curves in the figure are drawn for the 
value of 7;. Then, if we know the value of xo, we may 
map any saturation curve for the superconductor back 
onto the normal-state curve. 7; can then be determined 
as for a normal material. We have taken the ratio 
H,*/H,5 of the abscissas at the same ordinate in Fig. 4 
in order to curves (Z is the 


Same 


arrive at the set of 


an Gi 


- 
5 


H 


Fic. 4. The saturation factor for the normal state and the 
superconducting states, Zy and Zs. Zw is 1/(1+cH,*), where 
c=27Tig(v). Drawn for c=1. Zs is drawn for c=1 and xo=10 
See Appendix B 


parameter) of Fig. 5. The latter plot affords a con- 
mapping the data for the super- 
conductor into the corresponding normal-state data; 


venient means of 
the value of xo is determined from an analysis of the 
unsaturated signal intensities 

It is to be noted that, in the range where xo exceeds 
about 3, the correction factor H*/H* does not depend 
furthermore fortunate that the 
particle size was such as to make xo lie between 3 and 


strongly on xo. It is 


12 for all temperatures encountered in the experiments. 
As Fig. 5 shows, the correction factor in this range will 
not differ greatly among the part cle 


distribution. 


sizes of the actual 


Integration of the Absorption Derivative 


We analyzed the data according to a scheme in which 
the signal” was the height of the absorption curve at 
its center. It was therefore necessary to integrate the 


experimentally obtained derivative of the absorption. 


In order to perform the integration, it was necessary 
among the 
random frequency markers on the recorder chart. This 


to determine equal frequency intervals 


process, plus the actual integration by second-order 


interpolation, was done on a computer. The data fed 


Fic. § 


_ of the 
plotted as a 


The ratio nal onducting state 
rf intensity that produces t me saturation, Z 
function of xe. 





9.0 


8.8 


LINE WIDTH (kc) 


Fic. 6. The 
ured between 


temperature dependence of the linewidth 
points ol half-n 


superc onducting transitior 


mcas 


aximum absorption through the 


chart consisted of the 


position on the chart of each frequency marker, the 


into the computer tor each 


frequency, the ordinate (measured from one edge of 
the chart paper of the derivative signal at even chart 
base line, which 


intervals, and the equation of the 


gene rally was nol parallel to the edge of the paper. 


Effect of Extra Line Width in the Superconductor 


In deriving the signal response in the superconductor, 
Actually, 
observed to 


we assumed that g(v) remained constant. 


however, the resonance line was widen 
igure io) 


linewidth 


superconducting 


shows the temperature dependence of the 


when the sample became 
(measured between points of } maximum absorption 


Not only were the lines wider, but also, in the super 


conducting state, they showed broad wings. Since these 
wings saturated much more readily than did the center 
portions of the line, we believe that the signal in the 
wings arose from the portions of the sample near the 


where il, is The 


broadening characteristic of the surface could be two 


surface of the spheres, strongest. 


types, which require different treatments in determining 
an experimental relaxation time 
Homogeneous Broadening 


state of gallium, the line broadening 
tu dip le -dipole interaction.” It 


In the normal 
is produced by magne 
is expected that, near the surface, the dipolar linewidth 
would be different from the value appropriate to the 
line shape would be different. 
centered at the fre- 
quency in this approximation. In the saturation factor 
this 


interior. At each point the 
Each contribution would be same 


we may therefore use the observed value of g(v); 
approximation would be very good for an analysis of 
T;. The foregoing analysis of the amplitude of the 
into account the variation of gly 


of A(O 


signal did not take 
the apparent value is therefore too small, but 


only by a few percent 


GH 


esuiling 


from a dis- 
urface, 


Inhomogeneous broadening 
tribution of field gradients ne 


] 


a 
be a more likely possibility. T nis 1S clear, 


I 
r the 


appears to 
since a one 
percent change in field gradient would contribute an 
extra linewidth 


percent variation in the dipole interaction. It is rea 


1000 times greater than would a one 


sonable to assume that, although the interior regions 
subject to some 

effects are 
consider that 
sphere the line shape is 
Howev 


of the symmetrical shape is a function 


of the sph rical metal partic les may be 


strains or imperfections, nevertheless th 
predominant only near the surface. Let us 
at each point in the identical to 
that in the norma! metal er, the center frequency 
I of its po ition 


observed gnal W then be a 


in the sphere. The 


summation of incremental] each from a small 
region. In center 
region will be different. The expr 


is then 


No * Flpyr)e, 
s [ f 
SH 2dr « t z 1 )- 


where the line shape in th 
~~ 

be cl 

surface, ar 

dipole interactions. F (»,7 

of the center fre: 


gnals, 
each 
] 


signal 


general, the frequency for 


ssion for the 


)dr idv 


which is assumed to 


removed from the 


uency, 
center frequency at a 
(The 


observed Ine, 


IS Vy. frequench 
of the 
arising directly fron 
Since the 


may assume 


property 
observed mmetrical, we 


that / 
must 


mm ymmetri nv, about 4 0. 


But we consider an ensem juencies at 


any one because tl leld gradient at some 


location near the 


point, 
urlact he possible 
disorientation of the crystal axes there hi while 
given volume element 

as far as the supercondu 
sphere can have a different 

respect to H,, and thus a different 

same corresponding point in ¢ 

whether or not each sphe re 1s 

ticular, we can assume / 

in frequency, where the 

of the particular dr. In 

assumed to be narrow 

dipole width. Near the 

F becomes comparable to or somewhat greater tha 
The rn ieneth 


change near the 


dipole width 
surtace, 
amount. 

At rf powers below satur 
geneous broadening is quali 
homogeneous broadening, vi 


a(r)= f_..* F(yir) gn (v,)dv, 


= A.M. Portis 
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the function g(v,7) for the homogeneous case. Now 
both a(r) and g(v,r) become equal to gy(v), the normal 
metal value, at interior points, and they both widen 
rapidly as the surface is approached. Therefore the 
conclusions regarding the value of A(O) are the same 
for both broadening mechanisms. 

However, in analyzing the saturation data in order 
to obtain T;, we must use gy(v), the normal, unsatu- 
rated line shape. The function F(»;,r) will change the 
shape of the saturation curve only slightly. 


IV. THEORY OF RELAXATION 
Relaxation Mechanisms 


We proceed to enumerate the possible relaxation 
mechanisms, emphasing those which are pertinent to 
the study of quadrupole resonance in metals. In 
particular we consider the effect on the relaxation rate 
of the transition to the superconducting state. 

We first eliminate from consideration the processes 
which predominate in insulators. These processes are 
related to lattice vibrations, and result, even at room 
temperature, in relaxation rates which are much slower 
than is characteristic of metals. Moreover, the rates 
observed in nonmetals™ depend strongly on temperature 
(T? to 77), in marked contrast to the behavior of 
metals,*** in which relaxation rates are directly 
proportional to the first power of 7. The relaxation 
processes which originate in lattice vibrations may 
therefore be neglected at low temperatures. 

Mitchell” has considered the three principal inter- 
actions, which are of present concern, between the 
nuclei and conduction electrons: (1) the contact®® part 
of the magnetic hyperfine interaction, (2) the non- 
contact part of the magnetic hyperfine interaction, 
and (3) the nuclear quadrupole coupling. In the first 
of these (which is usually dominant) both the nucleus 
and electron flip spins, conserving the total z com- 
ponent of spin; the noncontact term relaxes the nuclear 
spin, but total z component of spin is not conserved; 
and the quadrupole interaction changes the z component 
of the nuclear spin by either one or two units, leaving 
the electron spin unchanged. In all three cases, energy 
is conserved, since the conduction electron is scattered 
into a new state in & space near the Fermi surface. It 
is on this account that the relaxation experiments in 
the superconductors are interesting. 

Mitchell calculates matrix elements in the Bloch 
approximation for each of the above terms, and deter- 
mines the spin relaxation rate in the first order of 
perturbation. The total relaxation rate can be expressed 
as a sum of M, the magnetic hyperfine contribution 

contact and noncontact), and Q, the quadrupole 

*W. Blumberg, Phys. Rev. 119, 79 (1960). N. Bloembergen, 
Physica 15, 386(1949); G. Wikner, thesis, University of California, 
1959 (unpublished ) 

“A. G. Redfield, Phys. Rev. 101, 67 (1956) 


** J. J. Spokas and C. P. Slichter, Phys. Rev. 113, 1462 (1959 
*! Korringa, Physica 16, 601 (1950). 
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contribution. M is the coefficient of w,,* and Q is the 
coefficient of W,,*' and W,,*” in Mitchell’s Eq. (13). 
(The numerical factor in M should be 1040/81.) 

We first apply the calculation to the case of gallium, 
for which J=4, and find that the corresponding re- 
laxation rate between quadrupole energy levels is 
1/7,=6(M-+8Q); for comparison, Mitchell found, for 
I=1,1/T,=2(M+5Q). Both Q and M are proportional 
to the absolute temperature 7."* 


Relaxation Rate in a Superconductor 
Magnetic Interaction 


Hebel and Slichter® have treated the case in which 
the contact term is dominant. We now show that the 
effect of the noncontact term is similar. Consider the 
ratio of the relaxation rates in the superconducting 
and normal states*®; 


? x 


f f(1— fdE( Ee F €07)/ (FE? — e5?). 
T ¥. 


< 


Rn = 


Here, E=(é€+«°)', where the energy ¢ is measured 
relative to the Fermi energy, eo is one-half the energy 
gap, and f is the Fermi function with argument E£. 
The choice of sign in the numerator of the rate equation 
depends on the behavior of the single-electron scattering 
matrix element By, ..x,. in the BCS® framework. The 
lower (+>) sign is obtained for the magnetic hyperfine 
terms, because the matrix elements of the operator 
either (1) produce an electron spin flip, eo’, or (2) 
are spin-dependent such that By.t..,4=— Bw .s.—e.4, 
or (3) satisfy the condition By» = — B_y —». Referring 
to the three matrix elements in Mitchell’s Eq. (10), 
the first two (which include the contact term) fall 
under (1) above, while part of the third satisfies (2) 
and the other part, (3). Therefore the temperature 
dependences of the noncontact and contact relaxation 
rates are identical, and 


a 


UM s/My=(2 bet) f f(1— f)dE( E?+ €?)/ (EF? — &?). 


Hebel and Slichter used this expression in their dis- 
cussion of the contact interaction. In order to avoid 
the divergence at E = eo, they smeared out the electronic 
energy levels to a breadth A. Hebel*’ has calculated 
the ratio Ms/Mvy in terms of T/T, and a parameter 
r=e(0)/A, where eo(G) is one-half of the energy gap 
at T=0. His curves show the general features of an 
initial enhancement just below 7., followed by an 
exponential decrease. Redfield? has suggested that A 
may be interpreted as an anisotropy of ¢ in k space. 


Quadrupole Interaction 


The matrix elements of the quadrupole interaction 
[Mitchell’s Eqs. (7) and (8)] are independent of 
L. C. Hebel, Phys. Rev. 116 


79 (1959 
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electron spin and the 
relation B,., +B 
and the upper (— 


scattering operators obey the 
x. This is the BCS “Case I,” 
sign in the rate equation gives 


x 


Vs/On= (2 kat) f fi— fodk 


knTdt dl . 


Howe ver, Since 
2/ 1 tT ¢ XP €o kl 


and we see that the quadrupole rate drops with infinite 
slope below 7, in contrast with the rise which typifie 
the magnetic hyperfine rate. 

The above expression for Qs/Qwy is identical to the 
[BCS Eq. (4.29)] for the ultrasoni: 


attenuation. It has been emphasized® that the con- 


ratio as CON 
trasting behaviors of BCS Case II (magnetic relaxation) 
Case | 
verification of the basic feature of the spin-momentum 


and (ultrasonic attenuation) provide direct 


correlation of the BCS theory. In this connection it is 
interesting to point out the possibility of investigating 
both Cases I (Q) and II (M) in the same metal by the 
resonance method. We look for a metal possessing two 
isotopes, one of which has a large nuclear quadrupole 
dominate its relaxation. In the 
it Hg'® (J and Hg™ (J ; 
are a good pair of isotopes for such a study 

VM and Q may be estimated 
superconductors. In 
presently interested in 
(Ga®"), indium (In! 
Following Mitchell, it 1 


the noncontact with tl 


moment, which wil 


following we show tl 


Relative magnitudes of 
for several particular, we are 
(Al**), gallium 
(Hg!9?.). 


illuminating to compare first 


aluminum 
and mercury 
contact part of the magnetic 
hyperfine interaction; this may be followed by a com 
parison of the quadrupole and noncontact terms. 
Mitchell estimates the ratio of noncontact to contact 
relaxation rate to be a*(10 l 10-5! 
the ratio of the p- to s-wave 


Wave 


[ P where a is 
contribution in the total 
function and 7 i length of the 
order of 10-° cm. The above ratio is equal to unity 
when a 3. Mitchell 
metals the 
preciable effect 

The 


may be written 


a characteristic 


concludes that in multivalent 


noncontact interac tion may have an ap- 


juadr Ipok to the 


ratio ol the | 


noncontact term 


0.4 O g 


(1(2r—1 


C is equal to 8 for the quadrupole level case of / 
approximately 10 for 7=3; 
I =9/2. 
in units of 10-*4 cm?; the nuclear g factor is written in 
this the 
quadrupole term appears to be relatively small in Al, 


and approximately 80 for 
Q is the nuclear quadrupole moment written 
units of the nuclear magneton. On basis, 
Ga, and In; it is appreciable in Hg™, however. 
Preliminary saturation measurements on the NQR 
of indium reveal no great decrease in the relaxation 


rate below 7.. The NOR of Hg™ has not yet been 


D \ -NIGH 
observed, and attempts are being made to find it, in 
the expectation that the quadrupole relaxation term 
will be strong enough to produce the expected sharp 
reduction in relaxation rate just below T 
isotope, Hg'®* (J=4), has no quadrupole 
would therefore be expected to beha 


+} 
Al 


The other 
moment, and 


as do Ga and 


V. EXPERIMENTAL RESULTS 
Relaxation Rate 
Vormal State 
Measurements were made \ temperatures 
between 4.2°K and 1.18°K, which i 
critical temperature (1.084 ium. The relaxation 
rate was observed to be proportional to temperature: 


just above the 


for gall 
ittered about a line 
through the origin (rat 0) with 
deviation of 7%, which itl 


The five experimental points 
a maximum 
experimental error 


Superconducting State 


Measurements made at eleven te 
below ; the lowest temperature beir 


which the reduced temperature t=0.732 


were mperatures 
g 0.793°K, for 
The data are 
shown in Fig. 7, in which the rate is expressed relative 
to the rate which would be appropriate to the 
[be solid curve is from 

’ We also int lude a 


single point, representing the maximum enhancement 


normal 
metal at the same temperature. 
a theoretical calculation of Hebel 


obtained in aluminum by Masuda and Redfield.* 
Although the points in Fig. 7 are obtained from the 


data on the extreme assumption that 


the broadening 


is inhomogeneous, a further analy based on thi 


behavior of the amplitude of th 


observed derivative 


signal, gives the same result tn stimated 


Fic. 7. The ratio of 
normal state, plotted 
ture. The solid curve i 
for 69(0)/A=15, by Hebe 
was obtained fr 


} f the Ga® 


a lat: 
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uncertainty. This is reasonable, since the variation in 
linewidth never exceeded ten or fifteen percent. 

The experimental value of 7, in the normal state 
between 1.1 and 4.2°K yields a value for 7,7 of 0.4 
sec-°K, which is in agreement with independent pulse 
measurements. This is expected to be somewhat larger 
than the value (7,7 ~0.2) which is estimated by mean 
of Korringa’s formula, since the latter must rely on 
measurements in the liquid metal, which possesses 
different electronic structure.” Although the errors it 
the separate determinations of Rs and Ry may be 
appreciable, they are largely eliminated in the ratio 
Rs/Rn, which we believe to be as reliable as is indicated 
in Fig. 7 


Conclusions Concerning Rs/ Rx 


We find that the quantity ®s/®Ryw for gallium reaches 
a peak value of 1.8 at 7/7T.+0.95. This is consistent 
with the results obtained by others for aluminum, and 
we may interpret the effect in terms of an energy gap 
in the excitation spectrum of the superconductor. The 
observed peak justifies our expectation that the quad 
rupole interaction does not dominate the relaxation 
process. 

The curve of Rs/Ry vs temperature corresponds to 
a value of 10 for the energy level breadth parameter 
r=ey/A. Here A may be associated with electron scat- 
tering processes,® in which case the peak value of Rs/Ry 
should depend on the purity and size of the sample 
particles. Alternatively one may relate A and the 
anisotropy of the energy gap, but the present data are 
not sufficient to distinguish between these interpre 
tations. We might argue, for example, that an isotropic 
energy gap requires that the electronic specific heat be 
a simple exponential function of temperature, and 
conversely that deviations from a simple exponential 
form constitute evidence for an anisotropic gap. On 
this basis, gallium, whose crystalline properties are 
notably anisotropic, should be expec ted to exhibit 
deviations from the simple exponential specific heat ; 
should behave more like 
The experimental facts” for 
these two metals, however, are just the reverse of what 
the foregoing argument leads us to expect, and we must 
conclude that further evidence is required before the 
role of A is to be understood fully. 


and aluminum, which is cubic, 


an isotropic material. 


Frequency Shift of the NQR in Superconductors 


The frequency of the NQR changes in the super- 
Figure 8 shows the 


values of the shift as a function of temperature 


relative 
The 


absolute change in frequency is only 620 cps, which is 


onducting transition. 
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“ N. Phillips, Phys. Rev. 114, 676 
} We are indebted to Dr. Phillips 


nary results on galliur 


see also reference 39 
and V. Heine, Ann. Phys. 8, 173 
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8. The observed relative change of the NQR frequency 
of Ga®, plotted vs the reduced temperature. 


approximately one tenth of the linewidth. In spite of 
its smallness, we believe that the change in frequency 
is a real effect in the superconductor which does not 
arise from a change in line shape. It is true that, if the 
field gradients near the surface of the metal spheres 
were for example higher than in the interior portions, 
a positive shift would result. However, this would also 
require a change in the line symmetry. It is easy to 
show that the observed asymmetry of the line is too 
small to account for the frequency shift, viz.: An 
apparent frequency change of this kind will be approxi- 
mately Af=4w(pt—p-)/(pt+p-), 
linewidth between derivative peaks 


where w is the 
, whose amplitudes 
are p* and p-. In this experiment, the 4f resulting from 
the observed pt and p 


tenth 


iti 


turns out to be less than one 
of the observed frequency shift. Furthermore, 
the temperature dependence of the shift is different 
from that of the linewidth; the two effects are believed 
not to be related. 

One might seek an explanation of the NOR frequency 
shift in terms of the volume change at the supercon- 
ducting transition. But although the volume change 
has not been measured for gallium, it may be expected 
similar to other metals that have been investi- 
gated,®:* for which the change is too small and further- 
more in the wrong direction to account for the present 
result. The evidence for this point is clearer for the 
case of indium,**** for which we obtain a frequency 
shift of approximately —0.6% at a reduced temperature 
of 0.8. This is one hundred times larger than the corre- 
sponding effect in gallium. It is furthermore in the 
opposite direction. The known volume change of indium 


to be 


in the transition is four orders of magnitude too small 
to account for the frequency shift. The frequency shift 
in indium is larger than the linewidth and is there 


fore not subject to corrections for distortion in the 


line shape 


@ J. L. Olsen and H. Rohrer, Helv. Ph Acta W, 49 

“G. D. Cody, Phys. Rev. 111, 1078 (1958 

‘ Preliminary results were obtained by Dr. R. Hewitt 
P. Slichter and W. W. Simmons (private communication ), 
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The evidence is quite convincing that the NOR 
frequency shift is a direct consequence of a modification 
of the electric field gradient produc ed by the conduction 
electrons in the conduction elec- 
trons, because of the distributed 
differently in k space in the superconductor, and this 
can produce a change in the quadrupole interaction. 
The fact that the hifts in 


indium are of can be 


supe re onduc tor. | he 


energy gap, are 


frequency gallium and 


opposite sign reconciled if one 
a metal 
which the 


duction electrons may either add or subtract from the 


realizes that the total field gradient in may 


arise alternatively from situations in con- 


crystalline contributions. Further experimental and 


theoretical work is in progress 
ACKNOWLEDGMENTS 


We wish to acknowledge the contributions of Dr 
R. R. Hewitt and Dr. L. R. Sarles during the pre 
liminary stages of the work. Dr. M. Pomerantz sug- 
gested the use of the chopper calibrator and provided 

y stimulating conversations. Mr. A. B. Cecil 
kindly assisted with the necessary computing. The 
advice of Dr. John Thomas, of the California Research 
Corporation, was helpful to us in preparing and stabi- 


many 


lizing the sample 


APPENDIX A: UNSATURATED SIGNAL 
IN A SUPERCONDUCTOR 
signal (no saturation) in the 


signal 


The ratio of the 
conductor to the 


super- 
in the normal state is 


sald 
R=(§ar3(H,*)? nf f H 2rdr sinédé, 


H,% is the 


radius ro the solution to London’s equation gives*® 


applied rf magnetic field. For a sphere of 


Hy?) (H,* 1 cos*@+ B sin’, 


where 
| Oy 


B= (9x 


sinh*x h*x/x*) (1/x—cothx)?, 


sinh? x‘)}(1/x—cothy+ x)’, 
XY r 7, and 


Integration over 


R x f 


‘ D Shoenberg 


New York 1952 


lar dependence results in 


1+2B x “dy 


AND W 


One may then express A and B in terms 
expansion of sinh2x and cosh2x. The 
integration is then After 
desired expression i 


series 
i-by-term 
considerable rear- 


f the 
tern 
trivial 
ranging, the 


Oy a 
R > 


sinh*xo » 


This is simply the a us qua f for 
external field in a superconductor, assuming 
London’s equations are valid; i.e., H 
where Ho is the external app 

R(xo) is plotted in Fig. 2 


unit 
that 
aw/ He, 


APPENDIX B: SATURATED SIGNAL IN 
A SUPERCONDUCTOR 


We wish to calculate the ratio of the signal in the 
superconductor with saturation to the signal in the 
normal state with no saturation 


r z 
R, | $ar ‘ 


HH, 


where ¢ 2y"T 2 Vv), 
ay) (a 
as in Appendix A. Integratio 


R, 2by f 


This was inte grate d 


values of X0 and 10 values of 6. TI ‘ ults 


divided by R (see App lix . which i jual 


were 
to R, 

eter, Z,, for the 
f Z, for one value of 


for b 
case of a superconductor 


xo Is sk 
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The problem of the frictional stress suffered by moving dis 


This is d« 


gated 


Since common glide dislocations in metals with close packe 


frictional stresses 


discovered 


ye without calculating the core energies 
strains on the slip plane. The level of frictional stresses obtaine: 


mechanisms are discussed which tend to reduce 
It is based on the idea that the positions of dislocat 
only within one to a few times the average displacement ol the 


locations in otherwise perfect crystals is investi 


# dislocations, but by considering stresses and 


is much higher than reported previously 
d structures apparently do not sufler signihcant 
their effect. A new 


1On axes are not 


such mechanism is 
efined with precision, but 


scillating atoms. The expected result of this 


is a depression of the frictional stress for close packed metals even at very low temperatures, almost no effect 


on dislocations in crystals with diamond structures, an 


e const?’ Tw for NaCl type salts and, probal 


1. INTRODUCTION 


HE question as to the magnitude of the frictional 

force with which an otherwise ideal crysial 
resists the motion of a dislocation has already been 
treated in several papers.'-* Most of these are based 
on a paper by Peierls,' and its clarification and develop- 
ment by Nabarro.2 They approached the problem as 
follows: Imagine that an otherwise ideal crystal, con 
taining one straight dislocation, is split along its slip 
plane, but that the original stresses and strains are 
maintained in the two resulting crystal halves by ap 
plying suitable tangential forces to the cut. These are 
the same forces with which the two atomic planes, 
which were facing each other across the slip plane 
before the cut was made, have interacted due to their 
misalignment. It is now assumed that the two crystal 
halves with the applied surface forces behave according 
to simple elastic theory. Obviously, the internal stresses 
tend to spread out the strain, i.e., tend to spread out 
the dislocation, while the tangential surface forces tend 
to contract the region of serious misalignment, i.e., 
tend to contract the dislocation. Equilibrium is reached 
when the tangential forces just balance the elastic 
stresses in the two crystal halves. 

Depending on the exact law which is assumed to 
connect the forces of interaction with the relative misfit 
between the two crystal planes, different solutions may 
be found, for the equilibrium distribution of the dis 
placements as well as the tangential forces. 

As a next step, it is assumed that every atomic row 
parallel to the dislocation axis in one crystal half 


interacts only with the corresponding atomic row in 
E. Peierls, Proc. Phys. Sox 
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Taylor and Francis, Ltd., Lor 
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1952); 132, 107 (1952 
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‘ 


/ 


mperature dependence proportional to 


ily, for bec metals 


the other crystal half, which is facing it across the slip 
plane; and that the forces of interaction act only 
through these atomic rows, and with the magnitude 
which is appropriate to their exact position. The energy 
ol of every pair ol rows can then be 
expressed as a function of the distance between the 
dislocation axis and the pair. This energy is a function 
of the exact position of the dislocation axis with respect 


to the « rystal lattice 


mustit 


atomk 


Summing over the misfit energies 


the pairs ol atom 


} 


of all ic rows from minus infinity to 
plus infinity renders an expression for the total energy 
of misfit. This, again, depends on the exact position 
of dislocation 


force, 


the axis 


The corresponding periodic 


c 
o 


on the dislocation because of the atomistic 
of the crystal, and commonly called the 
Peierls-Nabarro force,” is found through 


differentiation. 


actin 
Structure 


then 


The result of the calculation and its various refine- 


ments has been that tp max, the maximum value of 
, which has the character of a frictional stress 
on any moving dislocation, is about 10~‘y and smaller, 


where uw is the modulus of rigidity 


this force 


Moreover Tp max 
was found to depend exponentially both on the “width” 
of the dislocation and on Poisson’s ratio, v, becoming 
the smaller the wider the dislocation and the smaller 
Poisson’s ratio. Only Huntington,’ although finding 
the same type of function for the 
arrives at much higher 

1.7 10-°y and 3.2 10~*y. 


frictional stress, 


numerical values, namely 


2. CRITICISM OF PREVIOUS THEORIES 
and its various 
of mathematical 
competence, but while the elegant treatments of this 
difficult 


realistic 


The Peierls-Nabarro calculation 


refinements require a high level 
problem must be greatly admired, one should 
ally concede that the numerical answers gained 
are unreliable. Two considerations make this amply 
clear: 

i) The physical reason why lattice friction exists at 
is the 
fact that the dislocation core energy is bound to vary 


and which has been recognized all along 


? 


4 





ANN 


is required for the sustal movement of the dis 
location. For a typical metal with p=b=2.8 A and 
u=5X10 yl m? w AU .=1.2X10-* erg/cm 
~2x 10-4 ev i | if ry 


1 hi is an unbe 





is chosen as 10~‘y. 
1 representing only 
two to four hundredths percen typical core energies. 
Surely, core energy calculations with their unavoidable 
approximations and simplifications do not by far reach 
this accuracy, let alone that corresponding to the still 
much lower estimates o D which n a} be found 
in the literature 
Fic. 1. Atomic (ii) Nabarro® states tha n account of the approxi 
(100), (100) edge mate method of calc i] ion mployed, the two sym- 
dislocation moves metrical configurations 
through Loe, ubic have the same energy 
an a "9 This remark implunes he argument under (i rhe 
conclusion is inescapable that the first-order effect in 
the periodi: change of ore energy has been lost 


( ompletely 


3. LATTICE FRICTIONAL STRESS CALCULATED 
FROM AN APPROXIMATE METHOD 


For the above reasons a new ip] ich to the problem 
of lattice friction seemed to be needed. One most | 


ind unsophisti« ated method is to estimate the fractic 


change in core energy Tt iS Wlil be in the nature of al 


order of magnitude calculation, bi stal structu 
and atomic or ioni operti ld be taken into 
consideration, and the numerical i ild be more 


': age 

reliable than those available so far. In 1 cases of 
with the precise position of the dislocation axis, since ° , , 
. , diamond, germanium, and s mn, fe xample, ele 
the atomistic configuration in the core changes periodi 
:; , : trical energy contributes roughly much to core 
cally. Nabarro* has illustrated this point by repre oo : ; 
‘ . . A ‘ energy as strain energy «i nd si the lormer will 
senting three different positions for an edge dislocation : “Ne 
] , . . fluctuate very much while t! itt \ stay more 
in a simple cubic lattice. His figure has been redrawn . ; 


as Fig. 1 


r 


nearly constant, we expect t Variation of core energy 
‘ to be in the order of one thir I ly, typi il fe 
Let us evaluate what is the percentage change of , Rn ; 

' Se? . metals have wide cores. Still, it would be surprising if 
core energy which corresponds to a frictional stress of . ’ ‘ 
, : their core energy fluctuated by much han 0.1% 
10-*u or less. We assume that the core energy is given ’ ; 


by By combining an ex] ion for the part of 
) - 


+AU. cos(2rs/pte la core energy per unit 
éms/p+¢), Eq one finds 

with AU’, the total fluctuation of core energy during 

one cycle, s the coordinate perpendicular to the dis where 8=AU’,./U.. According to 

location axis in the slip plane, p the distance between 10 3<8<0.5, and thus the frict 

the ‘‘Peierls-Nabarro crests” in the direction of s,and rather larger than assumed previ 

¢ an arbitrary phase angle. For a (100), {100} edge | 

dislocation in a cubic primitive lattice p is equal to 8, 4. LATTICE FRICTIONAL STRESS CALCULATED 

the Burgers vector, but in other lattices and for other BY A MORE REFINED METHOD 

dislocations p may very well be smaller than 6. The 


ae i a ; , A second, more refined but st 
frictional stress acting on the dislocation then becomes , 


lation gives similarly high \ 
acting on a moving dis 
Nabarro method to sor 
entirely the calculation 
Consider unit length 


Vy, 4 minimum resolved shear stress of dislocation, the 


Consequent] 


r bpjAl : * See reference 





Fic. 2. Peierls’ and Nabarro’s 
olution for ry, the resolved shear 


stress acting on the slip plane duc 


to the presence of a (100), {100} 
edge dislocation in a cubic prir 
Eq 6) 


Poisso! 
“en taken as w=0 3 


with the z axis and the plane y=0, respectively. Let 
tm(x) be the shear stress which is set up due to the 
misfit between the two planes bordering the slip plane 
For x>>b this must be equal to ry(x>>b)=7,,=A/2, 
where A for an edge dislocation is given by A,=yb 
2x(1—¥v) and for a screw dislocation by A, 
which is the shear stress set up by a dislocation on its 
own slip plane as it is calculated from elasticity theory 
The detailed behavior of the function r(x) for a 
comparable to or smaller than 6 is unknown, but it 
must vanish for x=0, it must be antisymmetrical in a 
, and the function must have 


pb 2r, 


so that Ty Tai 4 
just one extremum on either side of the z axis. These 
deductions are qualitatively obvious, and are in full 
agreement with the particular solution derived by 
Nabarro’ for an edge dislocation in a cubic primitive 
structure (Fig. 2). 

No lattice 


happens to be in a symmetrical position, as for instance 


force will act on the dislocation if it 


those represented in Fig. 1, because for each row of 


atoms at +4,;, experiencing the force bry(x;), there 


will be one at vj, experiencing the force brs;(—z, 


brag (x Different conditions obtain if the dis- 


location is in an arbitrary position with respect to the 
lattice. Let the jth atomic row be situated at x; and 
be subject to the displacement u(x,). If the dislocation 
moved through the infinitesimally small distance ds, 
the jth atomic row would change its displacement from 
the value «(x,;) to the displacement appropriate to its 
new relative distance from the dislocation axis, which 
is u(x,—ds), i.e., the jth row would move through the 
distance —ds(du/dx)z;. Since it is subject to the tan- 
br u(x; the 


du/dx), while the work done by all 


gential force work done 


thereby is 
w;=- dsbru x; 
the rows of atoms equals the work done on the dis 








location, so that 


+2 


} & dsbry(a 


the sum to be taken over all rows of atoms in both 
crystal halves. 

Equation (3) re presents the same re lationship whi h 
was used by Nabarro in connection with barrier prob 
lems as Eq. (24) in part III of reference 3. Equation 
(3) is exact, but in order to evaluate it, several approxi 
and Qur first 


assumption is that the work done by all atomic rows 


mations assumptions are introduced 
in the upper half will be closely similar to that done in 
the lower half, so that the sum may be multiplied by 
2 and then taken over just one crystal half. It is further 
assumed that 
when the dislocation is midway between the two sym 
metrical positions (see Fig. 1), and that 
primitive lattice the atoms then are at or close to - 

76/4, ~3b/4, +6/4, +56/4, +96/4 
and if the terms are rearranged as +6/4, —3b/4, +-5b/4, 

76/4, the sum consists of terms of alternating 
ign and with, in average, 


the lattice force has its highest value 


in a cubi 


. In that case, 


Ss 


the greatest possible differ- 
ences in magnitude from term to term. Hence, 


tn 4n+1 du 
TD maxa=2 } ¥ TM b ( . (4) 
dx 7 , 


n x 


If the terms are taken in the order indicated above, 
the sum in Eq. (4) is bound to converge rapidly since, 
for x2 5b, du/dx must already be close to zero, and 
tu (x2 5b)=A/x as stated above. That the sum should 
converge so very rapidly is entirely logical from a 
physical standpoint, since the frictional force is due 
to the periodic changes in the core energy and, hence, 
is determined by the behavior of the atomic rows which 
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constitute the core. Also it must be expected that, 
within very large limits, lattice friction does not depend 
on the size of the specimen 

Fortunately it is possible to estimate the value of 
the sum without making any detailed assumptions 
about the functions ry and du/dx. Because the terms 
of the sum Vary very rapidly, because only the first 
few terms determine the value of the sum, and because 
the terms have alternating signs, it is obvious that the 
value of the sum cannot be too different in magnitude 
from one half its largest term. This, in turn, is esti- 
mated as A Toy t 1b r since, on the one hand, the shear 
stress in the core must reach its highest possible value 
for an undisturbed crystal,—which is Terie, and since 
outside olr the radius of the core, the displacement 
is close to b/4, while the factor } is introduced to take 
the fact that dz 1) as its largest value at 


account ol I 


the axis, where Tw Val 


= (b/ B90) Tori 


5. APPLICATIONS OF THE METHOD TO THE 
PEIERLS-NABARRO DISLOCATION AND 
TO DISLOCATIONS IN CLOSE 
PACKED LATTICES 
In order to test this latter result, Eq. (4) was evaluated 
numerically for the particular functions pyr and upy 
derived by Peierls and Nabarro for the edge dislocation 


in a simple cubic lattice. These are, for b=a, 


2tan'y 


where y 


The functions (6), 


tion LT™M du/dx) PN a 
Summing, as indicated before, in t 


14 > 49 
as expected, 
renders 


0.143(1 
and, with Eq. (2b), 


The value of p» 
gained from Eq. 


if ro is defined more preci 


and simple definit 


1 


depending on whett 


is being considered 
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PRIC TIONAL STRESS 
PNT (1—v)=1.46, and 
[ (1—v)/8 ]pwterit=0.125(1—v) prerit. Thus, 
within 12.5% exists between the two 
a result which greatly strengthens our con- 
n the accuracy of Eq. (5), and leads us to 
believe that it probably is reliable within a factor of 2 
Therefore we shall study it a little further and 
it into 


this be a, with v=0.3, 
PNTD max= 
agreement 
inswer;rs, 


fidence 1 


or so 
rewrite 
l-—y x(1—v) 
iTD max Terit A 


bu 47° 


for an edge dislo« ation, respet tively, 


T 


- — 5 
e'’D max= (Sb) 


for a screw. Here g has been introduced as the ratio 


T crit: 
Since, for typical glide dislocations in fec and hep 
metals, g=30,'° and with v=0.3, we obtain from Eqs. 
5a and b) frictional stresses of about 6*10~*u and 
9X 10~4u, acting on moving edge and screw dislocations 
in the close packed lattices; corresponding, according 
to Eq. (2b), to 80.2% if we assume b= p. Note that 
the frictional stress obtained for a screw dislocation is 
higher than that for an edge dislocation. This is due 
to the fact that the stresses around a screw dislocation 
are somewhat lower than those for an edge dislocation, 
leading to a smaller ro. 

At this point the question arises which feature in 

Peierls-Nabarro calculation caused the great error 

in the final result for 7p max- Huntington,® who has 
considered the various assumptions, explicit or implicit, 
contained in the Peierls-Nabarro calculation, concludes 
that the model of Peierls and Nabarro has a “peculiar 
symmetry.”” Namely, comparing the atomic positions 
above and below the slip plane, “One configuration can 
be obtained from the other by reflection in the slip 
plane and reversal of the signs of all displacements”’ 
and further, “The model does not distinguish between 
the directions of «in determining p., (our ra) 
When disturbing this symmetry, Huntington did hate € “dl 
for pxtp 
value derived above 

While 


stress on a 


ax Of 0.017y, quite similar to the 


getav alue 
} 


that the frictional 
a mathematically 
crystal lattice has been greatly underestimated 
in previous papers, even these 


has been shown above 
dislocation moving in 
precise 
much too small values 
for TD max of the 
fact that, at least in certain crystals, dislocations move 
at stress levels of 10-54 or 10 

Various reasons were given why the frictional stress 
might been overestimated or why a dislocation 
would move at stresses below rp max- Foreman, Jaswon, 
and Wood,’ for example, showed that the dislocation 


have seemed to be too high, in view 


have 


ra. eG 


arendon 


Plastic Flow 


yttrell, Dislocations and 
Press, Oxford, 1953), p. 10 
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width in actual crystals should mostly be larger than 
that derived from the Nabarro calculation. 
This conclusion doubtlessly is correct, but it would 
hardly affect our result very greatly since rp max iS 
only inversely proportional to the diameter of the 
core. Dietze the effect of 
the changes resulting in 
the calculations if it is recognized that the forces of 
misfit are not actually transmitted through point atoms. 


Peierls 


dislocation has discussed 


temperature motion, and 


Again, although such considerations have a strong effect 
framework of the Peierls 
they do not affect our result materially. 

On the other hand, 


in the Nabarro calculation, 


SeV eral effex 1s whi h may reduc 4 
lattice friction seem just as important now as previously. 
For example, Shockley" has pointed out that a dis 
location would not normally lie in a ‘‘Peierls-Nabarro 
trough,” and that parts which move first could pull the 
rest of the dislocation along. Also the geometry of 
actual crystal lattices can greatly modify the level of 
the frictional stress; and thermal activation helps 
dislocations to overcome the ‘“Peierls-Nabarro hills.” 
Whether the latter effects listed, however important 
they may be from case to case, hold the complete answer 
is problematic, though; particularly now that we find 
the frictional stress so much higher 


6. UNCERTAINTY IN THE POSITION OF A 
DISLOCATION AXIS DUE TO UNCOR- 
RELATED ATOMIC OSCILLATIONS 


Contemplating this problem, one aspect presented 
itself which seems to have been overlooked in the past, 
namely that the position of a dislocation axis is not 
defined with absolute accuracy but only within certain 
limits. Instinctively, one may fee! that limits 
should be very narrow, so very many atoms are 
involved and since their positions in turn are rather 
well defined 


these 
since 
However, a simple calculation shows that 
this is not necessarily so 

As the result cannot 
between the 


depend much on the angle 


dislocation axis and the Burgers vector 
The displace- 


the crystal atoms due to the presence of a 


let us consider a screw dislocation first 
ments of 
axis of a Cartesian 
2r)6, where 6 
ween the radius vector and an 
arbitrary direction in the x-y plane. If the position of 
atom known with point accuracy u, 
and observations on only 


screw dislocation parallel to the z 
coordinate given as &, b 


angle included bet 


system are 
is the 


any given was 


would be known exactly, 


two atoms would be sufficient to determine the exact 


position of the dislocation axis. In reality the atoms 


vibrate with a root mean square displacement au, and 
measurements 


carried out by an observer positioned 


on, say, the jth atom in the crystal could determine 


the coordinates of the dislocation axis only to an ex- 
'W. She 
F. R 


Socret % London 


quoted by N. F. Mott 
Strength of Solids Physical 


xkley, oral inication 
N. Nabarro, Report on 
1948), p. 1 


commit 
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, 


pected accuracy of A 
distance between the 7th atom and the dislocation axis 


2er,/b)i, 


We assume that the dislocation is sufficiently flexible 
so that only the atoms in a plane perpendicular to the 
dislocation axis will determine the position of the 
dislocation axis in that plane. This is a quite reasonable 
assumption for small axis displacements and, moreover, 
the final result will h irdly be affected even if the atoms 
in the neighboring planes should exert some influence. 
We may then conclude that all atoms in a ring of width 
dr; define the position of the dislocation core with an 
expect d accura y ol 


2nrju 2rT 5a 


b(2arjdr,/« dr 


(where a is the area per atom in the plane considered), 
because the n-fold repetition of a measurement dimin 
ishes the exper ted error by the factor 1 \ n 

From the theory of errors” the average error M of a 
result gained from several series of measurements, each 
with its individual average error m,, to be 
VM = {>"; (1/m,;*)}~*. Hence, the root-mean-square de 
viation with which the position of the dislocation axis 


is know n 


may be determined by observing all atoms outside of 


the dislocation core is given by 
1 


{ 
Is 
re 


In(R/r 


With reasonable val 
Hence, from the disp 
of the core, the position of a dislox ation axis cannot be 
the 
vibrations, even if observations 
were continued for any desired length of time 
Important though 


ies for ro, Rand a/# this is 6 > ld 


icements of all atoms outside 


determined with an curacy better than about 


amplitude of the atomi 


this result may be it is not the 
to our problem, since the center of 
nay still be defined with greater or lesser 
depending on the atomic arrange 


comple te answer 
the core 


accuracy than 6,4” 


ment in the core 


lhis second part of the problem is 
treated more easily for an edge dislocation 


We refer back to the beginning of the paper where 
it was stated tl it the width of a dislocation is deter- 


mined by the balance between the forces of misfit and 
the elastic stresses in the two crvstal halves. Also we 
remember that the | 


ghest shear stress which can be 
supported by any given crystal plane in the absence 
of dislocations is Teri: 1/ro. From this it 
reasonable model to consider a cross section of the core 


seems a 


ot a positive edge dislocation as represented by two 


rows of uniformly spaced atoms, facing each other 


if ’, denotes the 


SDOR 


across the slip plane. The spa 


ipper row will 
: 
be a,=[ 27 


(n+-4) ] and that in the lower half a, =[2r 
with n=2r/p and ro=yb 
parameter p stands for 
dicular to the dislocation 
equal to the 

hills” crystal 


Due to the uncorrelated vibrati of the 


n—}4) |, v)Terit. The 


the period of the lattice perpen 
Ss presumed to be 

Peierls-Nabarro 
in the direction norma] 


aAdlS 

itoms, tl 
position of either of the tw ws of atoms will 
uncertain within 6r-—-4 
of the two rows by + 25p/Vv2 
it. 


\ relative displ icement two rows of 


the if As 1] ] Ax of 


; { 
aXls, and, 


atoms causes the 


dislocation 


may be taken as 
the position of the 
pn 
n pr 


From 4, 
—" 


dy } 


for a screw dislocation 
for 1. 
This then is the di ffusene 


inged 


i dislocation, 


; 
Is Ol 


and is quite distinct from thern vation which may 


shift the axis of a dislocatior 1 Col suence of their 
vibrations, the atoms in a crvst ntaining a disloca 
} 


tion deviate from the pattern which 


would constitute a disl physically the 
1; 


position of the 


} 
tint 
qaisiocatiol 


ined precisely 
This 


ee , 
O4 1S a measure ol inty 


uncertainty is very simi 
Heisenberg’s uncertainty rel 
to state the position of 
than within this lin 
Equation (13b) prob 
one thing u, the root mean s 
be « onsiderably larger for the 
dislocation « re tf I 
crystal. Also, it is 1 
of atoms to shi 
as measured f 


the core, the region on wl Ir il I is focused 
Hence n in Eq 

than the value 2 

Io some extent 

fact that (a;—a, 

the average over tl 

Eq. (13b). We shall 

certainties. by multi 


However we should 





is uncertain by at least a factor 2, particularly as 1 
itself is not well known, nor even well defined. 


7. ESTIMATE OF THE AVERAGE DISPLACEMENTS 
OF OSCILLATING CRYSTAL ATOMS 


For low temperatures the value of # may be estimated 


Consider all the atoms in a crystal as un 
mr Kx so tha 
where m is 


aS follows 
oscillators for which 
1 sin[ (A/m)'t+-p] with A 
the atomic mass and » the vibrational frequency of the 
For O°K, the 
energy £ 
Debye temperature, =6.6X10~*" erg cm is Planck’s 
and k=1.4X107'* 
constant. Thus, Ao, the magnitude of the vibrational 


correlated 
dir*my’, 
k=2rvmA*, becomes 


itoms energy, 


the zero-point hvy=kOp, where @p is the 


constant, erg/°K is Boltzmann’s 


implitude at absolute zero, becomes 


hx 2mkép . I4a) 
his, %, the root-mean-square displacement of the 


atoms at O°K, is connec ted as Uy 19 v2, so that 


u h/ 2x) (mkOp)~*. 14b) 
For temperatures 7 higher than @p the Einstein model 


would yield 


= (h/2x){ mkOe(e%#'T—1)}-4, 14k 
6, the Einstein temperature, related to @p as 


D For 7 


>Or this becomes 


l4d 


23) (mk; T/6n)*=4tio( 1 Op 


8. FRICTIONAL STRESS ON A DISLOCATION WHEN 
TAKING INTO ACCOUNT THE UNCERTAINTY 
IN THE AXIS POSITION 


In the previous section it was shown that a dis 
location axis is diffuse with a root mean square de 
viation of 64. Assuming a Gaussian distribution, we 


therefore find the energy of a dislocation core as 


Following Eq. (1a), we assume U’, to vary sinusoidally 


respect to x, the coordinate fixed with respect to 
ice, as well as s, the position of the dislocation 


we introduce 


Ib) 


2x 2x 


U.=U +44U. cos(- S-+-—x+ Go }. Ic 
r ¢6F 


Mott and H. Jones, The Theory of the Properties 


sN. | 
l Dover Publications, Inc., New York, 1936 


and Alloys 


MOY I 
Ihe lattice force on the dislocation then becomes 


AU jd ‘hd 
‘ | exp - v/b4 
Ilr 15 bl ds « 


‘ 
(15a) 


where o(s)= (2 piste 
remind the reader that the diffuseness of the dislocation 


to thermal motion is taken into account 


_ and the suffix 7’ is meant to 
aXIs due 
Equation (15a) can be solved by substituting 

i ) 4 


COSs¢ (5S 


2x/p)x | 


2x/p)x+ ¢(s) cos| (2x p)a 


LCOS 
it 


sin| sing(s). 


second of the resulting two integrals vanishes 
sin(2r/p)x is 


I he 
because the function 
symmetrical in x, while the value of the first integral 


exp v/b4) 


is given in the appropriate tables as 


£ 


f exp[ ‘ cos Bx 
a 


x 


Finally, from Eq. (2a), we have AU,/b 
and thus, Eq. (15a) becomes 


TTD max, the smallest stress required for the continued 


motion of a dislocation, taking into account the un 


correlated vibrations of the atoms, then is given by 


TTD ma TD ax Exp TO 4/ p)* | “e (17) 


if 54 is expressed according to Eqs. (13c) and (11), and 


a critical radius Ro is defined as 


(17a) 


R \= (p/4rti)*p 
core radii larger than Ro, 77p max iS Substantially 
the frictional stress calculated for 


mathematically defined crystal 


For 
smaller than rp max, 
a dislocation in a 
lattice, while for ro smaller than Ro it is rrp , 

We thus find a new type of temperature dependence 
due to thermal 


ax—=TD max- 
for the frictional stress, 
activation. Thermal activation is caused by the cor 
related thermal motion of the atoms, while the present 
effect is due to the “uncertainty relationship” which is 
uncorrelated atomic 


which is no 


found for dislocations due to the 
vibritions. 

In order to gain some numerical result, let us take 
p=6b=2.8 A and &=0.1 A, a value probably appro- 
priate for typical crystals at absolute zero temperature. 
Then Ro—=5b. Actual! dislocation core radii for almost 
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all substances and slip planes, with the exception of 
the common glide dislocations on the close packed 
planes in fcc and hep structures, are smaller than this 
limiting value, since, according to Eq. (11), it corre- 
sponds to a critical stress amounting to only 4 or 5% 
of the modulus of rigidity. It would seem, then, that 
{111} in fee crystals and 
{0001} in hep crystals lattice friction becomes very 


lor glide dislocations on 


small, even at the lowest temperatures 

Another numerical example may be linked to the 
measurements made of @ for the cases of NaCl, KCl, 
and NaF.’ At temperature # was found 
uniformly at about 6/18, and a measurement made for 
KCl at 86°K rendered #<b/30. We again assume that 
p=b and find (R Ro)ae°xk——5.56. With 
1/b=p/S5rerit [see Eq. (11) ] this means that a marked 


room 


r.t.-<2b, and 


temperature dependence due to the cause under dis- 
cussion is expected already at 86°K if, for the relevant 
u/25. If, on the 
~yu/10, a much more likely value," 
effect would become marked at 


slip planes in these substances, TeritS 
other hand, Terit 
then the temperature 
and above room temp¢ rature 

Finally, for diamond, germanium, and silicon, fro, 
the core radius, is probably only about equal to the 
Burgers vector, corresponding to a large critical stress, 
and the present temperature effect in these materials 
can be expected to operate at very high temperatures 
only, if at all below their melting point. 

In order to express the exponent (#54/p)? in 
of more obvious parameters we introduce b/p=g>1, 


terms 


14d) for #, and make use of Lindemann’s 
that @p=C(Ty/AV!)*. In latter 
equation 7'y represents the melting temperature, A 
the atomic volume, and C a 
constant which is equal to 115 when cgs units are used." 


apply Eq 
relationship this 


weight, V the atomic 
After rearranging the terms and expressing Tp max and 


ry according to Eqs. (Sa) and (11), we obtain, for an 


edge dislocation, 


ug? T 
(18) 


~V) Terit Tu 


factors (1—vr) 
x as well as in the 


the 


missing in the expression for rp 


while for a screw dislocation are 


exponent. 
The factor in the exponent varies somewhat with the 
crystal structure. It is given by 


a 
18a 
bw! 


with g=b/p, a the lattice constant, and w the number 

“1. Waller and R. W. Jar 
214 (1927 

'R. W. James and E. M. Firth, Proc. Roy. Sox 
117, 62 (1927) 

1®R. W. James and G. W. Brindley, Proc. Roy. Soc 
121, 155 (1928 

7 J. J. Schonka, Phys 


es ro OV. Sax London) 117, 
London 
London 
43, 947 


Rev 1933 
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of atoms per unit cell. All the other symbols have the 
same meaning as before, namely 
V Avogadro’s 
C=Lindemann’s constant, and )= Burgers vector. f is 


Planck’s constant, 


number, k ) nanns constant, 


a dimensionless constant. For common crystal struc- 


tures and lattice constants, f | value close to 


910-2, but at best it is expected to be reliable only 
\loreover. since I q l4d 
fulfilled approximately for 


lads a4 


within the factor 2 or 3 
(18) will be 
T= 20p but not for lower temperatures 


Was 


used, Eq. 


At the present moment it 
the exponential factor in Eq 
frictional 
metals. 
reliable determination 
Furthermore, Teri, ™ 
parameter g=6/p, whic! 
be different even for different dislocations on t 
slip plane. 

Actually, Eq. (18 
the level the frictional stress than 
14d 1S only 

} 


roduced to show the 


is doubtful how strongly 
18) will influence the 


stress acting on glide ions in. bee 


dislocat 


First, it will be ne make a more 


ess iry to 
of the ritical parameter /f. 
ust be evaluate as well as the 
already, may 


ne same 


ted for n iking numerical 
estimates about 
Eq. 


approximate. It was, howeve 


(17), mainly because very 


expected dependence of 
ters. Since the crystal 


various parame 
probably determines 
irrow limits, Eq. (18 
T/T 4 when 


and crystal 


the value of u/ Teri, Within 
that TTD 
comparing substances of the type 
structure, as for example the met 
understand, then, why sodium and 
very soft at room temperature, wherea is of 
intermediate hardness, and tungste1 


shows x / lb depent 


molybdenum and 


other high-melting bcc metal 


strong up to 


several hundred degrees cent 


9. SUMMARY AND CONCLUSIONS 


The contents and conclusion: he preceding in- 
vestigation may be summed uy ten points 
(i) Most previous calculations of the frictional stress 


] 


acting on 


moving dislocations in otherwise perfect 


he re energy ol 


crystals are unreliable Ir 


dislocations has been lated approximate 


methods and the frictional stress was gained through 
the differentiation of expressions for the 
The energy fluctuations which 

typical frictional stresses derived in t! 


core energies 
core correspond to 
e past are in the 
order of one in two thousand 
It is clear that the accuracy of the approximate 


lations of core energy 1 tl I 


to one in millions and less 


could 10 possibly nave 


the levels claimed for them implicitly 


(ii) By circumventing evaluations of the core energy, 
and instead considering the stresses and strains in the 
two atomic planes bordering the slip plane from either 
side, a general expression is obtained for the force 
acting on a dislocation in an arbitrary position 
(iii) Two fairly obvious assumptions are 


transform this general expression into an equation for 


made to 
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Tp max, the minimum stress which must be applied 
externally for the sustained motion of a dislocation in 
an otherwise perfect lattice. A trick is then used to 
rewrite the equation into a very simple form, which is 

D max = (0/870) Terit, With ro the radius of the dislocation 
core, and with ‘eri, the critical shear stress of the slip 
plane if no dislocations are present. 

(iv) The equation Tp max= (b/8r0)Terit is tested by 
applying it to the Peierls-Nabarro dislocation and 
comparing that result with the numerical answer 
obtained from the relationship before simplification. 
Since the two answers differ by only 12.5% it is as- 
sumed that the simplified equation is adequate. 

v) The above equation for rp max is used to deter- 
mine the magnitude of the frictional stress for common 
glide dislocations in typical close packed lattices, as 
well as the corresponding fluctuations in core energy. 
These are found as 6X10~‘u for edge dislocations, 
9 10~4u for screw dislocations, and a fractional change 
of about 0.2% in core energy. The frictional stresses 
acting on dislocations in other structures are sub- 
stantially higher. 

(vi) Knowing that dislocations in close packed 
metals, like Zn or Al, move at very much lower stress 
levels than those calculated, a reason is sought why 
the frictional stress does not necessarily operate. Several 
such reasons have been discussed in the past. Some of 
them including thermal activation, are probably most 


important in nature, while other effects are found to be 
insignificant in the framework of the calculations given. 


vii) One effect, which the author believes to be 
very important, apparently was overlooked in previous 
investigations. It may be called the “uncertainty 
relationship for dislocations.” Due to the fact that 
atoms are not mathematical points, but vibrate, their 
positions do not ideally conform to the pattern of a 
dislocation with a precisely defined axis. An uncertainty 
in the position of the dislocation axis exists which is 
similar to, or several times larger than, #@, the root 
mean square displacement of the crystal atoms. 

viii) Unfortunately, only a very few measurements 
of & are available, and no reliable simple relationships 
exist to connect it to other known parameters. However, 


the best estimates which can be made at this time 
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indicate that the uncertainty in the position of dis- 
location axes is effective to reduce the level of the 
frictional stress on common glide dislocations in crystals 
with close packed lattices, even at the lowest tempera- 
tures. They further indicate that no great reduction in 
TD max May be expected from this effect for dislocations 
in materials with a diamond structure. Salts of the 
NaCl type, and perhaps bec metals, represent inter- 
mediate cases. 

(ix) With the help of Einstein’s formula for @, on 
the one hand, and _ Lindemann’s relationship, 
6n=C(Ty/AV')', on the other, the following formula 


for the frictional stress is found: 


a(1—v) ug T 
rait exp( - f ). 
4u (1—v) Terie Te 


lthough the numerical value of f is somewhat un 
certain, the type of dependence of the frictional stress 
on the critical stress, Toriz, and on 7'y, the temperature 
of melting, is interesting and seems to fit the obser- 
vations on bec metals. 

(x) From the level of the frictional stresses, it is 
possible to calculate the fluctuations of core energy. 
This should be heipful in future calculations on the 
role of thermal activation in this field of effective 
lattice friction. On the basis of the formulas developed 
it is also possible to treat the case of changes in core 
energy which are not simply sinusoidal. For this, two 
or more solutions will be superimposed on each other. 
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The thermal conductivity of germanium has been measured from 3°K to 1020°K 
longitudinal heat flow method was used. A radial flow method employing sma 
300°K to 1020°K. The advantages and special experimental techniques required in th 


discussed. From 3°K to 10°K the results are explained by a simple combination of 


cattering in which all phonon-phonon processes can be neglected. At all 


heat is carried by phonons, but at 940°K a sharp rise in the thermal conductivity ind es the p e of 


luction mechanism which may be electron-hole pairs 


INTRODUCTION experiment radial try w ised in order to 


. " 1 li i at sucn fi li Lol l ow-tem é 
HE thermal conductivity of germanium at high © nat h rac ' , : cmpera 


temperatures has been measured several times ‘UFe Par! of the ; - © mae 
by longitudinal heat flow methods. See, for example, 


McCarthy and Ballard,’ Pankove,? Ioffe? Kettel* and 


1 


Abeles.° This method has also been used extensively 


tudinal method was emp oyed 


THE RADIAL FLOW METHOD 
below room temperature by White and Woods,® Car- In the radial flow method heat is generated along the 


ruthers et al.’ and Geballe and Hull.* axis of a cylinder. It flows radially outward and under 


rhis conventional method of measuring thermal con- steady-state conditions establishes a steadv te mperature 


duc tiv ity employ sa Ste idy tate flow of heat along a gradie nt along the radius. See | g 1 f ra de S ription of 
rod-shaped sample. A heater is attached to one end of the samples. Therefore must be placed 
the rod, and the other end is in thermal contact with a along the axis of the cylinder and t1 o thermocouples be 


. . . } 7, lec le Fac t h, ‘ ‘ : ‘ f 
heat sink. Two thermocouples are also fastened to the placed at different radii he thermal conductivity is 


sides or ends of the rod at appropriate points a distance : , . 
PPro | then computed from the formula 
L apart. Under steady-state conditions the heat gener- 


ated in the heater flows down the rod and establishes a 
thermal gradient. The thermal conductivity A is then 
computed from the formula 


‘ 


eat en v inpu r unit time along the 


I 


K=QL/AAT, 1) where Q is the} 
oe . axis of the sample, r; and 1e radial positions of 
where ( is the heat energy input per unit time, A is the aay ‘ 
cross-sectional area of the sample, AT is the tempe rature the inner and outer = yu aN pectively, AT is 
difference between the thermocouples. the measured temperature differet na List ng 
Serious errors due to radiation losses can occur inthis of the sample. 
method at high temperatures, but it is satisfactory at The advantage of this met 
low tempt ratures lo compensate for these losses one of radiation loss from the heater i om tely eliminated. 
the two techniques is usually used: (A) One provides This method was first reported for solids by Callendar 


one or more radiation shields around the sample. Ideally 
these shields should fit snugly around the sample. 
Heaters must be attached to the shield so that the tem- 
perature gradient along its length exactly matches that 
of the sample. (B) An alternate method is to compute 
‘the radiation losses from an estimated emissivity of the 


sample, and combine this with the measured radiation 


loss of the heater alone. In the present high-temperature 


K. A. McCarthy and Ballard, Phys. Rev. 99, 1104 (1955 
> J. Pankove, Rev ci. Instr. 30, 495 (1959 
\. F. Ioffe, Can. J. PI 34, 1342 (1956 
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®*G. K. White ar ods, Phys. Rev. 103, 569 (1956 
J. A. Carruthers, Geballe, H. M. Rosenberg, and J. M. conductivity 
Ziman, Proc. Roy. Soc yndon) A238, 502 (1957 couples are st 
5’ T. H. Geballe and G. W. Hull, Phys. Rev. 110, 773 (1958 end caps is sh 
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THERMAL CONDUCTIVITY 
and Nicolson.’ Kingery” has demonstrated that the 
radial heat flow from a cylinder will have negligible 
error from end effects if the length-to-diameter ratio is 
12 to 1. By an actual analysis" of the 
problem of the finite cylinder it can be shown that an 
error of less than 0.5% is made if the length-to-diameter 
ratio is greater than 4 to 1. 

Normally most investigators that have used the radial 
flow method for solids have tended towards large sam- 
ples, e.g., 15 cm in diameter and 60 cm in length. This 
is not necessary. As shown here, this method can be 
used on small samples if sufficient care is exercised. As 
the sample size is made progressively smaller the 
thermocouple locations come closer together. Hence 
large heat inputs are necessary for a reasonable tem- 
perature gradient. With the thermocouples close to- 
gether it is difficult to measure the exact radial distance 
of each thermocouple from the center. Fortunately the 
precise location of the thermocouples is not as critical 
as in the longitudinal flow method, since the radial 
distances of the thermocouples appear as In(r2/r,). In 
the present experiment the uncertainty in this term is 
about +20%, and accounts for most of the error in the 
absolute value of K. 


greater than 


EXPERIMENTAL DETAILS 


For the radial flow experiments above 300°K a bar of 
(zone melted, p=30 ohm-cm at 300°K, 
n-type) polycrystalline germanium was carefully ground 
to 1.27 cm in diameter and cut to about 6.1 cm long. 
Phe averagé crystallite size was measured as 0.2 cm by 
standard metallographic techniques. The sample was 
carefully sliced in half lengthwise using a 0.0254-cm 
thick diamond cutting wheel 


very pure 


|. The flat surface of each 
half was carefully polished to remove cutting marks. 
Thus the two halves fitted together quite well upon 
assembly. In this manner there is little chance for loss 
of heat by radiation, conduction, or convection out 
through the cut. Then three square slots 0.0254 cm wide 
were cut lengthwise in one of the halves for the center 
heater, the inner thermocouple, and the outer thermo- 
couple, respectively. The heater was a single strand of 
nichrome wire, and platinum vs platinum—10% rho- 
dium was used for the thermocouples. These wires were 
then cemented in their respective slots. Figure 1 shows a 
drawing of the leads imbedded in the sample. Sauereisen 
No. 1 was used for the high-temperature 

It is a sodium silicate base cement. By careful 
use of this cement it was possible to avoid contact of the 
wires with the germanium up to the highest tempera- 
tures used. The halves were then assembled and held 
together using two aluminum oxide ceramic end caps. 
ess steel screws in these caps were used to provide 


, 
Insalute 


cement 


L. Callendar and J. T. Nicolson, British Assoc 
Encyl. Brit. 6, 890 (1910-11), 11th ed 
” W. C. Kingery, J. Am. Ceram. Soc. 37, 88 (1954 
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ROM 3°K TO: 1020°K 783 
a radial compression of the sample. The screws were 
isolated from the sample by platinum spacers resting 
on germanium. This method held the two halves very 
tightly together at all temperatures. 

In high-temperature work it is very important to 
avoid low-melting eutectic points. Unfortunately ger- 
manium will alloy with many metals at high tempera- 
ture. This temperature of alloying may be quite low. For 
example gold and germanium will alloy at 623°K. Nickel 
and germanium alloy at 1048°K. While no eutectic 
temperature for platinum and germanium has been re 
ported in the literature, it was discovered that one exists 
at about 1070°K. For the thermocouples 0.0127 cm 
platinum vs platinum — 10% rhodium wires were used. 
The thermocouple junction could not be any larger than 
the the slot in which the 
thermocouple was placed. For this reason the junction 
was gold brazed. Gold near its melting point (1336°K) 
alloys slightly with platinum, and makes an excellent 
brazed joint barely discernible from the platinum wire. 


wire because of narrow 


Silver would also make a useful brazing material but its 
melting point (1236°K) is only slightly above the melt- 
ing point of germanium (1210°K). 

The heater circuit consisted of a single wire through 
the center of the cylindrical sample, and this appeared 
to be the best arrangement. Nichrome wire, 0.0127 cm 
in diameter, was chosen for the heater wire. This gave a 
heater resistance of about 1 ohm per cm. The Nichrome 
was spot-welded to platinum lead wires. Since in this 
method one only needs the power input per unit length, 
it was feasible to place the potential leads at the ends 
of the sample. Since the resistivity of Nichrome does 
not vary appreciably over a maximum temperature 
difference of 20°C, the power input per unit length at 
the middle of the sample is nearly the same as the aver- 
age value over the whole length. The heater was powered 
by direct current supplied from an 18-v battery of 
wet cells. 


At room temperature the thermal conductivity of ger- 


manium is 0.60 w/cm-deg. For a reasonable tempera- 


ture difference of about 2°C approximately 6 w/cm 
must be supplied to the heater. With the power input 
and simple radiation cooling in air the sample would 
quickly increase its temperature tc about 600°K. Hence 
in order to obtain room temperature measurements a 
good heat sink of low thermal impedance is required. It 
was found that a water cooled bath of silicone oil (G. E. 
No. SF8140) met this requirement. The oil bath was 
constantly stirred to keep its temperature uniform, This 
bath was used for measurements up to 523°K. For ther- 
mal conductivity measurements from 573°K to 1020°K 
the sample was placed in air inside an aluminum oxide 
tube in a resistance-heated furnace. Even at 1020°K the 
oxidation of the germanium sample was negligible. The 
heater power of the furnace and the power delivered to 
the heater wire in the sample were varied such that a 
temperature difference of about 2°C was maintained 
between the inner and outer thermocouples in the sam- 
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THERMAL CONDUCTIVITY 
conductivity of 0.60 watts/cm deg at 300°K. The tem- 
perature dependence of the results in Fig. 4 is exactly 
that which was measured. The present results lie be- 
of Ioffe and Abeles at 300°K, and lower 
ther above 700°K. It is believed that the present 
data are more nearly characteristic of germanium than 


tween those 


than eé) 


previous work since spurious radiation losses from either 
been eliminated. Such 
y tend to make the apparent thermal con- 
ductivity too large, particularly at high temperatures. 
The data of Kettel are rather noticeably affected by 
this trouble. 

The results show that above 300°K the thermal con- 
ductivity of germanium varies as 7~'?, and that the 
extrapolated lattice thermal conductivity at the melting 
point is 0.12 watt/cm deg. An abrupt rise in the thermal 
conductivity is observed at 940°K, and is qualitatively 

imilar to that found by the other investigators 


he heater or the sample have 


losses ONLY 


ANALYSIS OF RESULTS BELOW 300°K 


\ comprehensive study of the thermal conductivity 
of germanium below 100°K has been published by 
Callaway,'® and will not be repeated here. His main 
conclusion was that the thermal conductivity below 
100°K of germanium with its natural isotopes is de- 
termined by phonon-phonon scattering, point impurity 
i.€., isotope) scattering, and boundary scattering. The 
effects of normal three-phonon scattering are included 
since they modify the phonon spectrum. The analysis 
of the data below 10°K can be made in a much simpler 
fashion, as Callaway points out, since both the normal 
and umklapp processes are unimportant at these low 
temperatures. Consider the following expression’? for 
the thermal conductivity in the Debye approximation : 


(3) 


4rk*T?* f T 1 (x)xte7dx 


eam 
wh (e*— 1)? 


where x= (Av/kT), I(x) is the phonon mean free path as 
a function of temperature T and phonon frequency », 
the average phonon velocity is v, the Debye temperature 
is 6, and k& and A are 


stants, respectively. The only important variables in 


3oltzmann’s and Planck’s con- 


Eq. (3) are T and /(x). If at all temperatures /(x)=L 
the sample diameter, then K is always finite and has the 
same temperature dependence as the specific heat of the 
solid. This gives an upper limit to K at room tempera- 
ture about 10° w/cm deg for ger- 


and above of 


manium when L=1 cm. Clearly this is much too high. 

The next step is to include point impurity scattering in 

the theory. It was pointed out by Peierls’ that point 

impurity scattering by itself will not lead to a finite 
‘6 J. Callaway, Phys. Rev. 113, 1046 (1959). 


7G. A. Slack, Phys. Rev. 105, 829, 832 (1957). 
48 R. Peierls, Ann. Phys. 3, 1055 (1929). 
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ROM 3°K TO 1020°K 

thermal conductivity. Most authors'*-” have resorted 
to invoking phonon-phonon scattering combined with 
the point impurity scattering in order to produce a finite 
thermal conductivity. However, since boundary scatter- 
ing alone yields a finite thermal conductivity at all 
temperatures, a combination of boundary and point 
impurity scattering will yield a finite value. Further- 
more, since phonon-phonon scattering becomes rela 
tively unimportant at temperatures below the maximum 
in the thermal conductivity curve, this simple combina- 
tion of point impurity plus boundary scattering provides 
an accurate prediction of the results at these tempera- 
tures. When impurity scattering alone is present /(x) 
is given by" 


1,= (H/2*)(6/T®), (4) 


where H = ao/220BT, ao’ is the average volume per atom, 
and BT is the isotope scattering parameter. In deriving 
Eq. (4) the following approximation® was used: 


6=hv/1.161 kao. 


This approximation is not too bad for germanium. The 
mean free path for boundary scattering is the sample 
diameter, L. The appropriate’ /(x) to substitute in 
Eq. (3) is (ly-'+ LL)“. It is convenient to introduce a 
reciprocal temperature parameter, f", the 
value of x when /,=L. In the low-temperature region, 
where 7<8, the result is 


' r‘e*d* 4rk* 
Ki) f ( jir, (5) 
o (e7—1)7(14+2'r-) rh? 


T (t) = (6/1) (B8/L)?. (6) 


which is 


Ihe dependence of K on T can now be determined. This 
gives the pure boundary scattering value at very low 
temperatures (t—> ) of 


K = 25.98 (4rk*/v*h*) LT*, (7) 


which is independent of I’. At intermediate temperatures 
the integral in Eq. (5) can be evaluated from values of 
I, previously published.'’ At very high temperatures 
(t—+0) the value of K is independent of temperature 
and finite. Its value is very nearly 


K=$(4rk*/?h*) LAD. (8) 


Here K varies as I-!, The expression for K (T) in Eq. (5) 
can be evaluated for germanium using'? 1= 3.81 105 
cm/sec, = 362°K at 0°K,” ap= 2.83 10-* cm, P=5.86 
< 10~*," and B has its theoretical value of 1/12. At high 
temperatures (<0.1, T>150°K) this gives K=45 
watt/cm deg for L=1 cm. The behavior of K vs T 


# T. Pomeranchuck, J. Phys. U.S.S.R. 6, 238 (1942). 

™P. G. Klemens, Proc. Roy. Soc. (London) A208, 108 (1951). 

"=F. Seitz, Modern Theory of Solids (McGraw-Hill Book Com 
pany, New York, 1940), p. 111 

= P. H. Keesom and N. Pearlman, Phys. Rev. 91, 1347 (1953). 
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THERMAL CONDUCTIVITY 
changes are ruled out by x-ray studies® between 20°K 
and 1110°K, heat capacity studies® between 870°K and 
1170°K, and electrical resistivity measurements* from 
770°K to 1250°K. 

The photon contribution to the heat transport de 
pends on the optical absorption coefficient as a function 
of photon wavelength, a(A), the index of refraction, n, 
the absolute temperature, 7, suitably integrated over 
the Planck distribution, E(A,7). The theory has been 
* Only when ad>>1, 
where d is an average dimension of the sample, and 
where dgrad7<T can a true photon thermal conduc 
tivity be defined. In this case the photon thermal con 


K,, is 
4an? f 1 
3 a(A) 


If a is independent of wavelength this reduces to 


K,= 16n*cT*/3a, 


carefully worked out by Genzel.? 


livity 


duc 


OE(K,T) 
K,= aX. 
oT 


(10 


where o is the Stefan-Boltzmann constant. The values 
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TABLE I. Approximate photon contribution to the 
thermal conductivity of germanium 
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boundary and isotope scattering. The predicted varia- 
tion of thermal conductivity with sample diameter was 
found. From 300°K to 1020°K a radial heat flow method 
was used which reduced the problem of heat transport 
by spurious thermal radiation to negligible values. At 
940°K an abrupt rise in the thermal conductivity was 
observed. This rise may be due to bipolar diffusion, but 
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1020°K 789 
the agreement between experiment and theory is only 
qualitative. 
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\ per ition expansion tor the ground-state energy of an 
antiferromagnetic spin system is obtained in terms of a linked 
spin-cluster expansion similar to Goldstone’s linked-Feynman 


liagram expansion for the interacting Fermion system. From the 
energy perturbation series, perturbation series for the long- and 


short-range order may be obtained. Using these perturbation 
series, the ground-state properties are calculated through seventh 
order and compared with the results obtained by other investiga 


t 


tors. In all cases, the values obtained here for the ground-state 


energy are lower than those which have been obtained by purely 
variational means. The 


results for the long-range order are 


I. INTRODUCTION 


ECENTLY Orbach! has examined the ground state 

of a linear chain of spins one-half coupled together 
with a combination of the Heisenberg and Ising anti- 
ferromagnetic interactions. He was able to obtain exact 
values for the energy and short-range order of such a 
pin system by use of an iteration procedure on an IBM 
701 computer. By such a method, he showed the varia- 


tional predictions of Kasteleijn® were in error. That is, 
} 


Orbach showed that the kink in the curve of short 
range order versus relative Ising anisotropy predicted 
by Kasteleijn was nonexistent. Kasteleijn also pre 
dicted the long-range order of such a linear spin system 
was zero until the relative amount of Ising anisotropy 
reached the value at which the kink existed in the short- 
curve; thereafter, with an increase of 
anisotropy, the long-range order was found to rise 
rapidly to perfect order as the interaction approached 
the limit of pure Ising coupling. Though Orbach was 


range order 


inable to calculate the long-range order by his exact 
did point 


ethod, he 


out the dangers of relying on 
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112, 309 (1958 


ica 18, 104 (1952 


{ 
'R. Orbach, Phys. Rev 
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vork is based on a thesis submitted to the Graduate 
in partial fulfillment of the 


different from the variational results but agree quali- 
with those obtained by spin-wave theory; however, the 
the usual objections which are voiced to spin 
rhe present work is 
incomplete in that limits on the error introduced by using only a 
finite number of terms of the perturbation series to calculate the 
physical properties are not obtained. But the author feels that the 
merit of the present work is in the method rather than the results 
since it provides a consistent framework both to settie the con 
vergence question and to treat the antiferromagnetic spin system 


radically 
tatively 
method is free of 
treatments ol 


vave antilerromagnetism 


at finite temperatures 


methods, such as Kasteleijn’s, for pre- 
order behavior of 


approximate 
dicting 
magnetic spin systems. 

For the two- and three-dimensional antiferromagneti« 


the long-range antiferro- 


spin systems, no exact treatment for any of the physical 
prope rties of the ground state exists except for the 
trivial case of the pure Ising interaction. Anderson® has 
given an approximate semiclassical spin-wave treat- 
ment which predicts an ordered ground state for two- 
and three-dimensional antiferromagnetic spin systems 
when the spins are coupled by pure nearest-neighbor 
‘ Using a hybrid spin- 
wave variational method, Kubo® has obtained nonzero 
long-range order predictions for the ground state of 
and three-dimensional when the 
spins are coupled by nearest-neighbor isotropic anti- 


isotropic exchange interactions 


one-, two-, lattices 
ferromagnetic exchange interactions. Kubo’s prediction 
of an ordered ground state for the linear chain, as he 
himself pointed out, cast unfavorable light on his 
approximation, since Anderson* had predicted disorder 
for the linear circumstances. 
However, as has beer by Orbach,! the 


chain under the same 


pointed out 


W. Anderson, Phys. Kev. 86, 694 (1952 

be precise, Andersor ground state 

axial symmetry is present 

ler of this paper it is to be understood, when we 

exchange in that an axially sym 

anisotropy is assumed. Such an anisotropy is 
1 spatial direction 


1953 


predicts ar wrdered 

an infinitesimal anisotropy of 
In the remaing 
refer to the isotropic teraction, 
infinitesima 
to make the z axis the preferre 


Kubo, Revs. Moderr } 
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inear chain with 
one in this field 
thus, the con- 
and Kubo 


present state 


question of the long-rangt order of the 


| 
or without anisotropy wered 


except for the pure ng in action 


between Anderson 
of the 


tradi tlor 


must be regarded a deficiency 


of the the ory rather giving pre ference to one over 
the other 

In contradiction to t tw nd 
work of At 
Bethe-Peier 
il method 


nd thr 


coupled by nearest-neighbor isotropic antiferromagneti 


three-dimensional 


f 


derson at Lub rshall,® by use of the 


appro iddition to a Varia 


tion zero long-range order for 


two i ona pin one half ystems 
exchange interactior Marshall’s results on long-range 
of Taketa 
and Nakamura’ who generalized Kastele ijn’s method to 
pin one-half systems. Their 
imilar to Kasteleijn’s in that they pre 


dicted zero lor g-range order for the anisotropy below a 
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an Ho which will correspond to free ‘‘particles.’” First, 
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V. PROOF OF THE LINKED-SPIN- 
CLUSTER EXPANSION 


We are now in a position to perform the reduction of 
S_ 9) to a linked-spin-cluster expansion. Before the 
reduction of the mth order term is presented, it is best 
to perform the reduction for the first few orders. In 
this way, the proof of the mth order reduction will be 
more readily understood; also, since a diagrammatic 
analysis will not be used,'* the definition of a linked 
spin cluster will be more easily presented by using ex- 
amples from the first few orders. Superscripts on Sq 
will designate the various orders of (22), e.g., S,@|0 
designates the term for n=1 in the summation of (22). 
The reduction of the first order gives 
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From the basis of the spin system as expressed by 
(15), the ground state of Hp is 


0)=TLy TeL(2R) !(25) !J 
The excited states of H/o, which are of interest in the 
reduction of S,'0), are 0 by the re- 


peated operation of factors v,*uja,*y, upon this ground 
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5 Ly2k1k2, (27) 


5iiyg and b:442 being the usual Kronecker deltas. 

To further illustrate the 
of S,|0) will be evaluated. After use of the linearity 
of the P operator, permuting some of the Bose opera- 


reduction of S,|0), a term 


tors under the P operation, and applying Wick’s 
theorem, one nonzero term of S,®|0) is 


V jg*§ Xkgt U5? Vest U joV kg ig V ks) 0), (28) 


analysis: however, the author feels that a 


diagrammatic analysis of S, is unnecessary for the purposes of this paper 
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Since the P operator is linear and the Bose operators 


may be rewritten 


+3" (ih n(n! + fa dt. 
n= | 1 ' z —» 


n “— 7 
( ) and ( ) 

r s—r 

are binomial coefficients 
By application of Wick’s theorem, 
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may be replaced by a sum of normal products which 
contains all possible contractions within the sum. This 
sum is then to act on the state |0). For a term of the 
sum to give a nonzero contribution to (33), the normal 
product cannot contain any V; or X, operators, since 

these acting on |0) would give zero by (16) and (21 
thus, each term of interest in the sum contains products 
of contractions such that all the V; and X, operators 
have been contracted and the product is multiplied by 
a normal product of U’;*+, Uj, Yat, Ye, Vj*, Xx* opera 
tors. Each of the U,;* and Y,* operators, occurring in 
the norma! product, will be able to be paired with a 
l’, or Y,- operator to form a number operator by virtue 
of the multiplying contractions. To the right of these 
number operators is essentially a product of uj; and 
vy." Operators acting on 0); thus, these operators may 
be replaced by c numbers in a manner similar to Eqs. 
(30). Hence, (33) is reduced by Wick’s theorem to a 
sum of terms; each term is a product of contractions, 
factors of the types [2R- 6;(n,m,) ct 
[2S—6.(p,91 —-: 


—6,(n,m,) | and 


—6,(p,q;) ], and a normal product of 


a 
S,/0 145 dX [rl(s—r)!(m—s)!}° 


n=l subterms 
f, A’s, g, B’s, hy C’s 


linked together linked together 


la A'%; Br 


linked together 


where the integration signs, summations, (1/1h), J’ 
—2J) factors have been considered as an integral 
part of the individual linked factors. In (34), we have 
schematically written a general subterm which con- 
tains p; factors wherein f; A’s, g: B’s, and h, C’s are 
inked together in an identical fashion, the only differ- 


and 


POM \ . * 4 \ ) — 


fi A’s, £1 B’s, hy -| f. A’s, gs B’s, hs C’s 
lin 
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can be permuted at will under the P operation, (22) 


U’;, Vy, V+, X4* operators acting on |0). For each term, 
the multiplication of the [2R—6,(n,m,)— - - - —8;(n,m,) ] 
and [2S—& (p,q: 5,(p,q,) ] factors may be ex- 
plicitly carried out, giving a sum of subterms (the 
individual terms remaining after this multiplication is 
performed will be referred to as sublerms) for each term 
originally arising from application of Wick’s theorem. 
Since the U,, Y,, V;*+, X,* all commute, the factors in 
each subterm can be rearranged at will. We choose to 
rearrange each subterm into linked factors such that 
each linked factor is linked within itself and unlinked 
with all other factors of the subterm. Some of the sub- 
terms of a given order will give identical contributions 
to (33). Two subterms will be called identical if one is 
obtained from the other by a permutation of pair in- 
dices; two subterms which do not satisfy this definition 
will be called distinct 

For ease of notation in what follows, a (Uj+¥,+V;X,) 
factor of (33) will be called an “A,” a (V,;+X,*+U,Y,) 
factor of “B,” and a (V;*+V,;X,*X,) factor a “C.”’ Each 
linked factor of a given subterm may then be thought 
of as consisting of a given number of A’s, B’s, and C’s 
linked together by contractions between pairs of their 
operators and Kronecker deltas arising by replacement 
of number operators by ¢ numbers; also present in each 
inked factor will be the U,, ¥,, V;+, Xy+ operators, 
from'the same A’s, B’s, and C’s, left after the contrac- 
tions and number operators have been considered. Thus, 


(33) may be written schematically as follows: 


Bb 3, hy ( “ 


ked together 


| | | ne 
inked together 


B’s, h,, C’ fn At, Ba BG, b, CS | 


10), (34) 
linked together 


ence being that each of the p,; linked factors contains 
different pair indices; p, factors wherein f, A’s, g2 B’s, 
and h, C’s are linked together in an identical fashion; 

pm factors wherein f,, A’s, gm B’s, and h», C’s are 
linked together in an identical fashion 


The number of identical subterms generated in the 
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mth order term having r A’s, (s—r) B’s, and (n—s) 
C’s is [considering the general subterm which has 
been schematically written in (34)] r!(s—r)!(n—s)! 
X (pi !pe!+ Pm !)~. The factor (pi!p2!+ + « Pw!) 


sary to divide out the number of permutations corre- 


. is neces- 


sponding to the interchange of all the indices of one 


S 


linked together 


From (35), it is seen that 


Sq|\0)=exp[sum of linked subterms ]|0), (36) 


which shows that S,!0) may be factored as indicated 


by (8). 


VI. GROUND-STATE ENERGY 


Che ground-state energy could be calculated by using 
(5); however, it is more convenient to use another ex- 
pression given by Gell-Mann and Low.” This expres- 
sion for the energy of the ground state is 


0 
rinfO!|S,/0 


lim SA—| 


Hg) 
where \ is the coupling constant of the interaction. 
Only those terms of S, which are ¢ numbers will con- 
tribute to the expectations value in (37); these terms 
corresponding to “vacuum- 
electro- 


nonzero 


are analogous to terms 


vacuum” Feynman diagrams in quantum 


dynamics. Henceforth, terms which have a 
expectation value in the state |0) will be referred to as 
“ground-state terms.” Using the notation of Eq. (8) 
and the result of Eq. (36), the ground-state energy is 


a 
Eo+ lim BA—[ Sac | 
IX 


aH 2 
This relation, instead of (5), will be used in calculating 
the ground-state energy 

Although the Bose operators introduced in Sec. IV 
were convenient for showing the existence of a linked- 
spin-cluster expansion, they are not the best choice for 
explicit calculations. By defining spin-deviation opera- 
tors m; and n, 


m,=R- (39a) 


n=S+S,', (39b) 


the Hamiltonian (11) becomes 


fi A’s, g: B’s, hy Tl A’s, g 
li 
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linked factor the indices of linked 
factor of the a permutation of linked 
factors; such permutations do not the 
number of identical subterms, since they correspond to 


iction of (33) by Wick’ 


with all another 
same type, 1.e. 


contribute te 


identical contractions in the red 


theorem. Thus, (34) becomes 


B’s, hz C’s 


nked together 


toge 


ther 
where 


Ho= Eot+22J5S ¥ 22JR> 0 


A,=> [ J’ (Ry+S3-+R; 


jk 


2Im 


This separation of the Hamiltonian is ident 
and (19 
Since the separation of the Hamiltonian is the same 
in (18) as in (40), the results of the calculation of S,|0 
by use of either Eqs. (19) or Eqs. (41) will 
reduce, order for order, to identical f 


separation expressed by Eqs. (18 


eventually 
forms; thus, the 
into linked and unlinked 


terms will be obtained regardless of the operators used 


same final separation of S,|0 


in the calculation. It is easier to pe rform the explicit 
calculation of S,'0) using Eqs. (41) since the Hamil- 
tonian is expressed in terms of a smaller number of 
operators than when the Bose oper 


fewer operations are re juired 


tors are used; thus, 
to obtain a given order 
of S,.|0). The only purpose in introducing the auxiliary 
va idity of the linked- 
nt time, the author 
y of the linked-spin- 
cluster expansion using the Hamiltonian 
in Eqs. (41). 

After expre ssing Sa) V) in sightly 
than (6), the explic it calculation 
be performed, giving a method whereby the ground- 
state energy of our antiferromagnetic 


Bose operators was to prove the 
spin-cluster expansion; at the pre 
knows no way to prove the validit 
as expre ssed 
different form 
of this quantity may 
model may be 
calculated to any desired degree of precision. From (6 
it is seen that 


exp H 


Xexpli(H)—E 
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OR 


is obtained from 


0 


(ih) f di, exp. 1(Ho— Eo)tn/h+nal, | 


£ 


+ Rj, Sk,* 


- 2) m,_n 


Xde°" “iG 43 


\s remarked earlier, in the application of (38) to the 
calculation of the ground-state energy, only linked 
ground-state terms need be considered. It is seen from 
43) that a linked ground-state term in nth order will 
never generate a linked ground-state term in any 
higher order. Also, it is obvious from (42) that an nth 
order linked ground-state term will contain a factor 
1/n8) and 8 will occur elsewhere in this term in energy 
denominators of the form (ce—dg) with c#¥0. For the 
application of (38), it is possible to insert a factor A 
which is to be set equal to unity later) in the perturb- 
ing Hamiltonian (41b); then an mth order linked term 
would contain a factor (A)". Thus, the energy correc- 
tion due to an mth-order linked ground-state term may 
be schematically written 


{ lim B\0/AAL (A)"(1,/18)m J} 21, 


where m contains all other factors of this linked term, 
including a summation over n pair indices. Performing 
the differentiation and taking the limit gives (A)"M — 
M for \=1, where M =lim.40 m, which exists since m 
contains 8 (i.e., a) only in energy denominators. Since 
the summation contained in M is over Kronecker deltas 
which serve to link all the n pair indices of the sum, the 
sum will be proportional to NV. It is thus seen that the 
energy correction due to a single linked ground-stat 
term is proportional to .\V; hence, the total ene rgy cor- 
rection due to the interaction (41b) will be proportional 
to N as desired. 

If an mth-order term contributes M to the energy cor 
rection, there exists an (m-+1)th term which contributes 


= — J?(1—a)*z(4RS)(e—2/)*N 


2 - “v9 


E;=0, 


Ey=J*(1—a)*2(4RS)N(CE(e—2J) }"[42(R+S)— A (4RS)—2 
Ey=2J*(1—a)'2(4RS)N[é(e—2J) }[122(R+5S) —3A (4RS 


Eg=2J*(1—a)'2(4RS)NLe(e— 27) J[562(R+S) — 722(4RS) 
x [e(e— 2) [1024 (4S) (R+S)+262(R+S 


Fy=2J7(1—a)*s(4RS)N[e8(e— 2) }°[2402(R+S) —332*(4RS) —120—71A (4RS)]+4+4J7(1—a)"2 


197 


Tasie I. Values of the lattice sums defined by Eqs. (45) 


Lattice , B C 


Linear chain 
Plané square 
Simple cubic 
Body -centered 


2//«)'M. The occurrence of these terms is due to the 
~ 2) Sin) myn, term of H, but by no means is this the 
only effect of the —2/ 3° jx, my term. It is seen from 
(43) that for a linked ground-state term to occur in mth 
order, a term of the form > , — Di 1,2,-- 
* Rj, Se+|0) must occur in the (n 
quantity D(1,2, n 


+, m—1) 
1)th order. The 
1) is to represent schematically 


a product of Kronecker deltas which are linked to- 
gether, while 7, could be any of the (n—1) j indices and 
ky, any of the (n 1 


k indice . 


hen, both the terms 


1RS)/(nB)} >> D(A,2, 


5; (n,a)b,(n,b) | 0) 


D(1,2, 

Kb, (n,a)b, (nb) Rig Skat | 0 
occur in mth order. If the former term contributes M 
to the energy correction, it is seen from (43) and (38) 
that the a term in (n+1)th 
2//6)M. Iteration of this 
occurs in (m-+4-i)th order 
which contributes (2//«)'M to the energy correction. 
The terms enables a partial sum- 
mation of the perturbation series for the energy to be 

performed since >> 0% (2) /e)'‘M = Me(e—2J)™. 
The energy correction due to all the linked ground- 
state terms of mth order, plus the summation of terms 


latter term will generate 
contribute 


that a term 


order which will 


process shows 


occurrence of such 


of the form (2//¢€)'M in all higher orders, will be de- 
noted by Ey. The £, have been calculated through FE; 


the manner indicated by (43); they are 


(44a) 
(44b) 
(44c) 
2(4RS)—6 |, (44d 


-15A(4RS 
— 2027(R+S 


— 28 


+ 2/*(1—a)*z 
-~B(4RS)? 


4RS)A 
8A (4RS)—8], 


tRS)N 


* [eb (e— 2) F'[1742(R+ S)+ 662A (4RS)(R+S)+4C(4RS)(R+S)+ 122°(4RS)(R+S 


- 1402?(R+.S)?—2A*(4RS 


-32°A (4RS)*?—S5B(4RS 58A (4RS)— 52]. 
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Values for the C, 
lattice and the magni 


Paste Il 


0.1429 O.1111 
0.066; 0.0526 
0.043 0.0345 


") 0 OO} OO43485 0.04824 OO256 


1.0000 
0.3333 0.1429 
0.2000 (1) (O09 


0.2000 
0.0909 


0 O588 


1) 55353 


0.14 


0.0284 0226 
0 OOO 0078 
0.0045 0037 
0.0037 0029 


0.0184 
0.0065 
0.0031 
0.0024 


0.4590 OO029 
0.0098 0.0123 
0.0015 0.0054 
0.004; 0 0050 


Lattice 
Chain 0.1953 
Plane 0.0046 
“« 0.0011 
0.0006 


0.0034 
0.0018 
0 0008 
0 O006 


0 OO5S8 0 0003 0.0031 
0.0020 0.0020 
00010 0 0009 


0 0009 0 0008 


0.0011 
0.0009 


bec 0.0010 


nea t neighbors 
ums detined by 


1.4 6 . t5a 


3.1)6 


| xplicit evaluall 


interest gives Table 


‘ 


The ground-state 


pin sy tem 1s written 


2cI NRS{[ 1+¢ 


The ( F have been eva uated, using Eqs 
I, for the lattices of interest and values of R 


} 2, §; the results of this evaluation are giver 


1997 
1616 
1277 


1.1481 
1.1191 
1.0934 
1615 OO78 1.0712 
1189 0719 1.0521 
0499 1.0360 
1.0230 
1.0129 
1.0057 
1.0014 
1.0000 


1.0531 0320 
1.0880 1.0299 1.0180 
1.0396 | 
1.0100 l 1.0033 1.0020 
1.0000 1.0000 1.0000 


0133 1.0080 


ea 


r " “ 
k 260A, N 


Il. 
C; are approximate, 
through E; of Eqs. (44) 


For the special Case ground-state 


energy as a function of py has been calcu- 
lated; the result of tl ‘ itor ire given in 
Table III. Orbach’ 

have also been int 

with the present work. Our res 

sional spin one-half syste 

of other investigators in 7 


VII. LONG- AND SHORT-RANGE ORDER 


order parameter defined 


The long-rangs 
absolute value of the difference between the tw 
attice magnetizations, normalizing to unity 
order. That is, the long 
fined as the abso 


lor pe riect 


This is, 


or is equivalent 


rasLe IV 
ther investi 


isotropiK exc} 


Lattice 


rameter used 
range order 


value of 


For perfect 

Perturbatior 
order are easil; 
his theoren 

H(X,,A2, 
expectation Vv 
equal to dE/ AX 
State. 


Since R 
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of the ground state is 


|€| =1-- (4RSJzN)—“(E/A\)a =1, 


(Si 
with E being given by Eqs. (44) after suitable modifica- 


tions are made in connection with the modification of 
the Hamiltonian as expressed by (50). It is easily seen 


that the only modification of Eqs. (44) is, in general, 


a change of the 
[ (Axe a Aie -2J) } 
of the ground state, 


Eq to| 


' Similarly, the short-range order} 


factor [e’ (e—2/) } - =a 
by Feynman’s theorem, is 


\ 
(52 | 


ITRSN- 
2JRSNz { 


[F +(l—a OE 0a ]. 


order has been calculated using (51 
result of this calculation is 


1 [D,(1—a)?+D,.(1 


The long-range 
the 


a)* 


+ D;(1—a)*+ 


=2 
(53) 


where the D,, through £;, are given in Table V 


functions of the magnitude of the spin for the lattices 


as 


Paste V. Values the D; of Eq 


lattice and the magnitude of the spin 


lor (53) as functions o! the 


dD, 
0.2222 
0.0816 
0.0496 
0.0356 


D 
0.0873 
0.0259 
0.0103 
0.0089 


D 
0.0183 
0.0030 
0.0025 
0.0028 


1.0000 
0.972? 


Lee 


0.1200 
0.0816 


0.1200 
0.0496 
0.0311 
0.0227 


0.0816 
0.0356 
0.0227 
0.0166 


0.0617 
0.0277 


0.0178 
0.0131 


1.1260 
0.0026 
0.0049 
0.0120 


0.0623 
0.0180 
0.0078 
0.0062 


0.0443 
0.0135 
0.0061 
0.0047 


0.0340 
0.0108 
0.0050 
0.0038 


0.6445 
0.0115 
0.0026 
0.0014 


0.0010 
0.0056 
0.0026 
0.0024 


0.0090 
0.0054 
0.0024 
0.0020 


0.0050 
0.0051 
0.0021 
0.0017 


of interest. For the special case of spins one-half, the 
long-range order as a function of the anisotropy is 
plotted in Fig. 1 which also includes Kasteleijn’s? re- 
sults for the long-range order of the linear chain. 
From Eqs. (44) and (52), the short-range order of the 
ground state is 


A= —14+-C,(1-—a)?+3C,(1—a)* 


(54 


+5C3(1—46)*+ - 


where the C, are given by Table II. The short-range 
order as a function of the anisotropy, for spins of mag- 
nitude one-half, is plotted in Fig. 2. It is to be empha- 
sized that the curves of Figs. 1 and 2 have been drawn 
using calculations through £; oniy; this point is ex 
ceedingly important for the case of the linear chain. 


VIII. DISCUSSION OF THE RESULTS 


In this paper, we have applied a linked-cluster method 
to obtain a perturbation series for the ground-state 


RROM 


\GNI I ¢ GROUND 


O06: Ps 
CHAIN 
KASTELEIJN 


CHAI N 
PRESENT 


WORK 
0.5 t 


°F 02 1.0 


Fic. 1, The long-range order as a functic 
lattice for spin one half s 
“square,” and “chair have been drawn using Eq 
(53) through perturbation calculation. 
Kasteleijn’s result for the linear chain is plotted for comparison; 


0517 


m ot 


irves marked 


anisotropy arn 


“bec, SC, 
seventh 


his irve drops to zero ata 


\ of the antiferromagnet 
by the Hamiltonian (1 
for the energy, perturbation serie 


energy spin systems specified 
from the perturbation series 
for the long- and 
short-range order have been obtained by using Feyn- 
man’s theorem. Given one of these perturbation series, 
one would like to know limit the error introduced 
by using only a finite number of its terms to calculate 
the desired phy sical property 
work does not 


Unfortunately, the pres- 


ent answer such a question and it is 
revert 


ments based on the relative 


necessary, at present, to to approximate argu 


magnitude of the various 


terms in the perturbation expansion. For such argu 


ments it is necessary to list the contributions of /; to 


the energy, long-, and short-range order; such con 


contributions, for spin one-half systems, are given in 


-03 | ; 
~ 04 08 Lo 
Q 


02 


2. The short-range order as a function of anisotropy and 
for spin one-half sy These curves have been drawn 


Eq. (54) through seventh der in the perturbatior 


stems 





S00 


corrections to the 


[he seventh-order 
short-range order for spin one-half s 


Taare VI 


Chair 


0.000; 
0 0004 
0.0002 


0.0006 
0.0002 
0.0001 


0 0.0054 
0.2 0.0024 
04 7 0 0008 
Of 0 0002 
Os 
s—] 
0.0017 


0.0007 
0.0002 


Long-range order rrecti TN 62 

0 0.3076 0.0021 
0.2 0.0655 0.0012 
0.4 0.0058 0.0005 
0.6 0.0009 0.0001 
O.® 0.0001 


0.0169 
OOO ,5 
0.0025 
0 OOO 


Short-range order correctio ky 1)dk;/da 
0 0.4980 0.0134 0.0004 0.0016 

0.2 0.1176 0.0065 0.0008 0.0007 

0.4 0.0159 0.0023 0.0004 0.0002 

0.6 0.0002 0.000 0.0001 

0.8 0.0001 


Table VI. In all cases, the corresponding quantities tor 
spins of magnitude greater than one-half are less than 
the quantities given in Table VI 

Table III, it is seen that our results for the 
ground-state 


rom 
linear chain are slightly 
, differing by about 2% for 


energy of the 
higher than the exact results 
a=, 0.8% for a=0.5, and thereafter rapidly approach- 
> 1.0. However, it should be 
pointed out that the values given in Table LII for the 


ing the exact value as a 


linear chain are all lower than those obtained varia- 
tionally by Kasteleijn’® by 
differ from the exact values. It appears from Table VI 
that the rapidity of convergence for the energy per- 
turbation number of nearest 
neighbors increases and/or the anisotropy 
the results given in Table II] 
for the three- 


a larger amount than they 


series increases as the 
increases ; 
one would therefore expect 
to be much more accurate two- and 
dimensional cases than for the one-dimensional case. 
In fact, as is seen from Table IV, the ground-stat: 
energies for two- and three-dimensional lattices calcu- 
lated by the present method through £; lie below thos« 
obtained by other workers with the exception of those 
obtained by Marshall for the 
the Bethe 
variational te¢ hnique 


of the er 


cubic lattices. By using 


Peierls approximation in addition to the 
Marshall may have overshot the 
for the cubic lattices as he 


true value ergy 


itment. It appears doubtful, 
in in pection of Table VI, that 


Marshall’s results for th 


admits is possible in his tre 
though possible, from 


cubic lattices would lie be- 


tween the exact value d the value obtained here 


through / 


Our result, through £,, for the short-range order of 


the linear chain for a=0 differs by about 31% from 


Orbach’s! exact result. Such a large deviation could be 


anticipated from inspection of Table VI. However, for 
a>0O.2, the short-range order for the 


linear chain, ob 


DAN 


tained here through £;, than 
5% from the exact results. expected that 
the curves of Fig. 2 urate for the 
two- and three-dimensional than for the 
linear chain though, as mentioned earlier, limits on the 
error have 1 


differ by more 


spin systems 


not been obtained 
The most controversial is n whi the 
rk ha 
order of the spin system. 
are radically different 
tionally by Kasteleijn,? Marshall,® and 
Nakamura.’ For example, for a<0.517, Kasteleijn pre- 
dicted zero long-range order for the ' 


present 
a bearing is concer! 1 with the long-range 
rhe results plotted in Fig. 1 
from obtained varia- 
Taketa and 
linear chain of 
through £; 
0.50. Simil: isagreeme 
Fig. 1 


and the 


spins one-half, while our method 
0.81 when a 
the curves of 


gives 
its exist between 
dimensional] 
Nakamura. 

rable VI 


hould not 


three 
and 
Granted, it appears from an is ction of 
1 for the 
be taken too literally when a: 


lattices result 


that the curve of | ig 


aiso seems 


that for a>0.4 the 


higher-order 1 he perturba 


tion series should not contrib to change the 


plotted results significantly remembered 


that our method gives a bett energy ; 
thus, one should ¢ xpect the and hence 


the long-range order, to be be n the one obtained 


variationally. Also, for the li hain in particular 


states of exist which 


very iov 

c 0. Since the variationa 
with respect to the energy, 
weighted | 


sarily be proper 
however, such states onl 


our perturbation expansion and thu i xceedingly 


small coefficients when tl xpressed as 


a linear combination of product urthermore, 
it is expected from the results { VI that the 
Fig. 1 


lattices should be 


curves of for the tv ree-dimensional 
much n 
the linear chain. 

Though our results for the ty ind three-dimen- 
hen a=O are qualitatively the 


sional lattices w same 


those obtained by Anderson® ar .ubo, > met 

used to obtain them is completely fr f the objections 
Marshall 
partic ularly objec ted to tl u ( the Holstein- 


Primakoff? 


it introduces large contribut 


to the spin-wave theory raised 


formalism theory, since 


titious States 


which have no physical existence. An interesting point 


in the present method is that al intermediate 


nonpnys 


rt 
states do contribute to the 


energy pe rturbation ser 


in the same way that Goldstone" hz ywwn th: 
physical intermediate states whi 


( lusion principle occur 


1955 


W. Marshall, Prox A232, 69 
‘ 1940 


'[. Holstein and f. Pl 58. 1098 





NEW METHOD FOR ANTIFI 
for the interacting fermion system. In any event, even 
without the convergence question being settled, the 
author feels that the present results are at least on a 
strong a footing as the variational ones. Furthermore, 
the merit of the present work lies in the method rather 
than the results for two reasons: (1) It provides a sys- 
tematic way in which it should be possible to settle the 
long-range order question by an investigation of the 
convergence of the perturbation series. (2) The use of 
linked spin clusters could ultimately lead to a consistent 
the modes of the antiferro- 


treatment of collective 


RR 


OMAGNETI S01 


magnetic spin system in a manner similar to Hubbard’s® 
treatment 
plasma 


of the collective motions of the electron 
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The influence of the angle of incidence of primary electrons on the energy distribution and total yield 


of secondary electrons from MgO cleaved single crystals has been studied 


Charging effects were mini 


mized by using single pulse techniques. The relative number of low-energy secondary electrons decreases 
with increasing angles of incidence. The effect appears to be most marked at primary energies in the 


vicinity of the maximum of the yield curve 


angle of incidence diminishes 


At lower and higher primary energies the dependence on 
Under most conditions the total yield increases with increasing angles 
of incidence. The magnitude of the increase is influenced by the primary electron energy 
slight decrease in total yield with increasing incidence angles has been observed 


At low energies a 
A dependence of the 


backscattered fraction of electrons on the angle of incidence of the primaries has been observed at several 


primary electron energies 


A number of maxima and minima occur 


superposed on 


the gross variation of total yield with angle 


of incidence. The angular positions of the maxima are insensitive to primary energy but show a depend 
ence on the crystal orientation. Several models for accounting for the phenomena are discussed 


I. INTRODUCTION 


NUMBER of workers have investigated features 

of the dependence of secondary electron yield of 
solids on the angle of incidence of the primary elec- 
trons.’ The yield is generally found to increase as the 
angle of incidence is increased. Qualitatively this is 
explained by the decreased distance to the surface that 
a secondary, produced at a given point along the path 
of a primary electron, must 
Except for the work of 


traverse in order to escape 
Shatas, Marshall, and 
who have demonstrated that for ve ry hig! 


and 


Pomerantz,’ 
primary energies thin targets the yield varies 
ip 6 4 
inadequate due to the inability 


according to the relations} 6) sech, quantitative 


des riptions have beer 
to tre 


treat properly both the processes of produc tion and 


escape of the internal secor dary electrons 


'H. Bruining, Physics and A pplication of Secondary Llectron 
Emission (Pergamon Press, Ltd., New ‘York, 1954), p. 100 
\. J. Dekker, Solid-State Physics, edited by F. Seitz and D. Tur 

ill (Academic Press, Inc., New York, 1958), p. 297 

?R. A. Shatas, J. F. Marshall. and M. A. Pomerantz, Phys. Re 
102 1956 


682 


lhe purpose of this paper is to describe several experi- 
ments investigating some additional features of the 
dependence of {secondary electron emission on angle of 
incidence. First the energy distribution of the emerging 
low-energy secondary electrons is determined as a func- 
tion of the incidence angle. Secondly the change in total 
yield with angle of incidence is determined for insulating 
single crystals of MgO. Finally an unexpected depen- 
dence of the secondary electron yield on the direction 
of the primary electron beam with respect to certain 
rystallographic directior described 


Il. EXPERIMENTAL PROCEDURE 


MgO single crystal* targets employed in this 


vestigation were cleay along (100) planes to about 
Preliminary accounts of these experiments were presented at 
the New York and Ithaca meetings of the American Physical 
Society, 1958 LA. B. Laponsky and N. R. Whetten, Bull. Am 
Phys. Soc. 3, 46 (1958); 4, 265 (1958) ]. Also see A. B. Laponsky 
and N. R. Whetten, Phys. Rev. Letters 3, 510 (1959) 

* The MgO crystals were obtained from Infra Red Development 

pany, Welwyn Garden City, Hertfordshire, England 
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hic. 1 


I:xperimental secondary emission tube 


1.0 cm 
ments 


quare and 0.5 mm thick. All of the measure 

carried ealed-off tubes of the type 
h tube consists of an electron gun 

about 3° 


out in 


wert 
hown in Fig. 1. Ea¢ 
collimate | electron 


producing a beam of 


divergence, a grapl te coated secondary electron 
collector, a stabilizing filament for flooding the crystal 


with low-energy electrons, and a target holder upon 
which the crystals could be placed. The target holder 
was slung from the two rods shown in the figure so that 
by rotating the tube about the axis of the rods the angle 
of incidence could be varied. The target holder remained 
fixed in position under the influence of gravity. In addi- 


tion to acting as supports the rods served as electrical 


contacts to the target assembly 

The tubes were processed in two stages. Initially the 
tube were evacuated and baked at 400°C and the 
electron gun dega ed by hig! frequency heating 
Following this treatment the tubes were opened to a 


dry nitrogen atmosphere and the MgO crystals inserted 
immediately after cleaving. Subsequent vacuum baking 
was limited to 250°C. After processing the tubes were 
sealed off and put into operation under vacua of about 
10-° mm Hg or less 

lo minimize charging of the crystal surface, measure- 


ments utilizing single pulse techniques previously de- 
cribed® were employed. The incident charge per pulse 
about 210 the 


e potential to about 0.1 volt 


could be limited to * coulomb and 


change in the target surfac 
isurements Ut! 
reproducibly established by flooding the crystal with 
ilament. For 


Between me e target surface potential was 


low-energy electrons from the stabilizing 


this ope ration the tube was always oriented in the posi 


tion corresponding to normal incidence 


Phe 


distribution and yield 


measurements required for determining energy 
urves 


Phe 


potentials is 


have for the most part 


been described previously net charge to the target 


at various collector measured with 
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R. Whetten and A. B. Laponsky, Phys 
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the 


detector in the target circuit. In addition, the primary 
charge is determined. For positive collector-to-target 
potentials the measurement in the target circuit gives 
the total emitted charge in excess of that incident on 
the target from the primary beam. The use — 50- 
Its in a determina- 


primary 


of a 


volt collector-to-target potential re 


tion of what has often been assumed to be the 


charge. This assumes that the backscattering of elec- 
trons from the target can be neglected. Since this 


assumption may not always be valid, a true measure of 
the primary charge is obtainable by de 


pulsed charge in the target and collector circuits com 


tecting the 


bined. These two measurements are related by g;=9/{1 
~n(1—6 ) | where gt, 91, 7, and 6, are, ré pectively, the 
true primary charge, the priman irge as detected in 


the target circuit, the 


target, and the effective secondary emission 


backscattered fraction of the 


yield of the 
collector for the bac kscattered electrons | 
function of the collector potential. Since 6. is not 


a measure of the backscattered fractior 


although relative changes in 9 can be determined. Table 
I gives an estimate of the ratio of the backscattered 
fraction at 60° to that at 0° for several primary electron 
ras_e I. Ratio of backsca 1 0° and 0 
ingies of i€ 
Oo 
Primary energy 0 oO 
(ev) 1 0 
600 0.89 0 88 11 
1000 0.91 OR7 1.4 
4000 0.90 0.80 20 
energies obtained from measured values of g,; and q;. It 
Is apparent that errors in the primary charge large 
as 10 to 206% may occur wher measurement is made 
in the target circuit For the purp t idv the 
primary charge has beer ke be whicl 
measured in the combined target and collector circuits 
By assuming reasonable values for 7 and 6, and taking 


( ( irge o-collec 


6. to be proportional 
the influence of secondar 


the normalized energy distribution curve 
and 5 of the following s | 
neglivible 


III. RESULTS 


ted in thi ote ve heen ol 


he results reportes f 


tained from a number of experiments on MgO single 


crystals. The data are presented as typical of a number 


of determinations of secondary electron emission depet 

dence on angle of incidence. Energy distribution meas 
urements were made on a total of five different crystals 
Seven crystals were employed for the total yield meas- 
urements. Unless otherwise specine 1 the resul pre- 
sented here correspond to crystals oriented such that 
the axis of rotation is a [010 | direction while the norm 


surface 100 | direct 


to the crystal 

















SECONDARY ELECTRONS |! 


A. Secondary Electron Energy Distribution 


From measurements of the effective yield at different 
angles of incidence as a function of collector potential, 
retarding potential curves were obtained for several 
primary electron energies. The curves were scaled so 
that saturation yield corresponded to unity. The re- 
tarding potential curves give the relative number of 
secondary electrons having energies greater than that 
corresponding to the collector potential (after contact 
potential corrections). Typical curves obtained at 
1000-ev primary electron energy and 60° and 0° angles 
of incidence over a limited range of collector potentials 
are shown in Fig. 2. Differentiation of the smoothed 
retarding potential curves result in energy distribution 
curves normalized to unit area over the entire energy 
spectrum of emitted electrons. 

Curves of distribution-in-energy of secondary elec- 
trons over the low-energy regions of the spectra are 


Grete 
19 
1000 ev 
8w 
0° 4 
a 
60° 72 
z 
o 
68 
55 
4? 
ES 
= 
35 
© 





\ 


| 
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“aa es = 4 6a 6S Se SE OS 0 +1 +2 
COLLECTOR TO TARGET POTENTIAL (VOLTS! 
bic. 2. Retarding potential curves for 0° and 60° angles of inci 
dence of the primary beam. Primary electron energy was 1000 ev 
Curves have been corrected for effective contact potential differ 
ence between collector and target 


shown in Figs. 3, 4, and 5. These correspond to 600-, 
1000-, and 4000-ev primary electron energies, respec- 
tively, and are presented for 0° and 60° angles of inci- 
dence. The most probable energy of emission, slightly 
greater than 1 ev, does not depend significantly on the 
angle of incidence of the primaries within the accuracy 
that could be expected from numerical differentiations 
Curves obtained at 0° incidence angle are relatively 
richer in low-energy secondaries than those obtained at 
©)° incidence angle. This dependence is influenced by 
the primary electron energy. For primary energies near 
that corresponding to the maximum in the secondary 
electron yield curve (about 1000 ev)® the differences 
between the secondary electron spectra for the two 
incidence angles are most pronounced. At lower and 
higher primary energies the differences between the 

*N. R. Whetten and A. B. Laponsky, J. Appl. Phys. 28, 515 
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Fic. 3. Curves of distribution-in-energy of low-energy secondary 
electrons for 0° and 60° angles of incidence of the primary beam 
Primary electron energy was 600 ev. Curves have been normalized 
to unity area over the entire spectrum of emitted electrons 


spectra at the two angles diminish. Similar variations 
have been observed on all the crystals studied and 
appear, although to a lesser extent, on measurements 
made at 0° and 45° angles of incidence. 

Although some inaccuracies are to be expected from 
differentiation of the smoothed retarding potential 
curves, reproducibility of the trends shown in Figs. 3, 
4, and 5 on a number of different crystals, and the 
reproducibility of energy spectra on any given crystal, 
support the qualitative correctness of the comparisons. 


B. Total Yield 


Typical measurements of the dependence of second- 
ary electron yield on angle of incidence at primary 
electron energies of 600, 2000, and 4000 ev are shown 
in Fig. 6. The yield here is defined as the ratio of the 
total emitted charge to that incident on the target. The 
curves are symmetrical about normal incidence for 
rotation in a given plane. At 600-ev primary energy the 
yield appears to decrease slightly with increasing angles 
of incidence. The curves obtained at 2000 and 4000 ev 
show an increase of yield with angle of incidence. The 
extent of this increase is dependent on the magnitude 
of the primary electron energy 


1000 ev 
0° « 


60° 
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0 ‘| 


J 2 oe ee ee ee eee ee 

SECONDARY ELECTRON ENERGY (ev) 

Fic. 4. Curves of distribution-in-energy of low-energy secondary 
electrons for 0° and 60° angles of incidence of the primary beam 
Primary electron energy was 1000 ev. Curves have been normalized 
to unity area over the entire spectrum of emitted electrons 
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lic. 5. Curves of distribution-in-energy of low-energy secondary 
electrons for 0° and 60° angles of incidence of the primary beam 
Primary electron energy was 4000 ev. Curves have been normal 
ized to unity area over the entire spectrum of emitted electrons 


In addition to the gross dependence of yield on the 
angle of incidence of the primaries there appear clearly 
several irregularities in the form of maxima and minima. 
These have been found consistently on all targets inves- 
tigated. In the data of Fig. 6 the existence of any such 
structure at 600-ev primary energy is questionable but 
is quite clear at 2000 and 4000 ev. The angular positions 
of the maxima appear at about 43°, 23°, and 0°. The 
angles have been determined by subtracting from the 
curves an estimated mean smooth curve of 6 vs 6 based 
on the relationship of Bruining.' Such a curve is indi- 
cated by the dotted curve in the figure. This procedure 
shows that the maxima which are immediately apparent 
in the figure may occur at angles slightly different from 
the true angles of enhancement. With this uncertainty, 
which may amount to a degree or two depending upon 
the stee pness of the gross curve of 6 vs 6, and an inherent 
broadness in the maxima, the angular positions of the 
maxima seem to be reproducible to within about 2° 
They do not seem to be significantly dependent on the 
primary electron energy. The sizes of the maxima are 
however, influenced by the magnitude of the primary 
energy. 

Figure 7 shows similar curves obtained at 3 and 5 kev 
on a MgO single crystal oriented so that the axis of 
rotation was the [101 ] direction and the normal to the 
crystal surface, corresponding to 0°, was the [100] 
direction. 

For these curves the maxima 
a > 


occur at about 55°, 44°, 
, and 0° for the 3-kev data while for that ob- 
tained at 5 kev the maxima at 44° and 19° are missing. 
\ small maximum appears at about 22° in the latter 
case. These curves again show a dependence of the 
height of the maxima but not of their angular positions 
on the primary electron energy. 

Comparing the angular positions of the maxima from 
Figs. 6 and 7, there is seen to be a dependence of these 
angles on the crystal orientation. 


AND N K 


WHETTEN 


IV. DISCUSSION 
A. Secondary Electron Energy Distribution 


. and 5 
depict the influence of the incidence angle on the low 
energy region of the secondary electron spectra. When 
the diffusion path length for the excited internal elec- 
trons to reach the surface is decreased, there occurs a 


The energy distribution curves of Figs. 3, 4, 


decrease in the low-energy peak height of the spectrum. 
The diffusion path length also decreases with decreasing 
primary electron energy. These 
viously reported’ dependence of secondary electron 
spectra on primary energy for both 0° and 60° angles 
of incidence. 

The differences between spectra obtained at 0° and 
60° incidence angles appear to be most marked for data 
obtained at 


figures show the pre- 


about 1000-ev primary energy. Thess 
differences become smaller at the lower (600 ev) and 
higher (4000 ev) primary energies. At low primary 
energies intense scattering of the primary beam near 
the surface of the crystal reduces the importance of the 
initial angle of incidence. As the primary electron 
energy is increased the effect of scattering near the 
surface becomes less and the secondary electron energy 
distribution curves at 0° and 60 
Those at 0 


int ick nce al alt s show 


greater differences possess a relatively 


higher low-energy peak and slightly lower tail than 


hose at 60°. This arises due to the decrease in energy 
degradation of excited electrons in diffusing a shorter 
for 0° angle of 


distance to the surface for 60° than 


incidence. 


i8 2000 ev 
oP 


600 ev 


4000 ev 





So 0 HO +20 +30 +40 +50 +60 +70 
ANGLE OF INCIDENCE 


bic. 6 Dependence of total vield on angle of incidence of 600 


2000-, and 4000-ev primary electrons. Axis of rotation is a [010] 
direction while the crystal surface is a (100) plane. Curves are 
shown for counter-clockwise rotations. Symmetry exists about 0 
angle of incidence. The broker corresponds to the relati 


of Bruining, 8¢=4» exp[er,, (1 9) ] where ax, = 2.18 


curve 








SECONDARY ELEC TRONS 1] 

In that region of the crystal from which significant 
numbers of excited electrons can escape as secondaries, 
further increases in the primary energy result in a 
further decrease in the scattering of the primary beam. 
In addition the rate of excitation of electrons in the 
crystal per unit path length of the primaries tends to 
become increasingly independent of the depth of 
penetration of the primary electrons. Under these latter 
two conditions the number of electrons excited at a 
given depth, for 60° angle of incidence relative to that 
at 0°, approaches a value independent of the depth of 
excitation within the crystal. This results in the nor- 
malized secondary electron energy spectra becoming 
almost independent of the angle of incidence. 


B. Total Yield 
The total yield decreases slightly with increasing 
angles of incidence at 600 ev (Fig. 6).? At this relatively 
low energy and correspondingly small penetration depth 
of the primaries, most of the properly directed low- 
energy secondaries would be expected to escape from 
the crystal regardless of the angle of incidence. However, 


Tr 


16F 


3000 ev 





5.000 ev 











1 n n n 1 i J 
0 +1 +20 +30 +40 +50 +60 +70 
ANGLE OF INCIDENCE 
Fic. 7. Dependence of total. yield on angle of incidence of 3000 
and 5000-ev primary electrons. Axis of rotation is a [101 ] direction 


while the crvstal surface is a (100) plane. Curves are for counter 
clockwise rotations. Symmetry exists about 0° angle of incidence 


7 A similar decrease at low primary energies has been reported 

for NaBr and NaF. L. N | nee Si and T. L. Matskevich, 

J. Tech. Phys. U.S.S.R. 27, 734 (1957) [translation: Soviet Phys 
Tech. Phys.) 2, 663 (1957 
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l'1G. 8. Atomic arrays for cubic crystal orientations correspond 
ing to Figs. 6 and 7. (a) Rotation about the [010] direction. 
b) Rotation about the [101 ] direction. Shaded areas on the right 
are normal to the axis of rotation and correspond to the planes for 
vhich the atomic arrays are shown at the left 


since increasing the angle of incidence brings the scatter- 
ing process closer to the surface, greater numbers of the 
scattered primary electrons and high-energy secondary 
electrons leave the crystal with sizeable energies. These 
are consequently lost as secondary-producing electrons. 
This process manifests itself in the increase in back- 
scattered fraction shown in Table I and the slight de- 
crease in total yield with angle of incidence evident in 
Fig. 6 for the case of the 600-ev primaries. At higher 
primary energies the increase in backscattered electrons 
with increasing angle of incidence is more marked than 
at 600-ev primary energy. However, at these energies 
many internal secondaries are produced sufficiently deep 
within the crystal that significant numbers are unable 
to escape.* Under these conditions an increase in angle 
of incidence increases the escape probability of the low- 
energy internal secondaries by decreasing their diffusion 
path to the surface and results in increasing values of 
total yield as shown in Figs. 6 and 7. 

The dependence of the angular positions of the 
maxima on the crystal orientations used in the experi- 
ments suggests a correlation between low-index crystal- 
line directions and the direction of the primary beam. 
Figures 8{a) and (b) show schematically various low- 

5 With increasing primary energy at normal incidence the yield 
increases approximately proportional to the increase in primary 
energy to roughly 600 ev. Above this value the rate of increase 
of yield decreases and then becomes negative even though the 
total excitation of electrons within the crystal continues to in 
crease. This indicates that above this primary energy significant 


numbers of low-energy electrons of the crystal are excited at 
depths too great for escape 
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index directions for the two crystal orientations em- 
ployed in Figs. 6 and 7. The low-index directions agree 
reasonably closely 
maxima, 

A theoretical model 


with the positions of the observed 
to account for this phenomena 
has been proposed by Dekker*® in which the primary 
is considered to be diffracted by a thin 
layer of the crystal at the 


electron beam 
, urface of the target. The 
thickness of the diffracting region, which may be only 
a few atomic layers, corresponds to the path length 
within the crystal for which the primary electron wave 
Since the thickness of the diffracting 
layer is small, the diffraction which occurs is relatively 


retains coherence 


insensitive to the primary electron energy.’ The diffrac- 
tion becomes most pronounced when the primary beam 
is directed parallel to a low-index crystalline direction. 
As a result of the diffraction, the primary electrons 
excite secondaries in regions closer to the crystal surface 
than would be the case if no diffraction occurred and 
the yie ld is con equently increased 

If the path length in which the primary electron wave 
retains coherence is large, as would be the case at high 
the foregoing model involves diffrac- 
tion from an extended three-dimensional lattice. Under 
this very 
sensitive to the energy of the primary electrons, diffrac- 


primary energi 


condition the diffraction phenomena are 
tion occurring only for string¢ ntly specified angles and 
electron wavelengths. As a result the observed maxima 
would be expected to wash out at high primary energies,® 
an effect which has not been observed on MgO 
Another type of diffraction that does not wash out at 
high primary energies can be introduced as the basis of 
a model to account for the observed maxima. If a plane 
electron wave incident on a three-dimensional lattice 
undergoes an inelastic collision with an atom, the wave 
radiates from that 


point. Since this spherical wave may be strongly peaked 


become S localized and anew Wave 
in the direction of the incident plane wave but not 
coherent with it, the radiated wave may traverse a linear 
array of atoms giving rise to electron diffraction.” If 
the linear array corre sponds to a low-index crystalline 
direction (small atomic spacing) the diffraction angles 
are large and 


, as In the previous model, enhancement 


of the yield may result. 


(Jualitatively these two models offer mechanisms 
which seem capable of accounting for some of the 

8A J Dekker, Phys. Rev. Letters 4, 55 (1960 

” A. G. Emslie, Phys. Rev. 45, 43 (1934); J. R. Tillman, Phil 
Mag. 19, 485 (1935 
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maxima observed in the 


the ar 


features of the 
vs angle of incidence, 
the 


curve of yield 
namely gular positions of 
angle on the 
the maxima. 


necessary to determine the 


the maxima, independence of the 
primary energy, 
Detailed calculations art 
validity of the 
involve approxima 
diffraction work 

particular, the relatior between the direction of the 
primary beam, lattice constants, angle of diffraction, 
diffracted normally 


summing the scattered waves at points 


and the broadness of 


mode] Unfortunately, these models 


‘ 


lions ordinarily employed in electron 


which may not be ipp icable here. In 


and intensity of the beams are 


obtained by 


remote from the diffracting source. In the present 
problem the points at which such a summation should 
be made are limited by the path length in which the 
scattered waves retain coherence. Since this is the same 
order of magnitude as the thickness of the diffracting 
layer, the criterion of summing the scattered waves at 
a point remote from the s« ering source is not fulfilled 
Consequently, the validity of these models is open to 
question. In any case, the models do suggest that the 


observed maxima may be due to the scattering process 
from an orderly crystal structur 


importance of scattering in the se 


ind point out the 
ndary electron 
emission process. 
V. CONCLUSIONS 
The experiments reported here have d 
qualitatively the influence of the angle of 


emonstrated 


incidence of 


the primary electron beam on the low-energy secondary 


electron spectra. The spectra exhibit relatively more 


low-energy electrons at normal incidence than at higher 
incidence angles in agreement with expectations 

The gross dependence of the total yield on the angle 
of incidence for MgQ igrees qualitatively with de crip 
tions relating yield and angle of incidence. A type of fine 
structure occurring as a series of maxima and minima 
Supe rposed on the gross \ iriation of yi ld with angle of 
incidence has been observed. The angular positions at 
which the maxima occur depend on the crystal orienta- 
tion and are independent of the primary electron energy. 
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\ quantum mechanical variational treatment 


based 


on a simple Hejtler-London wave function is used 


lescribe the various properties of Van der Waals solids at O°K. Thp effects of nuclear motion on the 


shesive energy, volume, compressibility 


soun 


n the form of a power series in h, of which we show the first term, linear in A, explicitly 


good agreement with the available experimental 
the present method is not applicable 


I. INTRODUCTION 


HE ratio of the Boltzmann constant times the 

Debye temperature to the cohesive energy per 
atom is a rough measure of the importance of nuclear 
zZeTo point motion effects on the prope rties of a solid 
This ratio is of the order of one percent or less for most 
solids, with the important exception of Van der Waals 
solids. For instance, this ratio has the approximate 
values: 0.025, 0.1, 0.3, and 5 for Xe, A, Ne, and He‘, 
respectively. Hence, one may expect that nuclear zero 
point motion will have an appreciable effect on the bulk 
properties of the solidified inert gases. 

It is the purpose of this paper to give a quantitative 
account of these effects on basis of a simple quantum 
mechanical model. 

In Sec. II we present a discussion of a classical law 
of corresponding states, valid in the limit of infinitely 
heavy nuclei. Values for the volume at zero pressure, 
cohesive energy, initial compressibility, sound velocity, 
Debye temperature and Grueneisen constant are di 
played. In Sec. III we present a discussion of quantum 
mechanical effects on these quantities, and an improved 
law of corresponding states is obtained. In Sec. IV the 
results are compared with experiment, and Table I\ 
in the concluding Sec. V summarizes our results. 


II. CLASSICAL LAW OF CORRESPONDING STATES 


It should be possible to derive the bulk properties of 
the gaseous, liquid, and solid phases of He, Ne, A, Kr, 
and Xe from the solutions of a Schrédinger equatior 


FB es tee 
_ z. V? + \ # z V Vi;) V,. (81,82, ° ‘IN 
| We 2 =I =I 


=E,W(ri:--ry), (1) 
where r; is the vector position of the center of mass of 
the ith atom, V/ is the Laplacian with respect to r;, M 
is the nuclear mass and V (r;;) is an interatomic potential 
describing the interaction of two otherwise isolated 
atoms, which we regard as given. In principle V(r,;) can 


* Work was performed in the Ames Laboratory of the U. S 
Atomic Energy Commissicr 


| velocity, et 


data for all solidified inert 


and J.G 


are discussed. These effects can be expressed 
The results are in 


except for He to which 


gases 


be derived from the solution of the two-atom problem 
but in practice one uses phenomenological interatomic 
potentials whose analytical expression involves two or 
more parameters chosen to give a good representation 
of the propertic s of the gas phase.’ 

In the present paper we restrict the discussion to a 


12-6 Mie-Lennard Jon S pote ntial 

V (r) te/ (a/r)"*— (a r)® |, (2) 

which gives a good description of the properties of both 
the gaseous and solid phases of the inert gases,?* 

It is convenient to introduce dimensionless variables 


and write Eqs. (1) and (2) as 


tne Ates P>P SECO) 
KW (xi: xy) = (L/6)V(x,--xy), (3) 


’ 


and 

V (r,;)= (x)= Ala," —2,5-*], (4) 
where r,;=0x,j;, V2 is now the Laplacian with respect to 
x,, and \’=h*?/2M eo’ is a dimensionless parameter whose 


magnitude is a measure of the importance of the effects 
of nuclear zero point motion on the properties of the 
substance 

Table I shows the values that we adopt for e, ¢, and 
hence A, for the inert gases. Different authors?-* adopt 
slightly different values for these parameters, but the 
values given never differ one from the other by more 
than a few percent. 

In the limit of vanishing \ the effects of nuclear zero 
point motion become negligible, and the kinetic energy 
term in the Hamiltonian can be dropped. In this case 
every atom is highly localized, with a vanishing root 
mean square deviation 6, about its lattice site. This 
localization implies an expectation value of V? which 
increases without bounds, i.e., (V*)=(¢/6)*. Neverthe- 
less it can be shown [see Eq. (52) ] that (6/c)?=A, and 

'H. Margenau, Revs. Modern Phys. 11, 1 

J Kirkwood, Phys. Rev 

2 J. O. Hirschfelder, C. | 
Theory of Gases and Liquid 
1954 

+N. Bernardes, Phys. Rev. 112, 1534 (1958) and Nuovo cimento 
11, 628 (1959 

‘ J. de Boer and B. S. Blaisse, Physica 14, 149 (1948) 

E. R. Dobbs and G. O. Jones, Reports on Progress in Physics 

The Physical Society, London, 1957), Vol. XX, p. 516 


1939); J. C. Slater 
37, 682 (1931) 

Curtiss, and R. B. Bird, Molecular 
John Wiley & Sons, Inc., New York, 
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TABLE I. Values of the parameters « 


K 


0.347 
0.302 
0.195 
0.137 
0.0658 
OO212 
0.0113 
0.0070 


of the kinetic 
in units of €, goes to zero as A. 


hence the expectation value energy per 
particle, \*(0/6) 
Thus in the classical limit, A> 0, the energy of the 


solid at O°K under no external influence is given by 


>. 


where the vectors X, describe the static positions of the 
atoms. The set of all vectors X is determined by choosing 
one of them as origin and requiring that £ is a minimum 
with respect to displacements of all the others. If one 
restricts the considerations to periodic lattices one can 
write, using Kq } 

h(C ypX-"—CgX-*), 6 
where X is the nearest neighbor distance, in units of a, 
and the C’s are tabulated? constants which depend 
only on the lattice structure. 


The volume and cohesive energy of the solid, under 


no external influences, can be found by minimizing the 
right-hand side of Eq. (6) with respect to X for different 
lattices. In the case of a 12-6 potential the lattice with 
the largest cohesive energy is a close packed lattice.~7 

The values of the C’s appropriate to a close packed 


Table Il. 


A classical law of corre sponding States, 


lattice*? are listed in 
assuming a 
close packed lattice, can be obtained from Eq. (6) and 
Table II as follows. 

The volume V of a close packed lattice of N’ atoms is 
2-43\ R®, where R is the nearest neighbor 
Defining E*=F/ Ne 
can write Eq. (6) as 


given by | 
distance 


The volume V o* and the cohesive energy Eoo* at tem- 


perature O°K and zero pressure are given by 


or using I 


and 


Substituting the 1 
Table II, one gets 


and 
l 


The bulk modulus Bo9* 
at O°K and zero pressure 
definitions 


and 


n easured 


where AV*=V* 
in units of €/¢ 


Using Eqs. (7 


> * 
Doo 


Bp,” V o0* d'E* d 

The sound velox ity can D 
assumptions about the elasti 
117 Cy2 244, and (2) Cau 


these assumptions one |} 


where ¢ is the density and c’ and c‘ are the longitudinal 


and transverse 
Under the same 


s=—V(dP/d\ 


wave Soul 


re spective ly 


assumptions | < modulus,® 


From Eqs. 


5M 


which at temperature O°K and 


} 


ana 





QUANTUM MECHANICAL LAW 


Even though the concept of a Debye temperature 6 
is purely quantum mechanical, i.e., @ is linear in /, one 
can define a Debye temperature on the basis of an 


elastic continuum model? as 


6=hc(6rN/V)! 20) 


where c is defined by 

3/A=1/cP+2/c?, 21 

and represents an average sound velocity. Under the 

assumptions leading to Eqs. (17)-(19) one gets 
c=0.6Ac'. 


Making use of Eqs. (17)—(22) and of the definition of 
A we can write, in units of «, 


6*=4.75\V*-3 
x y* V 00* )*B00* | oo” (1+ 26,"Al a V oo* |. 23 


From Eqs. (10), (14), (15), and (23) one obtains for the 
Debye temperature at 0°K and zero pressure, 


9oo* = 40.0X. (24) 


: 
A constant g analogous to a Grueneisen constant can 
also be defined as 


g - (d |n@*/d |InV*), 
which in view of Eq. (20) can be written as 
g=4—(dInc/dl|nV*). 
From Eqs. (18) and (26) we can write 
goo= — (8:°+4), 
which according to Eq. (15) becomes 


goo= 3.83. 


III. QUANTUM MECHANICAL LAW OF 
CORRESPONDING STATES 


For a real solid A#0, and the results contained in 
Eqs. (5)-(28) will be somewhat modified by the effects 


of nuclear zero point motion. In this Section we present 
a discussion of these effects based on a variational 
Heitler-London wave function previously used by the 
author.? The quantum mechanical corrections will be 
expressed in the form of a power series in A, i.e 
and the results will be expressed in the form 


, Ink, 


F,*= F op* ( 1 + a,A + dad? + eee 


where F represents some property of the solid such as 
cohesive energy, compressibility etc.; Foo* stands for 
the classical value of this quantity as given by one of 
the Eqs. (10)-(28), and Fo* for its value when quantum 
mechanical effects are taken into account.’ 

In order to avoid infinities arising from the singularity 

* A double zero subscript indicates the value of a quantity at 
a temperature of 0°K and zero pressure when A is taken equal to 
zero. A single zero subscript indicates 7=0°K, p=0, but +0 
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of the interatomic potential, Eq. (2), one can use non- 
overlapping single-particle wave functions.’ In this case 
all the effects connected with symmetry or antisym- 
metry of the nuclear wave function vanish, i.e., all the 
exchange integrals are equal to zero. Roughly speaking 
these exchange integrals, in units of «, are of the order 
of exp{—4(Xo/5)*} = exp(—4/\), see Eq. (52), and 
hence they are quite negligible in comparison with the 
cohesive energy for all He 


Table I 


We choose our variational wave function ® as 


inert gases except (see 


y 
*Xy) IT y,(x,—X,) 


P(X1,Xo, 


and for simplicity we take* 


oi (E (3 /2a*)' sin! rot,/a mrot,/a|, for &;Sa/a, (30) 


¢ (& 0 for £§,2a/0, 


where the vectors X; describe a close packed lattice, ‘‘a”’ 
is a variational parameter, and &,=x,— X,. 

The expectation value of the Hamiltonian H con- 
tained in Eq. (3) is given by? 


H/Ne=k*=M(xra/a 


om Eu 
1 


\ \ 


; N Me (2) us (a) 
TT T's 


2 imi jt ome mo X,.(25+1)!(2t+1)! 


a+ to 


K*+E,°+AU*, (31) 
where the first term represents the kinetic energy, E,,* 
is the potential energy of a static lattice given by the 


right-hand side of Eq. (7), X,j=X,—X,, 


= XU xX 


My\d@) fe 


The last term, AU*, on the right-hand side of Eq. (31) 
represents a correction to the static potential energy 
arising from the nuclear zero point motion. When the 
lattice summation in Eq. (31) is performed [see Eqs. 


[d"w(x)/dx" |e, 


o(é) | dE. (32) 


(15) and (6) ], one gets 


AU'* = Aa’+ Bab+Ca*+ (33) 
where 
A = fifi; [ 88C 4X —“— 20C,X—* }, (34) 
and a=a/rzo, fin=(x/2)*"un, Cs, and Cy, are tabulated 
constants? (see Table II), and B and C are given® by 
equations similar to Eq. (34) 
From Eqs. (30) and (32) we obtain 
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and 
f,=2.79 


If A<<1 one finds* [see Eq. (52) ], as a result of the 


variational calculation, that a< 0, and hence we can 
neglect terms involving powers higher than a? in AU. 
In this approximation we can write Eqs. (33) and (31 
as 

Al Ad (37 
and 


/ “=> / e “+ \“a : T Aa’, 


where, in view of the numerical values in Eqs 


Pable II, 1} 
2965 X 
lor a close packed lattice V* 2 iy 


we can write 


yiven by 


715SX 


(36) and 


‘and In this case 


590 )'* 284/)>8§ i) 


ss lor large volumes 
for V*>1.44 
Eq. (38) we can derive results 


ponding to those contained in I qs (10)—(28) as follows 


We note 38) is meaningle 
ince A(I 


Starting with 


hat Eq 
becomes negative 
corre 


For a given volume the optimizing value ao of the 
parameter a@ is found by use of the variational theorem, 
1.4 


ok* \"* }] 


which in view of Eq. (38 


Substituting Eq. (42) in \. (38) we obt 
optimized energy" 


E*(V*)=E,.*(V*)+2\A1(V* 


The volume Vo*(A) at 0°K and zero pressure given 


by the solution of the equation 


(al . oV* * V.* 


[a OV*(/ ot t+ 2AA! 


Equation (44) can be solved numerically* for given 
An approximate analytical solution, in the 


in A, 


values of X. 
form of a power seri can be obtained as follows 


We write 

45 
Voo* =0.916 is the volume at O°K and zero pres 
sure as given by the « 
| see Eq. S I xpandir g 


laylor series about |} 


whe re 
law of corresponding states 
a/at "(ko + 2A} In a 


* and collectit 


assical 


terms in powers 


vt 
5 


of \ we can write Eq. (44) as 


A ayl a” 


2B’ \*(2a,B" + dek,;’ 
hay} vy : + UV, 


’Note that in the 
values of the kinetic energ and ol } { ions 
potential energy, Al’* | 
semblance to the conse 
to harmonic oscillations 


expectat 


AR DI 


where B= A}, and we introduced abbreviations such as 
(E4:” oo for (P#E,.*/dV* 
From Eqs. (7), (8 
following numerical 
Boo” = 267 and a 


give 


and 


from Eas 


The meal 


atom from i 


which, in view of 


be written as 


0.121) 


1+ 6.1) 


energy Eo* at 
an be found from Eqs. (4 
right-hand side of in a ylor series 


Lhe cohesive 


tRAV°E,,”+4 
2\(B+-AV*B'+4 
where use has beer values for a, 
(Egt” )oo* etc. 
The bulk modulu 


be obtained in an analogous manner fror see Eqs. (12 


pressure Cal 


where AV *= 
From Eq. (4 





ICAT 


can be taken equal to unity since its value lies betweer 
0.99 and 1.02 for V* between 0.70 and 1.05 
Expanding P*(V*) in a Taylor series about Vo*, and 
remembering that P*(V,*)=0, one gets 
P*(V*)=[((V*—Vo*)P’+4(V*—Vo*)?P” 
4 hi y*+— V .*)3Pp" 4... lo 
\ \ °- Vo*)[P’+ \ i o*— V o0* )P” 
o* — Veo")? P+ - - - Joo 
‘* Vo*)*[P"+ (V>*— V oc* Pr” 
4 V o*— Vog*)*P/¥+--- Joo 4 
Comparing Eqs. (54) and (57), and using Eqs. (45) and 


47), one obtains 


Vor P+ a AP"+22(a2P” 


Bo*)[ PP” +aAP" 
L 


+d? (a2P""+4a,2P!")4 59 


Neglecting terms cubic and higher in A one can writ 


Bo*=— (V oo* + a,A+ a2d*)[C’ +A (0'+ aC”) 
+d?(a,0"+a.0"+4a/7C"”’) loo= —V 
* {14+A[ar/ V 00+ (Qoo’ +4:C oo” )/Ci 
+d*La2/V 00+ (a1/V od 00’) (Qoo’ + aC oo” 
a,O Mtihg ) Coo | 
*(1-9.4\+ 28.22), 00 


r 
in 
i 
2 


"4 al’ 


4.6, 
7200 


where use 


| * 


1.85, ag 
( . ene 


was made of the values: a,- 
0.916, € —82, Coo” = 800, 
— 556 and Qoo” = 2630 

Likewise we could obtain 6,° from Eq. (59 
ByY°=B8,;"(1+ A+ 
in A has an 


, and write 
It turns out that the term linear 
vanishing (0.04) 
Furthermore 8, is obtained from experiment, by fitting 
the high pressure data to a convenient analytical for- 
mula such as the one proposed by Birch, 
8,°=8,(V*=V,"*) is in general quite different from 
B,(V*#Vo*). For these reasons we prefer to write at 


almost coefficient. 


and 


0O°K and zero pressure 


6,6 —4.5 61 


The longitudinal sound wave velocity c’ can be ob- 


tained in a manner similar to Eqs. (16)—(18), i.e. 
ge/5M)1[V*(8 
‘ (1 — 3.8r (63) 


\ Debye temperature can be defined in a 


gous to Eas 20 


] 
way anaio- 


24). At 0°K and zero pressure one gets 


6o*=Bo0* (1— 3.8A) (1 — a,A/3V o0)=O00*(1-4.5A). (64 


In a way similar to Eqs. (25)-(28) we can define a 


‘J. W. Stewart, J. Phys. Chem. Solids 1, 146 (1956 
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Fic. 1. Reduced volume at 0°K and zero pressure as a function 
of the quantum mechanical parameter A. The present calculations 
break down for Vo*/Voo*>1.57. The circles from left to right 
correspond to experimental values for Xe, Kr, A*, Ne", and H?. 


analogous to a Greuneisen constant. From 
and (61) we 


constant go 


Eqs. (27 obtain 


ae , ‘ ; (65 ) 


\n independent definition of a Debye temperature 
© can be given in terms of the zero point energy 
E,*= K*+AU*=2\A"(V), see Eq 31) and (43), by 


means of the relation 
(66) 


Using the values: 267 at 


* 
| one 


can write 
(67) 
and hence from Eq. (65 


,* = 40.8\(1—6.3A+-12.4d 


IV. COMPARISON WITH EXPERIMENT 


In this Section we compare our results, Eqs. (49)—(68) 
with the available experimental data. 

Figure 1 shows experimental points’ for V,* 
as a function of X. The solid line corresponds to our 
Eq. (49), and the dashed one to the linear approxima- 
tion Vo*=0.916+1.85A. The agreement even for 
Ne(A = 0.066) seems to be very good. For solid deuterium 
(A=0.137 
pected since in this case the quantum corrections to the 
30%. Nevertheless the dis- 
crepancy is only about 6% and it can be removed by 
reducing the value of ¢ for H,’ (see Table I) by about 


07 
& /» 


the agreement is less good, as might be ex- 


volume amount to about 


2D. G. Henshaw, Phys. Rev. 111 1958 
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hic. 2. Reduced cohesive energy as a function of the quantum 
mechanical parameter A. The circles from left to right 


experimental values® for Xe, Kr, A, and Ne 


represent 


In Fig. 2 the experimental values® for the cohesive 


energy are compared with our Eq. (53). The agreement 
again is very including Ne. For deuterium, 
(A=0.137) not shown in Fig. 2, the agreement is again 
not so good indicating that our procedure of (1) keeping 
only quadratic terms in Eq. (33) and (2) expanding 
E*(Vo)ina power se ries [see Eq (53) lis not adequate 
except for \<0.10. 

Figure 3 shows experimental data’ for the initial 
bulk moduli. The theoretical results seem to be in good 
agreement with the High- 


good 


low-temperature data 





Fic. 3. Is 
mechanical 
reference 5; 
reference 12 


itial bulk 
parameter 


A(65°K 


the quantum 
\(O°K) from 
2(4°K) from 


“| 


6 /d* 406 (1-45) 


@, /d= 408 (1-63\+ 12.4\2) 


“7 SBA) 





Fic. 4. Redu 
line 49° represent theor 
is defined from the elast 1s 64 
The solid line © * c rrespond ' l juations (66 
(68) ]. The dashed line was ar { 


rh the circles 
which represent 


experimenta 


for the initial bulk modulus of A are 
also shown in Fig. 3 in order to ill 


temperature data 
istrate the necessity 
of using low-temperature data when comparing theoreti 
cal with experimental values 

In Fig. 4 the Debye temperatures as given by our 
Eqs. (64) and (24) on the one hand and Eq. (68 
other are compared with the experimenta 
agreement is only fair, and this 
the assumptions leading t 
not quite valid. The das 


on the 
| values.? T he 
seems to indicate that 
Eqs. (20)—(24) and (64) are 

4, drawn arbi- 
trarily through the experimental points, corresponds to 
00*/X= 34.7(1-3.8A). In this 


connection it is worth 


mentioning that the sound velocities for A as given by 
Eqs. (63) and (16)-(19 
than the extrapolated experimental va 


( 


are also larger by about 7 


ue Table III 
shows the experimental values and our results for A. 

A strict comparison of the volume derivative of the 
compressibility, i.e., 8,° in Eqs. (13), (15), and (61), is 
not possible. However from the experimental values of 
Stewart" it is possible to obtain values for 8; at higher 

The 


pressures as follows paran r £ in Birch’s equa 


TABLE 


ILL.* Se 





QUANTUM MECHANICAL LAW 


IV 


Vor 


ABLE 





Pp 
0.916 
0.916 

1 +2.024 +5) 
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tion" is connected to our 8,° by the relation 


B,°= 2£/3—15/6 (69) 
as can be seen by expanding the Birch function in a 
Taylor series about y= 1 (i.e., zero pressure). From our 
theoretical value of 8;°= —4.5 [see Eq. (61) ] we obtain 


= —3.0. The values of & that give the best over-all fit 
of Stewart’s data! are: —4.0+0.5 for Ne at 4°K and 





lic. 5. Reduced volume as a function of the reduced pressure 
for several inert gases at 0°K. The lowest curve, P,;*, corresponds 
to the classical static value in which nuclear zero point motion 
effects are neglec ted 


—_ ->— 
@ Ne (4°K) 
© A(22°K) 
& A(65°K) 


(Stewart) 


1 nana 
© 15 
P (10? atmos) 
6. Compression ef Ne and A at 0°K. The experimental! 
values are from Stewart." "5 


I 


OR VAN DER WAALS SOLIDS 


Summary of the classical and quantum mechanical! laws of corresponding stat: 


Ay* Ao* 
40.6, 
40. 6A 


1 —4.5A) 
O4 


—4.9+0.5 for A at 65°K. Considering that these ex- 
perimental values are obtained from the high pressure 
data we may characterize the agreement between theory 
and experiment as good. 

3.83 for the 
average Gruneisen constant defined by Eqs. (25)—(28) 
and 


The agreement between the value g 
68) and the accepted values'* may also be con- 
sidered as good 

Finally we discuss our results for higher pressures. 
Figure 5 shows the reduced volume V* as a function of 
the reduced pressure P*, as given by Eq. (55). These 
results coincide with those from a more tedious calcula- 
tion* in which higher powers in a are kept in Eq. (33). 
In Fig. 6 the theoretical and experimental results for 
Ne at 4°K" for A at 22°K"* and 65°K" are compared. 
The agreement again can be considered as good."® 


V. CONCLUSION 


From the discussion of our results in the preceding 
Section we may conclude that a simple Heitler-London 
model is sufficient to provide a quantitative account of 


the deviations from the classical law of corresponding 


Furthermore the Heitler-London model used 
in the present calculations is simple enough to allow 


14 
states.* 


these corrections to be expressible in simple analytical 
form, and thus it provides a law of corresponding states 
in analytical form which includes quantum mechanical 
effects due to nuclear zero point motion. Table IV sum- 
marizes the quantum mechanical law of corresponding 
states as given by our Eqs. (31)—(68) and also lists the 
corresponding classical results [Eqs. (7)-(28)]. 
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ximation is used to investigate 
‘lectron gas. Within this approxi 
integral equation that describes es 
ire obtained in simple 
ity over that predicted by the Ru 
» to those found in good metals, are 
classes ol diagrams in many-body 
lom phase approximation takes a¢ 


cattering of virtually excited part 


In momentul 
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I OCALIZED magneti ls in metals. such a teristic of the RPA 
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duction electrons | icinity. A theory of this 


etlect, based upon the cle pe nae nt elec tron model, was 


function interparticle 


an approximation 1 


> . . soluti sa bt ined 
developed by Ruderman and Kittel and yields a simple olution reo . 


| ated f 1 them 1 
formula tor the implitude and atial variation of the la 1 fron ving 


Ruderman-Kittel fort 


spin density. It is y wn, however, that in rea haem 
; broader distributio1 


metals electron-ele nteraction re nol weak. Thu 

. : ‘ 1) lj ting 

a compiete theory of tl pil polarizati 1 must include wo limiting Case 
| 
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the effects of Coulomb interactions between the el anreasonanit : 


( 
integral equatior 


The RPA conta 


electron-electro! 


{ 
trons. As a first step in this direction we study in this 
paper the re sponse ol degenerat« interacting electron 

1_] 9 


» an applied magnetic field. This system is, of 


il. of considerable in 
perturbation theory 
obtained from it. T 
to restudy the 


course, a rather crude approximation to an actual met: 
but does contain, in tu the many-body effects whose 
nature we would like to investigate. Thus it may serve 


as a useful model for understanding their nature in real 
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Qur analysis of the many-body problem is based the paper we | 
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upon the random phase approximation (RPA)? in a be carried it, 
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, » . . Virtual particies 
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yy second-order perturbation 
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theory ni ntains, a in intermediate State, a con 
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SPIN SUSCEPTIBILI 


states of momentum k and spin o. The Hamiltonian 
H consists of two parts: the kinetic energy*® 


)e r)d’r 


and the electron-electron interaction 


v? k 
> Cu oC 0 
2m 0 2m 


r—r'\W(r’ )W(r)d*rd°r’ 


(here v(q) is the Fourier transform of the interparticle 
potential, v(r)]. To calculate the spin susceptibility 
we now imagine that a weak magnetic field B(r)—which 
for simplicity we take in the z direction—is applied to 
the system defined by Eqs. (1)—(3). Its coupling to 
the electron spins is described by the interaction 


Hamiltonian 


H,= (ug ver o,B(r)y(r)d’*r 


ug) Dd (Cnrg. tC. t —Cerg. tC.) B(q), (4) 


kq 


is the Fourier transform of B(r). From this 
ear that the spin density (at wave 


where B q 
equation it is cl 
vector q) is determined by the operators @kiq.0Ck.«. To 


study their behavior we consider the equation of 


motion which is obtained from the commutator 
[OusqcCu.e, H+H;, | 

this commutator is a straightforward 

matter. The result is a very complicated 

expression involving a sum of products of either two or 

four annihilation and creation operators. Of the fourfold 


pr ducts 


we retain only those terms in which one pair 


has a nonvanishing expectation value in the un- 
perturbed ground state. Thus, for instance, in a.sum 


suct i 


pik’ Ck—p J, 


k’=k+q, k—p=k+q and 


The corresponding operator products 


we keep terms in which 


k—p=k’—p. 
Ceiglkig ANd Cy pep are then replaced by their expe: 


tation values, the zero-order occupation numbers 


Neiq aNd my». This is the basic approximation of the 
RPA which greatly simplifies the equations of motion 


denote the conjugate of an operator 


*We set h=1 and 


. i. 


tion ¥ by ¥ 


jum 


| 


OF ELECTRON GAS 


After using it the commutator takes the form 
[Cusq tCk +, H+H, | 


k® (k+4q)? 
: Ce+q.tCk,t 
2m 


> {ie(k—k’) 


2m 


o(k+q—k’ 


Meet Cusg. tn, t 


CO(Q)Cu+q.00e’ of Marg. t — Me. 


{o(kK—k’ )enig tCe t}Ltnsg.t Nyt | 


ug) B(q)Lmxsg.t—mx,e]}. (6) 


The first term on the right-hand side of Eq. (6) is the 
commutator of Cxiq.t¢k,+ with the kinetic energy; the 
second gives the exchange self-energy of the states 
involved and corrects the individual particle energy 
from k?/2m to 


e(k) 


2m 


the third is a plasma term that describes coupling to 
charge density fluctuations; and the fourth an exchange 
attering between the two 
k+q and k. Finally, the 
m+) arises from 
the coupling to the external magnetic field. To simplify 


term that gives rise to s 
virtual particles in states 
inhomogeneous term yugP(q) (Mes4,1 


the succeeding analysis we now define a quantity 


Oy =f 


o= [larg tO 


| 
q k Chig.4Ok,b J (8) 


This operator does not generate charge density fluctua- 
tions. Thus, ail plasma terms cancel from its equation 
of motion [as one may readily verify by subtracting 
from Eq. (6) the corresponding expression with spins 


reversed |, and one obtains the relatively simple formula 


[e(k)—e(k+q Px.¢ 
" Der {otk k’ Oy: a} (Mn+a 
ugB(q 


10, q 
Ny 
(9) 


Nira Ny). 


We now take the expectation value of this equation 
with respect to the wave function of the perturbed 
system. The result is the formula 


[e(k 
E [r(k—k 


k 


e(k+q 


Ix 


Ny (10) 


It is clear from this equation that 
to Nyiq— Ny Thus 
through the relation 


,) Is proportional! 
a quantity e(k.q 


we define 


a] i 


kus tesg— Mx) ¢(k,q (11) 


Under steady-state conditions ¢(k,q) is determined by 
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the inte gral equation 


Ce(k) —e(k+-q) lo(k,q 


> wt k k’ Ny’ 4 


The solution of Eq 
through the relation 


ugh(q). (12 


the spin density 


tq7~ Me 


Equation (12) is a sort of Schrédinger equation 
describing scattering of particles excited into states k 
and k+q by the external field. As mentioned 
earlier, this equation i rather difficult to 
solve. Some feeling for the nature of its solution may be 
obtained, however, by making the assumption 2(k—k’) 

constant p. If v(k—k’ 
of the Coulomb potential this approximation 
would be very bad. Hubbard® has pointed out, though, 
that the should be 


the assumption 1 


was 


generally 


were the Fourier transform 


bare 


exchange interaction screened. 


Under these circumstances i greatly 
Improves, and one 


may hope it will give some insight 
into the r 


ect problem. After this ap- 
proximation is made, Eq is 
finds the 


olution ot the co 
readily soluble. One 
induced spit 


ugB(q)F (q 


DF (q 


5 15) 
& Le(k+q) 
is the counterpart of the Ruderman-Kittel suscepti 
bility function, and reduces to their formula if one sets 
e(k) = k?/2m. From Eqs. (14) and (15) we see that, 
within the RPA, the Coulomb interaction has a twofold 
effect on the spin susceptibility. It renormalizes the 
particle energies [ the extent of replacing k?/2m by 
e(k) I, and causes excl ange scatte ring between virtual 
partic les created by the external fiel These scatte rings 
(14), 
of enhancing the spin density 
that predicted by the 
Moreover, since F(q) is a 


vive ise 


} 
' 
to the denominator 1 ik q 


in Eq 
which has the effect 
note that F q >() 
Ruderman-Kittel 


monotonically 


over 
formula 
decreasing function, this correction is 
ll g. Hence the spin density (in q space) 
y sharpened 


greatest for sma 
is also slight] by the exchange interaction, 
which means that it is broader in real space 

The previous results | 
o(k—k’ It is also 
in the limit g kr 
The factor ( in this equation then limits the 
k’ integration to the vi surface. 
13), we see that to compute 
iy need know ¢ k.q) for k~kp 
Cherefore, in solving Eq. (12), we may assume that 
both k and k’ lie on the surface of the Fermi sphere and 
write k=&reQ and k’=keQ’, where Q and Q’ are unit 


* |. Hu 


ave been obtained by replacing 
byi of interest to investigate Eq. (12 
here kr is the Fermi momentum 
k'+q 7" 
tv of the Fermi 
Furthermore, from Eq 


the spin density we o1 


bhard, Pr I A243, 336 


19058 


kp Q—krQ’) o( kp’ q) (my 
VikrQ q)+ > 
. v q 
ugB(q 17 


Ihe integral over the magnitude 


evaluated, and the ec 


of k may 


yn takes the forn 


now be 


juatl 


in’ sk 
V(krQ,q -{ ( ) kp(Qt—Q’) ly 
) ; 


e LT 


kp’ q 


ugB(q), 18) 


where 


This equation has a 


V(Rrf2,q 


since Jf LdQ’/ (2x)? |x kr(Q—Q is independent of Q. 
The corre sponding spin density is obtained from Eq 
13) and turns I 


out to be 


With the aid of Eq 


written in the form 


which is then similar to tl 
From Eqs 14) and 

scattering has an importat 

bility when #F (q) or 


are of order 

o,(q)) when 
unity. It is clear from Eq at this infinity 
corresponds to the existence of a fi - spin den ity in 
the absence of any magnetic field—that is, to ferro 
magnetism of the electron gas. In particular, one may 
show that the denominator of Ea. (21 
spin density in the g=0 } 


unity livergence ol 
either these quantities is equal to 


which gives tne 


limit isnes 


it that electron 





density which corresponds to Bloch’s’ criterion for 
differential ferromagnetism of the electron gas.’ If 
v(k) is the bare Coulomb interaction this criterion is 
satisfied when the density parameter 7, is about 
six—with a screened interaction the divergence occurs 
at an even lower electron density. We conclude, there- 
fore, that in an electron gas of density comparable to 
that found in good metals, the enhancement of the 
Ruderman-Kittel susceptibility by exchange scattering 
is not particularly large. Typically, one may expect 
enhancement factors in the range 1.25-=2.0. 

Finally, it should be observed that our entire analysis 
is based upon perturbation expansion about an un- 
polarized ground state. It must, therefore, fail when 
the exchange interaction is sufficiently strong (or 
the gas sufficiently dilute) that the electron system 
is ferromagnetic. For the case of the delta-function 
interaction ferromagnetism sets in when the denomi- 
nator of Eq. (14) vanishes for g=O—that is, 
jF(O)=1. This equation also has infinities, correspond- 
ing to standing spin waves, when its denominator goes 
to zero for finite g. Since F(g) is a monotonically 
decreasing function, however, these roots only occur 
at electron densities so low that the gas becomes 
ferromagnetic—that is, in a range in which Eq. (14 
has no physical meaning. Overhauser® has suggested, 
on the basis of an analysis somewhat similar to ours, 
that such spin waves actually exist in metals. The 
preceding remarks imply, however, that before the 
exchange interaction is sufficiently strong to generate 
them, the electron gas becomes ferromagnetic, under 
which circumstances both his and our analyses fail 


when 


Ill 


Having discussed the spin susceptibility from the 
point of view of the RPA, we now wish briefly to 
consider the same problem with the aid of many-body 
perturbation theory. Since the techniques of this 
method, as well as many of the formulas we shall need, 
have been given elsewhere, we will only indicate the 
essential points in the development. Our point of 


x 
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departure is the fact that the field A(r) that causes the 
spin polarization is weak. We may, therefore, use 
first-order perturbation theory to calculate its effect 
on the electron system. Assuming that this system is 
initially in its ground state Wo one finds by a straight 
forward computation that the expectation value of the 
spin density is given by the formula 


“Wo,(o2(8,t),H1 Wo)dt, 


where o,(r,t)=e'"'c, (r)e ‘“' is the Heisenberg operator 


for the spin density, and 7 a small, positive convergence 
factor. Equation (22) has the form of a vacuum expec- 


tation value and may be evaluated with techniques 
that have been developed for treating such quantities. 
A straightforward calculation, which exactly parallels 
the discussion given Bethe, and de 


Hoffman,’ leads to the 


by Schweber 


formula 


a 


2 Im| f e"( go, TL So,'"' (4,0 |e yat |. (23) 
J } 

Here o,'"*(r,t)=e'#%g, (rie 4" is the 

operator in 

Wick’s" time-ordering operator, go is the ground-state 

eigenfunction of H 

with the expansion 


spin-density 
the interaction representation, “7” is 


and the .S matrix ts to be evaluated 


V(t,)), (24) 


where V (t)=e'#oVe~ ‘40! 
As in the RPA, it is more convenient to deal with 
the Fourier transform of the spin density, (o,(q)) 
J (o,(r))e~%'*d*7, rather than with (o,(r)) itself. By 
combining Eq. (4) with Eq. (23) and making use of 
translational invariance and the reality of B, one may 


obtain the result 


a,(q) = 2ugB(q) Im| e "(g0,71 So,'"*(qt a q, Ole yt | (25 


This formula, which provides the starting point for 
the perturbation calculation, is in precisely the form 
to which Wick’s theorem applies and thus leads 
directly to a diagrammatic analysis of the spin density. 

To develop Eq. (25) in powers of é we replace S by 
ts expansion [ Eq. (24) ]. Wick’s theorem then permits 


7 F. Bloch, Z. Physik 57, 545 
Theory of Solids 
1940), p. 601 

*I am grateful to P. W. Anderson for pointing out to me the 
relationship between Eq. (23) and Bloch’s work 

* A. W. Overhauser, Phys. Rev. Letters 3, 414 


Seitz, Modern 
New York 


1929). See also F 
McGraw-Hill Book Company, Inc., 


1959 


one to write each term in the series as a set of diagrams 


of the Goldstone type. Most of the rules required to 
evaluate these diagrams are given in the literature and 
will not be repeated here. A formulation due to Du 
Bois” is particularly convenient for our purposes and 
will be used throughout this section. The operators 
7.(q,0) and o,(q,t) do not appear in his work, however, 

” S. S. Schweber, H. A. Bethe, and F 
Fields (Row, Peterson and Company, 
Vol. 1, p. 384. 

'G. C. Wick, Phys. Rev. 80, 268 

#2 TD. F. Du Bois, Ann. Phys. 7, 174 


de Hoffman, Mesons and 


Evanston, Illinois, 1955) 


19590 
1959 





(p;w;at) 


Diagrams illustrating the effect o 
spin operators in Eq. (25 


so we must consider how they are to be incorporated 
into the graphical analysis. Their effect can probably 
be best understood by examination of simple examples. 
In Fig. 1(a), we show the diagram that arises from Eq 
(25) when S is set equal to unity. The incoming wavy 
line in the graph represents the interaction of the 
ith the field 
, Ww hereas the cross corre sponds 


electron system WwW external operator 


a.(—q, 0) of Eq. (25 
to the is clear that 


into the 


spin-measuring operator o(q,f). It 
these operators bring momentum +4q dia 
has momentum conservation at each 


On the other hand, the 


gram—thus one 
of the vertices of Fig. 1(a 
energy conservation rule, which appli s at the vertices 
corresponding to Coulomb scattering, is modified or 
absent. For Coulomb vertices this conservation condi- 
tion arises from the infinite time integral, that appears 
in Eq. (24 
vertex due to the perturbing tield—thus 
condition. At 


integration goes trom zero 


No time integral at all is associated with the 
there is no 
corresponding frequency the spin- 
measuring vertex the 


to infinity. Thus in Fig. 1(a 


time 
, instead of setting w=’ 
+ in) 
and integrate over both w and w’. In static problems, 


at the upper vertex we introduce a factor t/ (w—w’ 


however, only the delta-function part of this expression 
contributes. 

The preceding remarks take care of the momentum 
and frequency conditions at vertices arising from the 
a operators in Eq. (25). We must finally examine their 
spin dependence For this purpose label the particle 
lines of a graph according to their spin states a, a’, etc. 
It is then clear that the spin operators in Eq. (25) 
a’), between incoming 


hus, in Fig. 1(a 


give the matrix element (a a, 


and outgoing lines, at the vertex 


the spin sum is 


In considering more complicated diagrams it is 
important to realize that a particle’s spin is unchanged 
1(b 
and hole are the same before and after the scattering, 
and the spin sum again has the value 4. On the other 


in which 


in scattering. Thus, in Fig the spins of electron 


hand, in cases such as that shown in Fig. 1(c) 
the two spin operators are on different particle lines, 


WOLF I 


the spin sum is of the form 


and vanishes these obser- 


vations are q general and greatly simplify the 


I 
succeeding analysis 
and consider only th 
operators appear on the 
We are now in sit 
contribute to the containing 
the simplest sort of self-energ rrection and electron 
hole scattering \ ty | suc! aph is illustrated in 
Fig. 2 and involves e) 


corrections to 
the propagators and direct Coulo nteractions be- 
the he effect of 
including the exchange s nergy in all possible 
(that is, to 
It merely replaces the 
by the expre SsI0! Iven in Kkq / ssuming that the 


lo 
th i 


tween virtual ¢ 
ways 
all orders quite simple 
¢ propagators 
summation self-energy 


nange 


over ill 
insertions has been periorn , Ww are tl leIt with 
the set of grapl : to be 
evaluated with propagat extent 
of replacing k?/2m by e€(h first diagram 


gives a contribution to (¢,(q 


LS (kw)S (k+q, w’ 
2ugB(q Im f ; 


e -—In 


where 


S(kyw 


One may readily show 
contributes to Eq 29 


ugB(q) Im fs kw)S(k+4q, « 





(a) (b) (Cc) 


Fic. 3. Diagrams that are summed to give 
the RPA integral equation 


which can be evaluated by contour integration to give 


dk (Ny — Ne +q) 
(2x)® [e(k+q)— e(k) } 


he integral in this expression is just the function F(q) 
defined in the previous section, and Eq. (33) is, once 
again, the Ruderman-Kittel result for the suscepti- 
bility. From the structure of the graph that leads to 
Eq. (33) one might also suspect that F(q) is the pair 
propagator. Comparison with Du Bois’ work shows that 
this surmise is, indeed, correct. 

We now go on to consider diagram 3(b), in which 
there is a single exchange scattering between the 
electron and hole. Using Du Bois’ rules one finds, after 
some minor manipulations, that this graph contributes 
an amount 


Pkdk' dada’ 
ugB(q _— [.S(k,w)S(k+4q, w) 


(2r)* 


(33) 


(29)? 
x o(k—k’)S (k’ w’)S (k’+q, w’)}] (34) 


to (o,(q)). To simplify succeeding expressions we 


introduce the function 


)f S(p,w)S (p+q, w 
t L (27) 


Ny— Nog | 


e(p+q)— €(p) 


With 
order diagrams in Fig. 3 is 


if 


ak dk’ 
“ff —- ——R(k,q)0(k—k’)R(k’,q) }. 
dx)? (2x)? 


this abbreviation the sum of the two lowest 


ugB(q 


From the structure of this expression one guesses 


GAS 819 
may verify by direct computation—that the contri- 
bution of the entire set of diagrams shown in Fig. 3 
is obtained from the solution of an integral equation. 
This equation is 


T (k,q) = ug B(q)R(k.q 
dk’ 
+ R(k.q [ k—k’)7(k’,q) 


(2x)* 


(37) 


from its solution one obtains the induced spin density 
(due to graphs in Fig. 3) through the relation 


dk 
(a,(q rca) . 
(2x)* 


If we make the identification 7 (k,q) = (#1 — mesg) o(K,q) 
we see that Eq. (37) reduces to Eq. (12), and that Eq. 
(38) is precisely equivalent to the expression we ob- 
tained earlier [Eq. (13) | for the induced spin density. 
Thus, the set of diagrams shown in Fig. 3 gives the 
same spin susceptibility as the RPA. This approxi- 
mation may, therefore, be characterized by saying 
that it takes into account (to all orders) the simplest 
possible propagator renormalizations and the simplest 
type of scattering between the virtual electron and hole 
created by the external field. 


(38) 


CONCLUSION 


The calculations outlined above indicate that, 
within the RPA at least, Coulomb interactions enhance 
the spin polarizability of an electron gas. For the 
completely free gas, at densities comparable to those 
found in good metals, the change is probably less than 
a factor two. However, one can well imagine that the 
effect of the lattice, which causes electrons to move in 
, might consider- 
ablv increase this figure. This is a point which certainly 
deserves further investigation. 

We have shown that the RPA is equivalent to the 
summation of certain selected terms in perturbation 


Bloch waves rather than plare wave 


theory. It thus neglects a great part of the Coulomb 
interaction and one can hardly expect its formulas to 
be numerically accurate at metallic densities. On the 
other hand, the general form of the results is physically 
reasonable and doubtless indicates the sort of 
effect to be expected from an accurate treatment of the 
such a treatment is 
presently rather far from realization, it has seemed 
in some detail, the rather 


very 
electron-electron interaction. Since 


worthwhile to investigate. 
sImpic ‘RPA 
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Careful measurements have been made of the magnetic susceptibility of the ruti 
forms of titanium dioxide. The magnetic susceptibility of a single crystal of high-puri 
be (0.067+0.0015) X10~-* emu per gram, and was temperature-independent fron 
was encountered in obtaining a good value of the magnetic susceptibility of an 
However, a value of 0.02 10~* emu per gram was obtained as a maximum valuc 
cussion is given for the different values obtained for anatase and rutile 


INTRODUCTION 


ITANIUM dioxide exists in three crystalline 

forms, tetragonal rutile and anatase, and ortho- 
rhombic brookite. Although many experimental values 
of the magnetic susceptibility of rutile have been 
reported in the literature, they exhibit considerable 
disagreement. The earlier results, which are listed in 
Table I, range from —0.3X 10~* to 0.37 10~* emu per 
gram. As far as we are aware, the only published 
determination of the magnetic susceptibility of anatase 
is the work of Zimens and Hedvall,' and no determina- 
brookite 


tion of the susceptibility of synthetic has 


been reported 


raBLe I. Magnetic susceptibility of rutile 


Magnetic 
susceptibility 
(10~* emu 
per gram) 


source Temperature 


288°K 
room 


0.37 
0.066 
0.20 
0.30 
0.073 
0.08 
0.134 
0.3 
0.061! 
0.075 


Mever* 
Wedekind a 
Berkman ar 
Hittig* 
Raychaudhuri and 

Ehrlich! 90° ar 
Zimens and Hedvall* 

Hill and Selwood! . 
Reyerson and Honig 31°K 
McCain, and Masse room 


d Hauskr 
d Zo her 


room 
room 


d 293°K 


(sray, 


S. Meyer, r *hysik 69, 236 

Fk. Wedekind and P. Hausknecht er. deu ie 3763 (1913 
S. Berkman ; ocher, Z. physik. Chet 124, 322 (1926 
G. F. Hiittig, Z. anorg Che 224, 225 (1935 

D. P. Raychau ndian J. Phys. 10, 253 
'P. Ehrlich, Z 
ek 


allge 
* N. Sengupta, I 1936 
45, 462 (1939 
y, ens and J | i kK Iskr. 53, 12 (1941) 
\ N. Hill and \ 4 \ Soc. 71, 2522 
'L. H. Reyerson ar lonig \ Soc. 75, 3920 
Be a , Che 
1959) 
t “Substantially 
190° 
' The authors determined the agnetic eptibilits be 0.074 x10~¢ 
emu per gram, but from t lsorpt rT surements the 
that 0.061 K10~* emu per gra r 


1949) 
1953). 
63, 472 


Gray, ¢ ( ‘ ’ Phys. 


ibly down to 


felt 


* Publication authorized by the Directors « U.S. Geological 


Survey and National Bureau of Standards 
K. Zimens and J. Hedvall, Svensk Kem 


§3, 12 


1941) 


and the 
the temperature dependenc« 
of the susceptibility, induced us to undertake a 
more complete study of the purest obtainable rutile 
powder and single crystals. We have al 
purest obtainable 
brookite 


made on this 


This wide variation in the 


limited data available on 


ré ported Values, 
have 


so made similar 


the 


pure syntl 


pe »wdered 


could be 


measurements on 
As no 


obtained, no measurements could be 


anatase. 


form of TiO». 


EXPERIMENTAL METHOD 


Ihe magnetic susceptibility measurements were made 
ising a he lical 


and | horpe 


by a modified Curie-Cheneveau 1 
quartz spring balance (see Senftle 
and Senftle*). 

A permanent magnet was allowed to 
past the specimen, which was ded from the en 


descend slowly 


of a sensitive helical quartz 
used to measure the extensior 
extension was used to calculat 
The determination of the 
made by means of the same 
tion with known masses 
chosen so that the extension 
the linear portion of the ca ition 
the operation of the bi : urements 
made on standard specimer plat nd of sugar 
(as described in referen 
Erratic behavior of 
electrostatic effects, w 
grounding the inside 
exception of a smal] ob 


, after calibra 
specimen Was 
ing remained on 
urve. To check 


were firs 


trom 


’ " 
vering and 


arising 


velope wl 


Except for some 


of the oxygen adsorpti room temperature, 
all of the measurements 
of helium, whic! 


the specimen and the 


in atmosphere 


provided a yntact between 


coolant 
2? F. E. Senftle, M. D. Lee, A. A. Monkewicz 
T. Pankey, Rev. Sci. Instr. 29, 429 
*A. Thorpe and F. Senftle, Rev. Sci. Instr. 30 
1959 


J. W. Mayo, and 
1958 


1006-1008 


820 





MAGNETIC SUSCI 


Between 77 and 373°K, the temperature measure- 
ments were made with a chromel-alumel thermocouple 
and/or a conventional liquid thermometer. Below 77°K, 
a special gold-cobalt and silver-gold wire thermocouple 
was used. Although the thermocouple was placed 
close to the sample, it was not in contact with it, and 
hence the temperature data below 77°K may be in 
error by as much as three to four degrees. Above 77°K, 
the error in the temperature was much 
smaller than the experimental error in the magnetic 
susceptibility measurements. 

lo attain temperatures between 4.2 and 77°K, the 
inner Dewar flask was packed with charcoal and cooled 
with liquid helium. Above 35°K, the charcoal warmed 
up sufficiently slowly to obtain an adequate number 
of magnetic susceptibility measurements. However, 
between 4.2 and 35°K the warm-up time was so short 
that only a few measurements could be taken. 

All results reported below have been corrected for 
the susceptibility of the balance pan and suspension 
Above 10°K this correction was almost independent of 
temperature, but below 10°K it rose rapidly, so that at 
+.2°K the correction was about 0.3X 10~* emu per gram, 
which was many times greater than the susceptibility of 
the specimen. The exact value of this correction was 
different for different runs depending upon contamina- 
tion from the air and other sources, but may have been 
as high as 25-30% at 4.2°K. 


measured 


PREPARATION OF SPECIMENS 
Rutile 


Iwo types of rutile were used in these experiments. 
Pure crystalline rutile from a boule and rutile powder 
were obtained from the Titanium Division, National 
Lead Company. South Amboy, New Jersey. Rutile 


Pas_e II. Spectrographic analyses of TiO; samples 
1) 2) 

Rutile crystal' Rutile powder® 
Silver d e 


Aluminun € d 
Arsenic d d 


rrIiBsnies ss Bt 


The figures in the table indicate the impurity 
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powder was also prepared by W. Brower of the Ferro- 
electricity Group, National Bureau of Standards. 
Spectrographic analyses of these materials are reported 
in Table Il. The content of impurities, particularly of 
iron, was higher in the powdered rutile than in the 
rutile single crystal. The powdered rutile was found to 
have a surface area of 6 square meters per gram. 

Both powder and single-crystal specimens were found 
to be extremely susceptible%to contamination from the 
atmosphere—possibly ferromagnetic dust. This con- 
tamination was removed by soaking the specimens 
overnight in hydrochloric acid, followed by washing in 
cold water for one hour. 

The powder specimens were compressed into pellets 
before susceptibility measurements were made. The 
direction of the crystallographic axis of an 8-mg 
single-crystal specimen of rutile was determined by 
x-ray diffraction. Within the experimental error the 
susceptibility was found to be the same in the a and « 
directions (as number of intermediate 
so that the exact geometrical form of the 
specimen was of no importance. However, the shape 
of the specimen was irregular and approximately cubic. 


well as in a 
directions . 


Anatase 


We were unable to obtain a single-crystal specimen of 
pure anatase. Consequently, all measurements were 
made using precipitated powder material. For this 
reason no experiments could be made to measure the 
susceptibility for different orientations in a magnetic 
field. Anatase was therefore assumed to be magnetically 
isotropic, just as rutile is. 

Two sources of anatase were used, namely that 
produced by the Ferroelectricity Group, National 
Bureau of Standards (designated anatase No. 1), and 
content in weight percent 

3) 4 (5) 
Anatase (1)' \ , 


atase (2 (Anatase (2)°* 
e e d 

e d 0.0005 

d a d 


Barium 
Calcium 
Chromiun 
Copper 
Iron 


M agnesium 


Manganese 
Nickel 
Phosphorus 
Lead 
Silicor 

lin 
Titanium 
Vanadium 
Tungsten 


- 
d 


e 
<0.0001 
d 
0.0001-0.001 
d 
a 
a 
0.001-0.01 
d 
»10 


0,001-0.01 
e 
d 
0.001-0.01 
0.01-0.1 
0.01-0.1 
0.0001-0.001 
e 
d 
0.0001-0.001 
0.01-0.1 
0.01-0.1 
>10 
d 


i 
a 


0.0001—-0.001 
d 
d 
<0.0001 
e 
<0.0001 
a 


d 
0.001-0.01 
0.0001-0.001 
>10 
d 


0.0001-0.001 
0.0001-0.001 
d 
0.0001-0.001 
d 
0.001-0.01 
d 


a 


d 
0010.1 
0001-001 
>10 
d 


d 
d 
d 
0.0003 
0.0027 
d 
d 
d 
d 
d 
0.017 
0.000% 
>10 
d 
a 


* All analyses by National Bureau of Standards except column (5) by Natior 
Rutile crystal and anatase (2) prepared by National Lead Company 
Rutile powder and anatase prepared by National Bureau of Standard 
Not detected. 

* Detection questionable 
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that produced by the National Lead Company (des- 
ignated anatase No. 2). The spectrographic analyses 
(see Table II) showed both samples to be reasonably 
pure, but in neither case was the impurity content as 
low as that of the single crystal of rutile. 

The anatase prepared by the National Lead Company 
was calcined at 650°C for three hours to remove small 
traces of volatile impurity. Subsequent x-ray examina- 
tion indicated that this high temperature converted 
three percent of the anatase to rutile. All measurements 
made on anatase No. 2 were therefore corrected for this 
small rutile content. Chemical analyses of specimens of 
anatase No. 2 indicated the presence of 0.8% water, 
0.015% chlorine, 0.07% carbon dioxide, and 0.06% 
trivalent titanium, by weight. These analyses showed 
that the and the trivalent titanium 
chiefly localized in the surface region of the particles. 


chlorine were 

Samples of 5-10 mg were used, and the powder was 
compacted gently, so that the measurements could be 
made on a geometrically stable solid, rather than on a 
loose powder. Microscopic examination did not show 
the powder to be “platy,” and thus compaction could 
not induce any serious preferred orientation, even if 
the sus eptibility were anisotropi 

Each sample compress was tested by plotting values 
of the susceptibility versus 1/H, the reciprocal of the 
field strength, up to fields of 6000 gauss at liquid 
nitrogen and at room temperature. Unless the slope of 
the x:300°x) versus 1/H7 plot was zero, the corresponding 
specimen was rejected. 


STOICHIOMETRY AND ADSORBED WATER 


Ehrlich,* and Gray ef al.) have shown that the 
magnetic susceptibility of rutile is increased by the 
presence of oxygen vacancies. For this reason precau- 
tions were taken to eliminate departures of the rutile 
samples from stoichiometry. When the specimens were 
heated in oxygen, no changes in weight or magnetic 
susceptibility were observed within the limits of the 
experimental error. 

This result sets an upper limit of one part in 10‘, by 
weight, to the oxygen deficiency. This deficiency would 
be expected to make a contribution of 0.015 10~* emu 
per gram at 300°K to the (temperature-dependent) 
paramagnetic susceptibility. No such contribution to 
the susceptibility of rutile was observed. Hall measure- 
ments® on rutile specimens which had undergone 
various degrees of reduction also indicated that our 
unreduced crystals were stoichiometric to within one 
part in 10° 

Departures from stoichiometry are expected to 
introduce effects highly dependent on temperature, in 
contrast to the temperature-independent susceptibility 


of rutile reported in the next section. Gray et al.° have 


4P. Ehrlich, Z. Elektrochem. 45, 362 (1939). 

§'T. J. Gray, C. C. McCain, and N. G. Masse, J. Phys. Chem 
63, 472 (1959). 

*H. P. R. Frederikse 


private communication 
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shown that oxygen is only slightly adsorbed on un- 
reduced rutile with no measurable effect on the suscept- 
ibility. They also report that the number of Ti* 
ions produced during reduction is not directly correlated 
with the amount of readsorbed and that at 
room temperature only about one-third of the oxygen 
is replaced. 

Gray ef al.* suggest that the low 
susceptibility previously reported in the literature may 
be due to incomplete dehydration. They 
that water is very slowly desorbed from 


oxygen 


values of the 


further show 

the surface 
of TiO2, and that the significant change in the suscept 
ibility could occur espet ially in powdered specimens 
To circumvent this problem, we have been particularly 
careful to make our measurements on rutile specimens 
of low surface area, i.e., a fragment of a single crystal. 
The surface area of these specimens was smaller by a 
factor of about 100 000 than those of Gray et al. for 
powdered specimens, and hence the effect of adsorbed 
water should be negligible. To check this, we have 
heated a specimen of rutile both to 900° in oxygen for 14 
hours and to 575°C for 7 hours in a vacuum, and found 
no measurable change in the susceptibility, mass, or 
color. A more severe treatment for a longer time in 
will presumably 
that this 
procedure also removed oxygen from the lattice, causing 


vacuum, as reported by Gray ef al 


remove water, but it was our experience 


a change in color from white to blue gray accompanied 
by a significant increase in the magnetic susceptibility. 

The water content and trivalent 
titanium in our specimens of anatase No. 2 have been 


concentration of 


reported above, and are discussed further in a later 
section. 
EXPERIMENTAL RESULTS 


Rutile 


To determine the temperature dependence of the 
magnetic susceptibility of rutile, a single crystal was 
the surface 
ft the adsorption 
contamination by dust 


preferred to powder specimens. In this way, 
area was minimized so that the effect 
of gases and of less 
important. In addition, the cleaning procedure was 
facilitated. 

The experimental results are exhibited in Fig. 1. 


were 


Above 55°K, no significant variation with temperature 
was found, and the mean of 44 determinations of the 
susceptibility of rutile was found to be (0.067+0.0015) 
X10~-* emu per gram. The measurement made at 4.2°K 
may be in error by as much as 25-30%. Because of 
the large increase in the susceptibility of the balance 
pan and suspension below 10°K, the value of 0.12 10~-* 
emu per gram of rutile at 4.2°K represents the difference 
between comparatively large 
involves a larger percentage error. 
With the foregoing reservation, the increase in the 
susceptibility of rutile at 4.2°K appears to be too great 
to be attributed to iron group impurities (see Table IT). 
However, the 


two numbers, hence 


temperature-dependent contribution 
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Fic. 1. Variation of the magnetic 
susceptibility of rutile with tem 
perature 


0.12 10~° emu per gram at 4.2°K) could arise if one 
titanium ion in about 30 000 were in the trivalent state. 
If all the Ti** sites arose from loss of oxygen, th 
corresponding weight loss would be one part in 75 000. 
This is below the limit of detection in our experimental 
determination of specimen weight gain when heated in 
an oxygen atmosphere. 

Another possible source of this small, low-temperature 
anomaly is the presence of interstitial hydrogen atoms, 
arising from the preparation by the flame fusion method. 


Anatase 


Magnetic susceptibility measurements’ were made 
on powder specimens in a helium atmosphere. In our 
earlier measurements the helium gas contained a 
small amount of oxygen impurity which readily 
adsorbed to the anatase powder. The susceptibility of 
the adsorbed oxygen caused a large increase in the 
susceptibility which reached a maximum in the vicinity 

°K. A similar discontinuity has been reported 


of 55°K. 
Onnes* in the susceptibility of oxygen at this 


temperature 


Using specially purified oxygen-free helium the 
measurements were repeated down to 77°K, and these 
are shown in Fig. 2. The helium cryostat was partially 
disassembled and data at temperatures lower than 
77°K were not available for these later experiments. 

All susceptibility measurements were found to be 
tield-independent within the limits of the experimental 
error, at all temperatures, i.e., within one percent above 
77°K, and within 2.5°7, below 77°K 


7 As explained in an earlier section, the samples measured had 
been selected from a several-gram batch. Those samples were 
rejected which exhibited field-dependent susceptibility at room 
temperature 

* A. Perrier and H. Kamerlingh Onnes, Leiden ( 
1914 
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DISCUSSION 


According to a simple ionic model, the ions in the 
oxides ScoO3, TiOs, V2Os, CrO3, Nb2Os, and CeO, 
noble gas hence would be 
expected to have a negative (diamagnetic) susceptibility. 
However, there is some evidence,® espec ially in the 
V.Os, for a contribution of temperature- 
independent paramagnetism larger than the negative 
(diamagnetic) term in the following equation”; 


possess configurations, 


case of 


— (Le?/6me*) © (r* 
m(n':n)\? 


—PROGABLE UPPER Limit OF x, 


) 


2. Variatior 


ol anatase powder 
Data taken with ox 


-n-free helium as a transfer gas 
*W. Kiemn 
359 (1936 


J. H. Van Vieck, The Theory of Electric and Magnetic Suscept 
ibilities (Oxford University Press, New York, 1932), p. 275 


and E. Hoschek, Z. anorg. u. allgem. Chem. 226, 
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lic. 3. Crystal structure of rutile: a=4.594 A, c=2.959 A, 
r=0.306. The titaniur lor are at the positions (0,0,0) and 
44,4 and the four « gen lor are at the positions + (x,2 0 
and +(4+x,4 5 
In Eq. (1), m°(n’:n) is a nondiagonal element of the 
matrix for the magnetic moment operator evaluated 


in the unperturbed state of the system (i.e., in the 
absence of the magnetic field). v(n’ n) is the frequency 
corresponding to the (n’:n) transition. The indices n 
and n’ refer, respectively, to the ground state and to an 
excited state of the system. The second term of Eq. (1) 
arises from states for which Av">>kT, i.e., those having 
a small Boltzmann factor. 1 is Avogadro’s number, e is 
the electronic charge in esu, m is the electronic mass in 
grams, and c is the speed of light in cm/sec. (r*) is the 


] 


mean value of the square of the radius of an electron 


orbit summed over all the electrons. 


Rutile 


The feeble temperature-independent paramagnetism 
to 370°K may well 
be explained by the assumption that the second term 


exhibited by rutile in the range 77 


of Eq. (1) exceeds the first term in magnitude. 
The unit cell of rutile is tetragonal, as illustrated in 
Fig. 3. The 


octahedron of 


the center of a distorted 
The 


distances in the plane perpendicular to the ¢ axis are 


titanium ion is at 


ions. Ti—O internuclear 


Oxyge n 
slightly greater than the remaining Ti—O separations. 
The O— Ti 
axis passing through the titanium ion is only 80.8°. 

We 


was independent of the orientation of the crystallo- 


© bond angle which is bisected by the « 


were surprised to find that the susceptibility 


rraphic axis with respect to the direction of the magnetic 
£ | £ 


field. The anisotropy of the dielectric’ constant of 


rutile would lead one to expect a dependence of the 
matrix elements of the magnetic moment vector on the 


crystallographic direction. In addition, the first term 


of Eq. (1) involves a type of averaging (p*) replaced by 


(4 r 


} 


which assumes no preferred axis. 
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Anatase 


We expect the susceptibility of anatase also to be 


independent of temperature. However, our experi- 


mental results, plotted in Fig. 2, are highly temperature- 
dependent. We shall discuss the possibility of ascribing 
this temperature dependence to the presence of trivalent 
titanium sites, 
analysis. 

The effective magneti 


which have been de tecte d by chemi al 


moment of most iron group 
ions is a function of temperature. However, near room 
temperature it is usually a good approximation to use 


the “spin only” value, which, for Ti**, is 1.73 Bohr 
magnetons. The next approximation that we make is 
that the Curie law is valid for the Ti** ions in our 
specimens. With these approximations the total 
magnetic susceptibility, X;or0:, would be expected to 
depend on the temperature according to Eq. (2) 
Xrotat=XantVN/SRT, 2 


where xan is the temperature-independent susceptibility 
of anatase, in emu per gram, @ is the Bohr magneton, .\ 
is the concentration of Ti** sites per gram, & is the 
Boltzmann constant, and T is the absolute temperature. 

Equation (2) describes a linear dependence of the 


The 


de reasing 


total susceptibility on reciprocal temperature. 
experimental curve, however, exhibits a 
slope for large values of 1/7 (i.e., low temperature). 
Such a decrease in slope is not unexpected. The calcula- 
tions of Kotani" predict effective 
magnetic moment with lowering temperature for the 
case of a single d electron in a crystal field of perfect 
octahedral symmetry 

In a crystal field of perfect octahedral symmetry, 
the fivefold degeneracy of the orbitals of a single 3d 
electron (e.g., a Ti** ion) are split into an upper, doubly 
degenerate set, the dy orbitals 


a decrease in the 


and a lower, triply 
degenerate set, the de orbitals. The energy difference 
between the de and dy orbitals is about 20000 cm~—, 
so that only the de orbit 
ciably occupied. Under the combination of perturbations 
due to spin-orbit coupling and the distortion of the 
oxygen octahedra, a further sp itting of the order of 





s would normally be appre- 


one to two hundred wave numbers is expected. 

At temperatures such that &T is much greater than 
the over-all splitting of the de 
the magnetic moment would be proportional to L(1+1) 
+4S5(5+1), where L=1, i.e., the 
would include an orbital contribution 


orbitals, the square of 
moment 
At sufficiently 
low temperatures (i.e., 7 much less than the separation 
between the ground state and the next higher state 
the orbital contribution would become negligible. 

The Kotani theory takes into account the effect of 
spin-orbit coupling, as a result of which there is no 
first-order Zeeman splitting of the ground state at 0°K. 


magnetic 





" Masao Kotani, J. Phys. Soc. (Japan) 4, 293 (1949 
% A decrease in the intrinsic magnetic moment of the ferri 
ion in potassium ferricyanide at low temperature has been found 


by W.E Phys. Rev. 106, 465 (1957 


Henry 
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On this basis one would expect the slope of the curve in 
Fig. 2 to tend to zero at low temperatures. However, 
the Kotani theory ignores the distortion of the d orbitals 
and the overlap onto the surrounding oxygen ions. 

When account is taken of the overlap onto the 
ligands, and the departure from perfect octahedral 
symmetry, one obtains again the possibility of a 
nonvanishing first-order Zeeman splitting at O°K. The 
effective magnetic moment at 0°K would now be greater 
than zero but less than the “spin only” value of 1.73 
Bohr magnetons. It is therefore reasonable to ascribe 
the decreasing slope in Fig. 2 to the reduction with 
falling temperature of the effective magnetic moment 
of a Ti** ion. 2 

It can be seen from the foregoing remarks that an 
estimate of the contribution to the susceptibility arising 
from the measured concentration of trivalent titanium 
ions is best effected at room temperature, where the 
effective magnetic moment will be roughly 1.73 Bohr 
magnetons. Using the result of chemical analysis, 
0.069% trivalent titanium ions by weight, a value of 
4.7X10~* is obtained for the coefficient of 1/T in Eq. 
(2). The slope of the experimental curve, evaluated at 
room tempearture, is 7X10-* The agreement is 
reasonably good when account is taken of the difficulties 
and uncertainties in the chemical analysis. 

The intercept made by extrapolating the curve to 
1/T=0 suggests that 0.0210-* emu per gram is a 
probable upper limit for x4,. This is considerably lower 
than the value obtained for rutile (0.067K10-* emu 
per gram). A small part of this difference may possibly 
arise from the water contained in the anatase specimens 
(0.8% by weight). Multiplication of this weight of 
water by Auer’s value" of the diamagnetic susceptibility 
of water, —0.72X10-* emu per gram, yields a value 
of —0.006X10-* emu per gram for the 
contribution of the water. The remaining difference 
between the values for anatase and rutile evidently is 
associated with the different symmetries involved in 
the two cases. We have already discussed the symmetry 
of the titanium sites in the two materials (see Figs. 3 


possible 


and 4). The difference in symmetry at the oxygen sites 
is even greater. Using the value for the diamagnetic 
susceptibility of the O*- ion quoted by Selwood'® 


(—12X10-* emu per mole), we would expect the 


8 W. Moffitt and C. J. Ballhausen, 
122 (1956 , 
4 P. W. Selwood, Magnetochemistry (Interscience Publishers, 
Inc., New York, 1956), 2nd ed., Pp 86 
See reference 14, p. 78 
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Anatase 
Fic. 4. Crystal structure of anatase: a= 3.73 A, 
c=9.37 A. x=0.30A 


oxygen ions to contribute about —0.310~-* emu per 
gram to the susceptibility of anatase or rutile. The exact 
value of this contribution will depend somewhat on the 
symmetry at the oxygen site and may well explain much 
of the discrepancy. The diamagnetic susceptibility of 
the Ti ion is —5X10~* emu per mole.'* 

It is not strictly correct to assume that this curve in 
Fig. 2 is linear at higher temperatures as expressed by 
the broken section. However, it is probably correct to 
assume that the intercept represents an upper limit to 
the magnetic susceptibility of stiochiometric anatase. 
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Che de Haas-van Alphen effect has been measured in a single crystal of graphite between 3 and 85 kilo 
gauss with the c axis of the crystal parallel to the magnetic field. Two periods were observed: 2.05X10"* 


gauss"! for the electronic component and 1.53 10-5 gauss 


' for the holes. No new ar unexpected oscilla 


tions were observed at magnetic fields as large as 100 kilogauss 


INTRODUCTION 


HE de Haas-van Alphen effect in graphite was 

observed first by Shoenberg' and subsequently 
by Berlincourt and Steele.? Recently the subject has 
been studied with great care by Soule* who observed 
de Haas-van Alphen type oscillations in the galvano- 
magnetic properties of graphite single crystals. The 
band structure of this materia] also has been studied in 
detail with several recent publications by McClure.°' 
Experimental results and theoretical predic tions are in 
very good agreement 

The present experiment was a measurement of the 
de Haas-van Alphen effect in a single crystal of graphite 
with a pulsed magnetic field. The intent was to study 
oscillations in magnetic susceptibility over a wide range 
of field and to determine whether any unexpected oscil- 
lations of short period existed which were not accounted 
for by the present band theory of this material. These 
can be observed only at the extreme fields which can be 
produced by a pulsed magnet.** The experiment differed 
from some earlier work on graphite with a pulsed mag- 
netic field* in that the present detection system had a 
very high sensitivity. This made it possible to calibrate 
the system by measuring the usually observed “low- 
field” de Haas-van Alphen oscillations with the same 
equipment on the same sample. This “low-field” meas- 
urement also demonstrated the quality of the crystal 
that was used. 

As a consequence of this work, it can be concluded 
that no short-period oscillations exist, a result which is 
in agreement with the present band theory. This theory 
predicts that the relatively small number (10-5 per 
atom) of carriers in graphite, which are responsible for 
the usually observed de Haas-van Alphen oscillations, 
are actually the majority carriers for this material. The 


present work indicates that there are no unsuspected 


1D. Shoenberg, Phil. Trans. Roy. Soc 

2 T. Berlincourt and M. C. Steele, Phys. Rev. 98, 956 (1955 

3D. E. Soule, Phys. Rev. 112, 698 (1958 

‘D. E. Soule, Phys. Rev. 112, 708 (1958 

5 J. W. McClure, Phys. Rev. 108, 612 (1957) 

* J. W. McClure, Phys. Rev. 112, 715 (1958) 

’ The publications listed above contain extensive references to 
other work in this field. 

*D. Shoenberg, in Progress in Low-Temperature Physics, edited 
by J. C. Gorter (North-Holland Publishing Company, Amsterdam, 
1957), Vol. 2, p. 226. 

*D. Shoenberg, Physica 19, 791 


London) A245, 1 (1952) 
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parts of the Fermi surface with more normal, or spheri- 
cal shape which contain large numbers of carriers. 

A second result of this experiment has been an inde- 
pendent determination of the de Haas-van Alphen 
periods for graphite with the c axis of the crystal parallel 
to the magnetic field. These were 2.05 10~-* gauss for 
the electronic component and 1.53 10~* gauss for the 
holes. The corresponding effective masses, as obtained 
from the amplitude dependence of the oscillations at 
4.2°K, were 0.0426my and 0.0605mo, respectively. The 
effective masses were obtained by an analysis of the 
data using an IBM-704 computer.” 


EXPERIMENTAL TECHNIQUE 


The de Haas-van Alphen measurements were carried 
out in a pulsed magnet. The circuit consists of a 6600- 
microfarad condenser bank connected in series with the 
magnet, which is an air-core solenoid with an inductance 
of 3.82 microhenries. A heavy-duty switch is used to 
close the circuit and initiate current flow. Between cur- 
rent pulses, the condensers are charged slowly by a 
separate power supply. It was necessary to design the 
magnet and the detection equipment for this specific 
experiment. This was due primarily to the nature of the 
small signal voltage expected from low-field variations 
in magnetic susceptibility of the sample. However, there 
are no unusual design features and the parameters of the 
magnet and of the condenser bank are based on informa 
tion presented by Champion." In similar fashion, the 
method used to detect susceptibility variations is a 
straightforward adaptation of the technique 
by Shoenberg.® 

Figure 1 is a block diagram of this detection equip- 
ment. The sample coil, with sample inserted, acts as the 
secondary winding of a transformer of which the magnet 
is the primary. The induced voltage is proportional to 
the total coupling between primary and secondary. This 
is proportional to the magnetic susceptibility of the 
sample and to geometrical factors such as coil areas and 
turns ratios. The de Haas-van Alphen oscillations ap- 
pear as a small signal superimposed on a large induced 
voltage due to these geometrical effects. The first balance 
coil is constructed with 


first used 


identical dimensions, but is 


J. W. McClure and L. B. Smith, Bu \r 
168 (1959) 


"1K. S. Champion, Proc. Phys. Soc. (London) B63, 795 
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Fic. 1. Block diagram of detection equipment. 








wound in the opposite sense. It therefore counteracts the 
induced voltage due to geometrical coupling when the 
outputs of the two coils are combined in a coil balancing 
network. The resultant signal voltage is connected to 
channel A of a differential amplifier used with the 
Tektronix 535 oscilloscope shown in Fig. 1. 

A small! current shunt is placed in series with the 
magnet coil as shown. This is used both to measure the 
magnetic field and to provide a further balancing voltage 
for the signal. This added balancing signal represents 
the modification made to Shoenberg’s original method. 
Although the magnet and sample coil combination were 
designed with sufficient sensitivity, adequate electrical 
balance could not be maintained throughout the entire 
sweep of the magnetic field pulse. A further balance 
voltage, proportional to the magnet current, was in- 
serted as shown. This allowed selected field intervals to 
be balanced with greater accuracy and permitted the 
use of maximum sensitivity in the oscilloscope ampli- 
fers. Some over-loading of the amplifier circuits occurred 
as a consequence of the increased gain. This was due 
primarily to induced voltages when the main magnet 
switch arced on closing. The resultant ‘dead time’’ did 
not exceed ten microseconds, however, and was not an 
appreciable source of error. The use of expanded and 
delayed sweeps made it possible to observe the oscilla- 
tions over limited ranges of field. Precise measurement 
of the field was accomplished with a second Tektronix 
531 oscilloscope as shown in Fig. 1. The detailed circuits 
used for this purpose have been described by Gold.” 

With this circuit-magnet combination, the signal 
voltage is proportional to dM /dt=(dM/dH)(dH/dt). 
The letter M represents the magnetization of the sample, 
H is the magnetic field, and / is the time. The magnitude 
of dM/dH is inversely proportional to the period of the 
de Haas-van Alphen oscillation and, consequently, is 
relatively small for the ordinary oscillations in graphite 




















(10-* gauss“). For comparison with similar pulsed 
magnet experiments, a typical observed period in lead 
is 4X 10~* gauss”’.* In order to realize a usable signal 
voltage in the present experiment dH//dt had to be large, 







2 A.V. Gold (to be published 
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Fic. 2. Control switch for pulsed magnet. 


and the magnet was designed with a free ringing fre- 
quency of 1000 cycles per second. 

The magnet consists of a solenoid machined from 
beryllium copper. The inside diameter was chosen so 
that the tip of a liquid helium Dewar could be inserted. 
All other dimensions were adjusted so that a field uni- 
formity of one part in 10* was maintained over a disk- 
shaped region, 1 mm high by 2 mm in diameter, which 
contained the graphite crystal. The uniformity was 
needed in order to make it possible to detect oscillations 
with periods as short as 10~* gauss~ at large fields 
without undue attenuation. Both a large field of approxi- 
mately 100 kilogauss and excellent field homogeneity 
are required to detect such oscillations. The remaining 
degrees of freedom in the magnet design were the capa- 
city and the working voltage of the condenser bank. 

With these design parameters, it was apparent that a 
special low-noise switch was needed to handle a peak 
current of approximately 20000 amperes for the re- 
quired maximum field of 100000 gauss. Figure 2 is a 
diagram of the final result. The design of the switch was 
based on the following considerations: First, that data 
be recorded during the second quarter cycle of the pulse; 
thus all arcing on closure had to be cormpleted within the 
first 250 microseconds of current flow. Given the ioniza- 
tion potential of nitrogen, there is a critical minimum 
separation between the plunger and mercury pool at 
which arcing may be initiated.” By using a powerful 
drive spring and light plunger, it was possible to pass 
through the critical distance within this time interval. 
Second, the switch should not “bounce” and arc during 
the recording of data in the time interval between 250 
and 500 microseconds after initiation of current flow. 
This requirement was satisfied by adjusting the depth 
of the mercury pool and by choosing the dimensions of 


4 J. Dillon Cobine 
New York, 1958 


Gaseous Conductors (Dover Publications, 
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the mercury cylinder so that the downward motion of 
the plunger was hydraulically damped. 

The pulsed magnet was calibrated by comparison 
with a twelve-inch dc magnet. This, in turn, was cali- 
brated by proton resonance. The comparison between 
this de field and the pulsed field was accomplished in 
two steps. First, a test coil was removed mechanically 
from the de field and a record of induced voltage versus 
time was photographed on a calibrated oscilloscope. The 
same coil then was placed in the position occupied by 
the sample in the pulsed magnet. The induced voltage 
versus time again was recorded on the same oscilloscope 
while simultaneously recording the magnet current 
versus time on a second calibrated oscilloscope. The dc 
field was related to the peak current through the pulsed 
magnet by the usual equation, E= —d¢/dt. The value 
of E is in volts, @ is the magnetic flux, and ¢ is the time. 
Each step of the calibration procedure was repeated a 
sufficient number of times to fit the results to a Gaussian 
error function. Major sources of error were associated 
with various test coils, the sensitivity, and the sweep 
rates of the oscilloscopes. On the basis of this procedure, 
the calibration has a standard deviation of +1.6%. 


DATA AND SAMPLE PREPARATION 


Figures 3(a) and 3(b) present examples of the raw 
data as photographed on the oscilloscope screen. Since 
the signal increases with increased magnetic field, the 
low-field data have been emphasized to demonstrate the 
sensitivity of the equipment. The approximate signal 
amplitudes and field intervals are indicated on the 
appropriate axes. The oscilloscopes were calibrated for 
voltage gain and sweep speed prior to each experimental 
run. The grid ‘of the oscilloscope screen was photo- 
graphed as well as the cathode trace and all calibration 
measurements were recorded with respect to this grid. 

The crystal used in this experiment was a selected 
sample of Essex County Graphite. This was carefully 
purified and is better than 99.995% carbon. Analysis of 
the final data indicates that scattering due to all causes 
in the sample would be equivalent to the increased 
thermal scattering that would have been expected from 
a 0.4°K increase in the sample temperature. 


EXPERIMENTAL RESULTS 


Figure 4 is a graph of reciprocal magnetic field in 


1 vs the location of maxima and minima in the 


gauss 
observed derivative of the magnetic susceptibility. The 
interference between holes and electrons in the com- 
posite de Haas-van Alphen period can be discerned from 
the uneven progression of the data points. A comparison 
between the experiment and the theory is shown in 
Fig. 5. The fit is based upon a two-carrier theory con- 
sidering only the first and second harmonics in the 


4“ R. B. Dingle, Proc. Roy. Soc. (London) A211, 517 
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Fic. 3. Photographic traces of the oscilloscope screen showing 
the variation in magnetic susceptibility with magnetic field. The 
values assigned to the horizontal and vertical axes are approximate 


Landau formula.'® It is not expected to be valid in the 
extreme quantum limit, 
arbitrarily stopped at a maxi 
sixteen kilogauss. 

An over-all sensitivity can be assigned to the experi- 
ment on the basis of observed de Haas-van Alphen 
oscillations due to at fields as 
small as three kilogauss. Under the assumptions that 
(cA/ehH)>1 and that (27°°kT/8H 
tude is proportional to 


consequently, the fitting was 
mum field of approximately 


conduction electrons 


»1, the signal ampli- 
dM ——(= ( a \~! 
dH oN ) oa, ; 


24rcA 
Xexp(—2r7kT/BH ( - ) 
eh 


0 
—2rvp -) 
4 


The parameters in this formula are expressed in cgs 
units. The quantity M is the magnetization, H is the 
magnetic field, V is the atomic volume, & is the Boltz- 


'® L. D. Landau, formula stated as part of appendix to the article 
by D. Shoenberg, Proc. Roy. Soc. (London) 170, 341 (1939). 








DE HAAS-VAN ALPHI 


mann constant, and T is the tempearture. The value ¢ is 
the electronic charge, c is the velocity of light, and 
8=ch/2xmc. The quantity m is the effective mass of the 
carrier in terms of the free electron mass, and h is 
Planck’s constant. The quantity (@a/dP,)~ is dimen- 
sionless and can be expressed explicitly for an ellipsoid.* 
The parameter v is a phase factor, and A is either the 
maximum or the minimum cross-sectional area of the 
Fermi surface in the system of planes defined by the 
direction of the magnetic field. The relation of im- 
portance in computing an instrument sensitivity is 
S=exp(—2rkT/BH)PH- where P= eh/cA. At a field 
of H=3000 gauss, T.4=4.6°K (including an assumed 
(0.4°K rise in temperature to include the effects of colli- 
sion damping"), m=0.0426mo, and P=2.05X10-* 
gauss'; the value of S is 3.5xX10~. 

For comparison with short-period oscillations of car- 
riers with a large effective mass, the values m= my, 
P=10~* gauss“, and H= 10° gauss (the maximum field 
used in the present experiment) were considered. These 
values of period, effective mass, and magnetic field 
are consistent with the required assumptions that 
cA/ehH>| and that 2xkT/8H>>1. On substitution in 
the relationship for the sensitivity, S now equals 4.6. 
Consequently, carriers with these characteristics would 
be expected to produce a signal approximately 10‘ times 
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Fic. 4. Integer plot of the de Haas-van Alphen oscillations 
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larger than that which was produced by electrons in 
graphite at 3000 gauss. Such oscillations were not ob- 
served and it is therefore experimentally unlikely that 
any large number of carriers with large effective masses 
exist in graphite. 


DISCUSSION OF RESULTS 

The de Haas-van Alphen effect in graphite and its 
relation to the band structure have been discussed in 
considerable detail by a number of investigators.*-* This 
experiment provides additional confirmation of the 
present theory. It presents an independent measurement 
of the oscillatory periods evident in graphite and demon- 
strates experimentally that there are no large and un- 
suspected regions of the Fermi surface of graphite unac- 
counted for by the present model of the band structure. 
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It is shown that the canonical density matrix in a single-particle 
framework may be related directly to the generalized canonical 


density matrix, containing the Fermi-Dirac function, and to the 
Dirac density matrix 

A study is then made of density matrices in central field 
problems. A new differential equation is derived, from the Bloch 
equation, for the diagonal element of the canonical density matrix 
In the case of a continuum of energy levels, this is shown to lead 
directly to a differential equation for the diagonal element of the 
the particle density 


Dirac matrix, that i Free-electron density 


1. INTRODUCTION 
ECENTLY there 


of interest in the use 


a considerable revival 
of the 7 


quantum-mechanical many-particle problems. If we 


I as be cen 
density matrix in 
consider a single-particle approximation to the solution 
of the many body probl m, then the essential tool is the 
Only recently 
this 


matrix introduced long ago by Dirac.’ 


have serious attempts been made to calculate 
quantity directly?" 

There are, 1 
practical difficulties associated with the direct calcula- 
tion of the Dirac density matrix. Chief among these is 
idempotency condition, but 


Thus, 


while a differential equation may be obtained for the 


unfortunately, a number of rather severe 


the awkward nature of the 
other points also are somewhat troublesome. 
Dirac density matrix, this determines only very general 
properties of the solutions and must be used in con- 
junction with a variational principle. 

The question naturally arises therefore whether some 
alternative formulation may be found, from which the 
Dirac density matrix may be obtained, but in which the 
calculations are eased by allowing the subsidiary condi- 
tions to be relaxed. The purpose of the present work is 
to show that the Dirac density matrix is rather directly 
related to the canonical density matrix, defined by Eq. 
(2.3), and since this latter quantity satisfies the Bloch 
equation (2.7) with a well-defined initial condition, it 
seems that a useful alternative approach for the calcula 
tion of the Dirac matrix is now available. 

We remark at this stage that the need to develop the 
methods described here became apparent as a result of 


some earlier work on electronic wave functions around 
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matrices are fully worked out a ation theory base 
these free-electron forms is } 

It is further shown that for 
the work of Green on the 
may be 


nspherical potential energy V(r), 
quantum-mechanical partition function 
ion theory for the Dirac 
matrix. In this way, the correct formulation to replace Mott’s well 
known first-order approximation for dealing with imperfections in 
\ brief f the way in which this 
removes qualitatively the difficulties of the Mott treatment is 
given and the possibility t direct numerical application in a self 


utilized to yield a perturbat 


metals is obtained 


aiscussi 


consistent framework is pointe 


therefore 


hall consider 
thi 


imperfections in metals‘ and we s 
examples particularly relevant to field 


2. RELATION BETWEEN DIRAC AND CANONICAL 
DENSITY MATRICES 
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We consider the complete set of solutions of the 


Schrédinger equation 
Hy= Ey, 2.1 


and we denote the wave functions and energy levels by 
¥y, and £,, respectively. We now form the quantity 

> ; wee nia Ww (r), (2.2 
where the summation extends over all the energy levels. 
It will be convenient to 


consider the 


following choices 


of Wy: 
(a w= 1, 


leading to the usual definition of the canonical density 
matrix 


C(r’,r,1/kT) => 


leading to the gel 
D(r’,r1/kT 


The Dirac 


ture density matrix p(r’,r,f) as a special case 


definition (2.4) contair zero-tempera- 


namely 


o(r’ rt) =limD(r’,r,1/kT ¢ 2.5) 


where ¢ 
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pied states V through the relation 


fotenar- N. 


Now it is well known that the canonical density 


(2.6) 


matrix satisfies the Bloch equation 


0C/dB=HC; B=1/kT, 2.7 
the initial condition 
C(r’.r,0)=8(r'—1), (2.8 


and in Eqs. (2.7) and (2.8) is summarized the practical 
merit of the canonical matrix: it may be obtained with- 
out detailed knowledge of the individual wave functions 
and energy levels. 


We shall now show directly that knowledge of C 


enables the Dirac matrix ¢ and the generalized canonical 
matrix D to be found. We introduce the 
O(r’,r,E) defined by 


function 


O(r 2,E)=>- 


vit(r Wil nb(E-E 2.9 
Hence 


p(r’,r,o) f O(r r,E\dE, (2.10) 


the Fermi level ¢ being defined such that it lies just 


above the highest occupied level. From (2.3) and (2.9 
ve have 
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Equations (2.11) and (2.12) reveal immediately that 


knowledge of the canonical] matrix C is sufficient to de 
termine both p and D. We shall not consider the gener- 
alized canonical matrix D further in the present paper, 
as our main interest is in the Dirac matrix, but shall 
content ourselves with the remark that (2.12) will allow 
direct calculation of physical properties of Fermi-Dira: 
issemblies from a knowledge of the canonical density 
matrix. 

Fo using attention therefore on p, in what follows, it 
(2.11) that C(r’,r,8)/8 is simply the 


is evident from 
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Laplace transform of p(r’,r,£). The inverse relation can 


be written in the form 


1 e+e 1 
f eP®C 
2m B 


oa 


p(r rf rr8)dB, (2.13) 


where o is chosen such that the integrand has no poles 


in that part of the complex plane for which R(s) 24 


3. EXAMPLE: A UNIFORM ELECTRON GAS 


As a first example of the use of the relation (2.11), and 
because the results will later be made the basis of the 
7, let us consider a uni- 
form electron gas, neglecting interactions. As Sondheimer 
and Wilson® have shown, the Bloch equation (2.7) is 
readily solved, subject to the initial condition (2.8) and 


perturbation treatment of Sec. 


the result, in atomic units, is 
C(r’,2,8) = exp(— R?/28) /(2x8)', (3.1 
vhere 
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In obtaining p, we start from the result‘ 
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where V is the volume, and this is the familiar relation 
between the electron density and the Fermi energy. 

The result (3.5) has, of course, been obtained pre- 
viously by direct use of plane waves, but the present 
argument shows how it may be found without recourse 
to the wave functions, and by a method which neverthe- 
less circumvents consideration of the awkward idempo- 
tency condition. 


4. DENSITY MATRICES IN CENTRAL 
FIELD PROBLEMS 


We turn now to a case of particular importance in the 
imperfections field, namely that corresponding to a 
spherically symmetric potential energy V(r). Here it is 
often convenient to exploit the fact that the wave 
equation separates in spherical polar coordinates r, 8, ¢, 
as was done, for example, in our previous computations 
of electronic wave functions around a vacancy in a finite 
metal.4 Then the solutions of Schrédinger’s equation 
may be written in the form 
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Che initial condition on C;(r’,7,8) may be obtained by 
viewing (4.1) as a one-dimensional wave equation, with 
wave function rX,:(r). From (4.3) it then follows that 
the corresponding one-dimensional 
canonical density matrix and hence 


4orrr’Ci(r'.r.B) is 


4err’C i (r' 7,0) = 8(r'— 1). 


4.5 
This is easily shown to be consistent with the condition 


2.8) on C(r’,r,8). From (4.1) and (4.3), the equation 
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The solutions of (5.1) satisfying the boundary condition 
4.5) are, for the first two / values, 


—"| 
28 
exp| - 
28 
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(.- ) exo| — | 
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Using the modified Bessel function 
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the solution of (5.1) satisfying (4.5) may be obtained 


for all J in the form 
1 
=——— exp(- real ) 
4nB(r'r)* 


r, the corresponding solution of (4.7) with 


1 r r 
: exp(——) inal -). 7 
4r Br 8 B 


From the Laplace transform relation (4.10) we can 
obtain p,(r’7,E) from (5.2) and (5.3). Thus 
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28 8 
Setting r’ 
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Equations (5.5 
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the general formula 


4 
ni(r, fe) =—{ 77 (Rr) 
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being obtained from (5.6). 


6. PERTURBATION TREATMENT FOR 
CENTRAL FIELDS 


It appears possible for a spherical potential V to 
obtain a perturbation series solution of (4.12) which 
reduces to (5.7) or (5.8) when V vanishes. Writing 


0 a 
f=—(rn,), or r= f fdk, 
Ok 0 


Eq. (4.12) may be expressed as 
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er or r° 
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rhe three independent solutions of (6.2) when V=0 
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(6.3a) 
(6.3b) 
(6.3c) 


fs 

where, to avoid confusion with the particle density m;, 

we have written #, for the spherical Neumann function. 

Che free-electron solution given in Sec. 5 is obtained 
from (6.1) by writing 

f=fi/2x*. 
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lo second order in V, it may be verified that the solu- 
tion of (6.2) is then 
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Thus combining (6.5) and (6.1), the perturbed density 
may be obtained to the same order of approximation. 


7. PERTURBATION TREATMENT FOR 
NONSPHERICAL V(r) 


After developing the methods described in the pre- 
ceding sections, we became aware of a paper by Green’ 
in which a very general perturbation treatment yielding 
the canonical density matrix was developed, in order to 
calculate the quantum mechanical partition function. 
We shall restrict ourselves to a first-order calculation 
here, although, in principle, higher terms may be ob- 
tained using Green’s work. Equation (15) of Green’s 
paper may be expressed almost immediately in our 
present notation a 


| V (8; 
-f 
(278)! . 


R,={(x«—-2x y—y 


exp 2R;’) p 
C(r,r,8) 
wR, 


where 


All that remains is to transform this to give the diagonal] 
element of the Dirac matrix to the same order, using 
(2.11), the zeroth-order result being the free-electron 
density given in (3.6). The perturbed density is then 


found to be given by 


n(2RR, 


where k (2¢)3. T his formula is new, and appt ars like iy 
to be very useful in the imperfections field, as we shall 


now discuss. 


8. APPLICATIONS TO IMPERFECTIONS 
IN METALS 


Mott* developed a first-order approximation to deal 
with imperfections in metals, the result being expressed 


in the form 
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n(4r,¢ 2 7 r 8.1 


where now we consider Here the 


doubly filled levels. 
of the Fermi 


screening radius 1/g is given in terms 
energy ¢ by 
8.2) 


now well established. 
Thus, the density follows the pote ntial too closely and 


Various shortcomings of (8.1) are 
at a point singularity, t! nsity becomes infinite with 
the potential, an incorrect result. This is unfortunate, 
because in physically interesting problems involving 
positron annihilation in metals, the positron lifetime 
depends on the electron density at the positron and the 


Mott treatment is inadequate. Also, it is known from 


| 
the work of Blandin e¢ al.* and from previous computa- 
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We shall conclude by indicati 


tween the perturbation theory of Sec. 7 
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for central field problems in Se 
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1 k r 
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9. CONCLUSION 
By exploiting the relation between the canonical an 


Dirac density matrices emt 


9" Fo, 
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shown how some progress may be made in the calcula- 
tion of the Dirac matrix in certain cases. Suitable 
perturbation treatments based on free electrons may be 
developed, and the most important practical conse- 
quence would seem to be the exact first-order formula- 
tion which supersedes Mott’s well-known treatment of 
imperfections in metals. 

We also stress that the generalized canonical matrix 
D may be obtained from C, should it be required to 
calculate Fermi-Dirac physical properties at elevated 
temperatures. Furthermore we suggest that the new 
equations (4.7) and (4.12) for the diagonal elements of 
C and p, respectively, may have computational merit 
when perturbation theory fails. Generalizations of thes« 
equations when the potential is not spherical may also 
be obtained, but the results are complicated and will not 
therefore be recorded here. 


APPENDIX I 


In this appendix we derive (4.7), the equation satisfied 
by Z.(r,8)=Ci(r,r,8), from (4.6) which is satisfied by 
C,(r’,7,8). Multiplying (4.6) through by r’ we obtain 


oe? 
{r’rC1(r’ 7,8)} 
2 or? 


Ll+1 
+V ri irr, r’ .r,B) 
2r? 
a 
_— {r’'rCi(r'r,B)} (), at. 
dB 


Ol 


We now 


relations 


introduce new variables £, » defined by the 


> , > ° ; . , 
E+n, r = &—n. Since rrC,(r' 7,8 
metrical with respect to interchange of r and r’ we may 


expand it in the form 
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Therefore it follows that 
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st 4 2 a3 
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where primes on ¢, denote derivatives with respect to &. 
We now equate to zero the coefficient of each power of ». 


The coefficient of n° gives then 


and the coefficient of n, 

4c,’ Cod, = 0 (A1.5) 

Hence, using the fact that v; is the derivative of v and 
eliminating c; between (A1.4) and (A1.5) we obtain 

Y fo’ — At ¢ (A1.6) 

Replacing & by 1, introducing the explicit form for 9, 

and substituting ¢o(r)=#7°Z,(r,8), (A1.6) is readily 

shown to be equivalent to (4.7). 
Finally we show that (4.12) may be 
from (4.7). Substituting 
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1 aVv 0 
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obtained directly 
4.11) into (4.7), we obtain 
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the above vi lds 
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(A1.7 (4.12) follows. 


and since must hold for all 8, 


APPENDIX II 


We demonstrate in this Appendix the equivalence, te 
first order in V, of the methods of paragraphs 6 and 7, 
for the central field problem. The first-order terms of 
Eq. (6.5) may be written 
1 a 

{7?(no—n)} 
k ok 
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—— > (2+1) f dsV (s)r*s?7,(kr)wii(kr) 77 (ks) 
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and we first focus attention on the quantity S defined by 


S= —4krs (214-1) ji (kr)aii (kr) jP(ks). (A2.2 


lo proceed, we wish to differentiate S with respect to k, 
using the results of Schiff."° Strictly, terms corresponding 
to /=0 should be considered separately, but for con- 
venience they may be included if we identify j7_:(p) and 
n_(p) with —fMo(p) and’ jo(p), respectively. It then 
follows after some manipulation that 
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since all other terms in the summation cancel. Inter- 
preting j7_;(p) and #_;(p) 
we find 


in the manner discussed above 
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rhe binding energy of two vacancies in a static lattice as a function of their separation and the positions 
of their displaced neighboring atoms has been calculated using a Morse potential function model for copper 
It was found that two vacancies attract one another at separation less than about 7 A. At separations greater 


than 7 A the vacancies do not interact appreciably 


rhe most stable separation was found to be the first 


nearest-neighbor separation or the divacancy configuration, for which the binding energy was found to be 
0.64 ev. Based on these calculations, it is shown that third-stage annealing in irradiated copper may be 


accounted for by divacancy migration. The role of the divacancy in copper self 


INTRODUCTION 


NUMBER of solid-state phenomena, such as void 

formation and radiation damage annealing, are 
concerned with the interactions of lattice defects with 
another. The interaction in a 
static lattice, because of its simplicity, is the object of 
study in this paper. Both the energy of interaction of 
two vacancies as a function of their separation and the 
positions of their displaced neighboring atoms have been 
calculated using a Morse potential function model for 
copper. 

The Morse crystal employed consists of a 20 20 20- 
atom face-centered cubic lattice, which is equivalent to 
an infinite lattice for calculations performed on defects 
located near the center. 

The energy of interaction, ,;, between two isolated 


one vacancy-vacancy 


atoms, ¢ and j, as a function of their separation, r;,,, is 
given by the Morse potential function as 


d; Dle 2a\rij—r0) — De—a(rij—ri i (1 
where D is the dissociation energy of the pair, ro is the 
equilibrium separation, and a is a constant. 

The energy of interaction of one atom i with every 
other atom j in the lattice is 


$e! = DEX je-22(/10) — I fema'rv-70)J (2 


To facilitate the calculation of interaction energies 
between two atoms neither of which is at the origin of 
the coordinate system, the origin is translated through 
a vector 4), 5s, 43. If the following substitutions are mad 
in Eqs. (1) and (2): 

5= ge, 
Lat, = [ (m,;—6,)?+ (n;—62)?+ (1;4;—63)? }ha, 
then 
¢:, = D{8* exp[_— 2aa( (mj; —5,)?+ (mi, —52)? 
+- (1;,—6;)*)! ]— 28 exp[ —aa((m,;—4,)” 
+ (n,;—52)?+ (15;—63)*)* |}, (3) 
and 
¢:' = D{# >; exp — 2aa((m;—6,)?+ (nj— 5)? 
+-(1,—63)*)! ]— 28 >, exp[—aa((m,—5,)? 
+ (n,—6)?+ (l,—65)*)']}, (4) 


liffusion is also explained 


where 1;;, m,,, and mj; are the position coordinates of 
atom j with respect to atom i, and a is the half-cell 
lattice spacing. 

The energy of cohesion, ®, is 


where 


N is the number of atoms in the crystal 
The values of the Morse function constants used in 
this work are 


a= 1.3588 A 
8= 49.11, 
D=0.3429 ev 


These vaiues were deduced from the macroscopic prop- 
erties of copper. ' 


CALCULATIONS 


The interaction energy, Eg, of two vacancies both of 
which are on normal lattice sites is given by 


Ep= Ennt Epr—2Ever, (5 


where Eww is the energy of interaction between two 
atorms at the same separation as the two vacancies, 
Epr is the relaxation energy of the atoms neighboring 
the pair, and Ey.» is the energy of relaxation of an iso- 
lated vacancy.® 

For convenience in performing the calculations, the 
interaction energy, Ez, was calculated for only four 
separations: first-, second-, fourth-, and eighth-nearest- 
neighbor separations. It was found that at the eighth- 
nearest-neighbor separation the vacancies exerted no 
appreciable effect upon each other, and thus calculations 
for larger separations were not performed. 

The term Eywy is calculated by means of Eq. (1). The 
energy of vacancy relaxation, Eye, has been calculated 
by the authors in a previous publication and shown to 


iL. A 
1959) 

2 L. A. Girifaico and V. G. Weizer, National Aeronautics and 
Space Administration Report NASA TR R-5, 1959 

+L. A. Girifalco and V. G. Weizer, J. Phys. Chem. Solids 112, 
260-264 (1960). 


Girifaico and V. G. Weizer, Phys. Rev. 114, 687-690 
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VACANCY-VACANCY SEPARATION 


kus. 1. Vacancy 


vacancy interaction energy versus separatior 
be 0.56 ev. Equation (4) is used to calculate Epp, the 
lattice summations being performed on a high-speed 
digital computer, 

The method used in calculating Ep» is essentially the 
same as that used to calculate Eyer.’ First, the atoms 
neighboring the pair of vacanci¢ 
metrical sets. In the 


are grouped into sym- 
vacancy relaxation these sets are 
the sets of nearest neighbors. Here, however, where the 
} that 


simple. The criteria for placing an atom in a set are that 


symmetry is much lower, the situation is not 


it should be a certain distance A away from vacancy 


number one and a certain distance B away from vacancy 


number two. The first- and second-nearest neighbors 


} 


to each vacancy were shown to be the only atoms 


relaxation about the 
pair, resulting in eleven sets for the 


contributing appreciably to the 
first-nearest-neigh- 
bor separation, nine sets for the second-nearest- 
neighbor separation, thirteen sets for the fourth-near- 
est-neighbor separation, and ten sets for the eighth- 
nearest-neighbor separation. 

These sets are then displaced, one at a time, along 
their 


crystal is calculated as a function of these displacements. 


relaxation 


trajectories, and the energy of the 
While the first set is being displaced, the remaining sets 
are held in their original positions. The point of mini- 
mum crystal energy is taken to be the equilibrium posi- 
tion of the first set to the first approximation. These new 
positions of the first set are then substituted for the 
original positions, and the second set is displaced in a 
similar manner. This process is continued until all the 
sets have been displaced. Then, because of the displace- 
ment of the second and succeeding sets, the equilibrium 
position of the first set has been disturbed, and therefore 
the entire sequance must be repeated until further cal- 
culations yield no new results 


The order in which the sets are d splaced is based 
upon the estimated amount of the set re- 
laxing the most being displaced first. It should also be 
noted that the original positions of the atoms neighbor- 


ix d ne ighbors 


relaxation 


ing the vacancies are the positions 
about an isolated vacancy 

The 
follows: The atoms art 
toward or away from vaca! 


relaxation trajectories ca described 
first llowed to ax radially 
Then, using 


itions, the 


the newly calculated positions ; iginal posi 


atoms are allowed to relax lally toward or away 
from vacancy number two. This process is repeated, 
switching from vacancy number one to vacancy number 
reached. This, 


tbout a pair 


two and back again until equilibrium 
then, is the final equilibrium configuration 
of vacancies. 

The energy of the crystal after relaxation is then sub- 
tracted from the energy of the cry 
to give the relaxation energy of the vacancy pair. The 
relaxation energy is then combined with / and Ey; 
in Eq. (5) to obtain the interaction energy F;, 


crystal before relaxation 


RESULTS 


The interaction energy of two vacancie i function 
of their separation is shown lt ig. 1. The points on the 
solid curve are the value ilculated in this paper. The 
dotted curve is a Mors« tial function which repre- 
sents the interaction « 
tion occurs, that is, when E; 0. 


} } 
ncajes wnen no relaxa 


It should be noted, however, that the only points tl 
are meaningful on these curves are the 
different lattice neighbor separations. Bet 
these points there is an energy barrier, over which the 
vacancy can travel only if it has the required activation 
energy. 

The most stable 
the first-nearest-neighbor separation 
vacancy configuration with a bindir 
This is slightly above the range of values obtained by 
Bartlett and Dienes.* Using a bond-coi niq 
they arrived at the limiting values of 0.23 ev and 0.59 ev 

Table I gives the positions of the atoms around the 
vacancies before and after relaxation. The 


points at 


1 
ween eacn 


two vacancies is 
the di- 
g energy of 0.64 ev 


separat oO! O he 


alled 


‘ ' } 
Inting tec! le 


first set ol 

coordinates in each group is the set of coordinates of a 

typical atom of the group in its 1 attice position 

The second set of coordinates in 

tion of the atom in its final relay 

of the coordinate system is placed midw 

two vacancies in all four cases. The coordinat 

vacancies are given in tl 
For purposes of computation the atoms neighboring 

divided into sets as described pre- 


ie table 


the vacancies wert 


conhiguration 


viously. However, inspection 
the mi ymmetry 


shows that because of existing 


between the two vacanci sets are 


equivalent, thus reducing the 


‘S.H. Bartlett and G. J. Dier 





VACANCY-VACANCY 
almost a factor of two. The grouping in Table I reflects 
the fact that many of the sets previously used are 
equivalent. 

By comparison of the results of the eighth-nearest- 
neighbor separation calculations with the calculations 
performed for a single vacancy, it can be seen that the 
configuration about two vacancies of eighth-nearest- 
neighbor separation is very nearly the same as the con 
figuration about two isolated vacancies. 

The constants in the Morse function used in this 
paper were calculated to reflect the electron distribution 
of a perfect crystal. When this function is applied to an 
imperfect crystal, some error will probably be intro- 
duced because of the electronic redistribution. However, 
in these calculations, where a subtractive process is 
used to calculate the binding energy, the errors will at 
least partially cancel themselves out. Thus, these cal- 
culations should give a fairly accurate value of the 
binding energy of a divacancy and a reliable picture of 
the interaction of two vacancies. 


DISCUSSION 


It has been suggested by Li and Nowick® that the 
divacancy mechanism might be responsible for third- 
stage annealing® in deuteron-irradiated copper which 
shows an activation energy of 0.69 ev at about 
220°K.7-” Following this suggestion and noting Over- 
hauser’s’ observation that the third-stage annealing 
mechanism is bimolecular, it might be assumed that 
the process involves the migration of divacancies to the 
less mobile vacancies, which in this case act as sinks 
for the divacancies. The combination of a divacancy 
with a vacancy would form a trivacancy, which has been 
shown to be quite immobile in copper." 

If one then uses the value of 0.69 ev for the energy of 
migration of a divacancy in copper, E,,”, 1.0 ev for the 
energy of formation of a vacancy,” E,", and 0.64 ev for 

*C. Y. Li and A. S. Nowick, Phys. Rev. 103, 294 (1956) 

*G. J. Dienes and G. H. Vineyard, Radiation Effects in Solids 
Interscience Publishers, Inc., New York, 1957), p. 163 

7 A. W. Overhauser, Phys. Rev. 91, 448 (1953); Phys. Rev. 94 
1551 (1954). 

*H. G. Cooper, J. S. Koehler, and J. W. Marx, Phys. Rev. 97, 
599 (1955) 

*R. R. Eggleston, Acta Met. 1, 683 (1953). 

M. J. Druyvesteyn and J. A. Manintveld, Nature 168, 868 
1951); J. A. Manintveld, Nature 169, 623 (1952). 

1 A. C. Damask, G. J. Dienes, and V. G. Weizer, Phys. Rev 
113, 781 (1959). 

8G. Airoldi, G. L 
Letters 2, 145 (1959) 


Bacchella, and E. Germagnoli, Phys. Rev 


INT RACTION IN Cu 839 


Tare I. Positions of atoms around a pair of vacancies before 
and after relaxation at different separations. See text. 


First-nearest-neighbor 
separation, vacancies 
located at —4, —4, 
0 and i, 4, 0 


Coordinates 


Second-nearest-neigh- 
bor separation, va- 
cancies located at 
1,0,0,and —1,0,0 


Group Group 


Coordinates 


1.00 0.0 
0.96 00 
1.00 1.00 
0.98 0.98 
100 00 
0.97 00 
2.00 00 
2.02 0.0 
00 00 
00 00 


0.50 -0.50 
0.46 
0.50 
0.49 

—0.50 

—0.50 

— 1.50 

— 1.48 
0.50 

—0.50 

2.50 —0.50 
51 —0.50 


1.00 l 
0.92 
0.0 2 
0.0 
1.00 
0.98 
0.0 
0.0 
2.00 
2.00 
0.0 
0.0 


0.0 

0.0 

1.00 
0.99 
2.00 
1.98 
1.00 
1.02 
3.00 
3.01 


fF ourth-nearest-neighbor 
separation, vacancies 
located at 1, 0, 1, 
and —1,0, —1 


Coordinates 


Eighth-nearest-neigh- 
bor separation, va 
cancies located at 

2,0,0, and 2,0,0 


Coordinates 


1.00 
0.98 
1.00 1.00 
0.98 0.98 
2.00 0 
2.01 00 
100 00 
0.98 0.0 
0.0 0.0 
0.0 00 


roup 


00 
0.0 


1.00 
1.01 
0.0 

0.03 
00 

0.03 
1.00 
1.00 
1.00 
1.00 
2.00 
1.97 
3.00 
3.01 


0.0 l 
0.0 
1.00 2 
0.98 
0.0 
0.0 
2.00 
2.01 
1.00 
0.99 
0.0 
0.0 
0.0 
0.0 


1.00 
1.02 
2.00 
2.00 
2.00 
2.00 
3.00 
2.98 
4.00 
4.01 


the binding energy of a divacancy, Eg, then the activa- 
tion energy for divacancy diffusion, Ep”, given by 


Ep? =2E,¥—Ept+Em? 
is calculated to be 2.05 ev 

The activation energies for diffusion for both vacan- 
cies and divacancies are thus seen to be equal. This 
would explain why, if divacancies contribute to diffu- 
sion, no deviation from linearity is seen in experimental 
In D against 1/7 curves. 

From these calculations, then, one is led to believe 
that the divacancy is probably responsible for third- 
stage annealing in copper and is also active in the 
mechanism of self-diffusion in copper. 





Polarization of the Edge Emission in CdS 
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The edge emission spectra of Cds has been examined in the temperature rar 
the ratio of the intensity of the light emitted whose plane of polarization is perpendic 
the crystal to that parallel to the c axis was determined 


perature. | 


agreement with an earlier paper assigning the emission as the recom! 


re (0 150 


g K. Ir 
The ratio /,;// 


decreased th 


ibinallor 


and free electron an interpretation is offered in terms of the splitting of the grou 


splitting is caused by the presence of the crystal field in a manner similar to that observe 


band. However 


from the present experiment alone an equally satisfactory explanation car 


terms of the recombination of a trapped electron with holes possessing a thermal distri 
valence band levels. In either case a splitting of AE =0.014 ev is obtained 


INTRODUCTION 


Kk ILLOWING the initial observation of fluorescence 
in CdS by Kroger,’ this material has received 
almost continuous attention. A summary of the work 
up to 1956 is available* and recently a fairly extensive 
bibliography has been given in a review article.’ Fluo- 
rescence from CdS has been observed in several regions 
of the visible and infrared, e.g., emission due to exciton 
decay ~4900 A,‘ edge emission near 5200 A and emis- 
sion at various chemical impurity sites.°-* However, only 
that component near 5200 A, the “edge emission,” will 
Phis 


} 


wavelength side of the fundamental absorption edge, 


be discussed here fluorescence lies just to the long 
and is characterized at low temperatures by a series of 
equally spaced peaks. Several models*:’ for the mecha- 
nism of the edge emission have been advanced ; the most 
recent’ suggests that it is due to the radiative recombi- 
nation of a free electron and trapped hole at a sulfur 
vacancy. Dutton® realizing that the presence of non- 
cubic crystal fields, due to the ionic nature of the bond- 
looked for and 


observed in CdS a preferential polarization of the edge 


ing, might effect the luminescence 


emission with respect to the ¢ axis of the crystal. 

It is the purpose of the present paper’ to extend the 
measurements of Dutton to other temperatures and to 
give an interpretation based on the effect a split valence 
band has on a recombination level within the forbidden 
energy gap. 


A. Kroger, Physica 7, 1 (1940 


Lambe, C. Klick, and D. Dexter, Phys 103, 1715 


Rev 


| 

ry 
(1956) 

ay. 


Lambe and C. Klick, Progre in 
Wiley & Sons, New York, 1958 > Vol. 3 

‘M. Bancie-Grillot, E. F. Gross, E. Grillot, and B.S 
Compt. rend. 248, 86 (1959). D. G. Thomas and J. J 
Phys. Rev. 116, 573 (1959 

§C. C. Klick, Phys. Rev 

* D. Warshaw and D. ( 
(1959) 

7R. J. Collins, J. Appl. Phys. 30, 1135 (1959 

*D. Dutton, J. Phys. Chem. Solids 6, 101 (1958 
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4, 323 (1959 
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Hopfi ld 
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EXPERIMENTAL 


The experimental arrangement used to measure the 
ratio of the intensity of light emitted with its plane of 
polarization perpendicular to and parallel to the ¢ axis 
of the crystal is shown schematically in Fig. 1. By the 
use of filters (6-mm Corning No. 9863) and baffling the 
reflected exciting radiation was not allowed to enter the 
detecting apparatus. Unusual care was necessary in this 
since the 5460 A line or the continuum always present in 
a Hg arc, although unimportant 
tral shapes, could easily affect the measured ratio of the 


in observing the spec- 


two modes of polarization. 

A 1P21 photomultiplier was used as the detector in 
the monochromator and sheets of polaroid, placed be- 
parts, formed the 
polarizer. Corrections were made for 


tween the sample and any optical 
the polarization 
properties of the monochromator and optics. The sam- 
ples of CdS were mounted with pressure contacts against 
the bottom of the Dewar. A the le in 


with a free surface of the sample \ 


contact 
used for the tem- 
perature determination. San for these studies were 
ywn at the Wright 

Dr. B. Kulp 


( leaved from single ( rystal 
Air Development Center and 
and Dr. D. C. Reynolds 

It was noted that the r 
perpendicular to the ¢ axis 
showed a gradual decrease 


ht emitted polarized 
and paraliel to the ¢ axis 
with time after cleavage. 
Whether this represented a deterioration of the surface 
through the condensation of vacuum pump vapors or a 


more basic inechanism was never cle 


ar. Completely re- 





POLARIZATION OF If 
producible results could be obtained by measurement of 
the ratio on freshly cleaved surfaces without regard for 
what initial crystal was used as long as the crystal did 
show edge emission. 


RESULTS AND DISCUSSION 


The results of the measurements are shown in Figs. 2 
and 3. Figure 2 gives the spectrum emitted in the two 
modes of polarization at 78°K. The ratio could be 
measured over the temperature range 135°K to 71°K 
and is plotted against //7 in Fig. 3. It was unfortunate 
that the decreasing intensity of the green edge emission 
with increasing temperature was so pronounced that the 
measurements could not be extended to higher tem 
peratures. The lower end of the temperature scale was 
reached at the equilibrium temperature established by 
pumping on solid nitrogen 

An interpretation of these results is possible in terms 
of the model”® for the CdS band structure, which suggests 
that the valence band is a P band and the conduction 
band is an § band. In this partially ionic hexagonal 
crystal the presence of both crystal field and spin-orbit 
coupling will split the otherwise threefold degenerate 
valence band as shown in Fig. 4. The symmetry" of 
each component of the bands is given on the side of the 
figure. Also shown are the results of the earlier paper” 
on the selection rules for the emission process. If the 
recombination of a trapped hole’ and free electron occurs 
at a site of high enough symmetry that “P,,P,” states 
are not mixed with ‘“‘P,”’ states then the selection rules 
will be the same as for band-to-band processes. 
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1G. 2. Edge emission spectrum of CdS at 78°K 
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Fic. 3. Ratio of intensity of radiation emitted with F, to c axis 
to that emitted with Ey to ¢ axis, as a function of 1/7. The points 


are experimental and the solid curve calculated from 


I ale at} 
In \An 1—26¢ 


with e=0.28 (/1,;/Hy?=0.72 and AE =0.014 ev 


An equilibrium distribution of trapped holes between 
the levels of the defect characteristic of the lattice tem 


perature will be reached if the relaxation process is 


shorter than the time required for recombination emis- 
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sion. It is known’ that at 78°K the light emission, i.e., 
recombination of free electron and trapped hole, requires 
times of the order of 10~* second. It seems therefore 
safe to assume that thermal equilibrium will be reached 
since the excited carrier should have sufficient time to 
relax to the lattice temperature 

The intensity of light emitted in the 
polarization may be written a 


two modes of 


T,« (H,) 


} population I'y+e population T';), 1 


and 


/ H,,)71 (1 2e population I’; ; <) 


where H, and H,, are the optical transition matrix 
fractional mixing of the P, and P, 
wave function with P, in the lower state. The } arises 


elements, and ¢ 1 


from the normalization. Furthermore, since the ratio: 


population of I'y/population of T'y=e44/*7, — (3) 


if AF is the separation and a thermal distribution is 
assumed, then 


I, H, genes +g 
)( 
/ H (1—2 
Since the other much further removed its con 
tribution will be neglected. From the exciton spectrum 
analysis* carried out by Thomas and Hopfield a value 
0.28 can be found (Note: by an unfortunate choice 
of symbols the « used here differs from Thomas and 
Hopfield by «=4— ern.) The term (H,/H,,)* appears 
only as a sliding scale factor and a value of 0.72 was 


level Is 


of « 


used to give the best fit in Fig. 3. 
given above the ratio of 
/,/7\,) for the edge emission as a function of tempera 


Using the two parameters 


ture can be used to determine the energy separation of 
(4) to the data 
was the best fit obtained 


the levels in the defect by fitting Eq 
The solid curve in Fig. 3 which 
gave a value of A =0.014 ev. This value for the split 
ting of the levels in the recombination center is in good 
agreement with the values of the valence band splitting 
obtained from the exciton analysis. 

It should be noted that in accordance with an earlier 
paper, the edge emission is assigned as the recombina- 
tion of a free electron with a trapped hole. The present 


data could equally well be interpreted on the trapped 


HOPFTELD 
electron-free hole model in terms of the splitting of the 
valence band and a thermal distributiou of the holes 
between the different levels within the valence band. 
The model of edge emission pre 
temperature dependen e of 


ented not only gives a 
polarization but also pre 


dicts that the emission in the two modes shall be dis 


placed in wavelength by A£~0.014 ev. Since this is 
approximately 4 of the longitudinal phonon energy 


separation between peaks the shift should be observable 
Examination of Fig. 2 shows however that except for an 


apparent loss of resolution the emission polarized parallel 


to the ¢ axis is not shifted with respect to that polarized 
perpendicular to the ¢ axis 

The apparent absence of a displacement can probably 
be understood as a partial mixing, due to some experi 
mental condition, of the two modes of emission. A mix 
78°K would 
have almost no effect on either spectral shape of E_Lc or 
on the ratio since EF | c>E}\< 
percent of £1 ¢ mixed into £)\¢ would contribute a small 
effect 
in the emission 


ing of a few percent of E!lc into FE Le at 


On the other hand, a few 


error to the ratio but more important its first 
would be to cause a loss of 
peaks. A possible source for this mixing would be the 
irregularities present on the cleaved surfaces. Unfortu 
nately, samples were not available which would both 
fluoresce and growth f 
Furthermore, optical polishing of the 


resolution 


contain the ¢ axis in face 


urlaces was not 
possible since this operation in general destroys edge 
emission. 

In addition the samples available fluoresced so weakly 
0.01 ev) 


itt exper ted, would 


that it was necessary to use fairly wide slits 
which, being about the same as the s} 
make its observation difficult 

It should be pointed out that recently similar meas 
urements on ZnO at Erlangen" do show a displacement 
of the emission polarized 
with respect to that emitted paralle I ( x 
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The pressure of the electron gas gives rise to a contribution to the thermal] expansion of metals proportional 
to the dilatational strain derivative of the electronic specific heat. It appears from the strain dependence 
of the superconducting phase boundary that the electronic specific heat of aluminum is extremely sensitive 


to dilatation 


This would explain why the thermal expansion of aluminum between 20° and 30°K is much 


larger than expected from the Griineisen theory. The extreme sensitivity of the electronic specific heat to 
strain is not inconsistent with the zone structure of aluminun 


I. ELECTRONIC THERMAL EXPANSION 


T was pointed out by Mikura' that the volume 

dependence of the energy of the electron gas can 
lead to a contribution of the thermal expansion of 
metals of the form 


(dd/d7T).= (1/RV)gC., 1 


where A is the dilatation, V the volume, & the bulk 
modulus, C, the electronic specific heat, and g is a 
numerical constant. This contribution is additional to 
that arising from the lattice anharmonicity* and pro 
portional to the lattice specific heat C,, namely 

(dA/dT),= (1/kV)yC,, 2) 
where y is the Griineisen constant. Since generally C, 
is much smaller than C,, the electronic thermal ex- 
pansion is relatively small; only at low temperatures, 
where C, and C, are comparable, can we expect this 
term to be appreciable. One should then observe that 
the thermal expansion at very low temperatures does 
not vary with 7 as rapidly as indicated by (2), but 
decreases more slowly, tending to a variation linear with 
T. In general (1) should be comparable to (2) only at 
liquid helium temperatures, where the thermal ex 
pansion is already very smal! and its measurement 
exceedingly difficult. The possibility of observing this 
electronic contribution should be somewhat more 
favorable in transition metals which have a large value 
of C,. 

Essentially the same conclusions were drawn by 
Visvanathan* and later by Varley,‘ each of these authors 
being apparently unaware of the preceding work 

The treatment of Mikura and of Visvanathan is not 
sufficiently general, since they did not consider the 
possibility of a variation of the density of states with 
dilatation.* Hence these expressions for the coefficient 
g in (1) are not reliable, though in the case of free 
electrons they obtain correctly g= 3. 

Varley derived a relation between (dA/d7), and the 


'Z. Mikura, Proc. Phys. Math. Soc. Japan 23, 309 (1941 
? E. Griineisen, Ann. Physik 39, 257 (1912). 
S. Visvanathan, Phys. Rev. $1, 626 (1951) 
‘J. H. O. Varley, Proc. Roy. Soc. (London) A237, 413 
Visvanathan’s treatment contains a further error 


1956 


strain dependence of the electronic specific heat es 
sentially as follows 
volume V 


The free energy of a solid of 


written a 


may be 


F=4VRMN+F,(4,7)+F,(4,7), (3) 


where F,, F, are the contributions of the electrons and 
of the lattice to the free energy, except that the com- 
ponents of F, and F, which depend on A without de 
pending on 7 are already incorporated into the first 
term. Differentiating with respect to A and equating 
to zero, we obtain equilibrium values of A, additively 
composed of A, and A,. The latter leads to the Griin 
eisen thermal expansion (2), the former becomes 


g 


kA.= — (1/V)(AF./dd)r= pe, (4) 


where p,.= — (0F,./0V)r is the pressure of the electron 
gas. The electronic dilatation A, thus arises from this 
pressure of the electron gas, which tends to expand the 
metal against the restoring elastic forces. Now in general 

k dA d7 lp 


= (0p/0T)y, (3) 


and since F, is a perfect differential 


(Op. oT), (0S,/AV)r, (6) 
where S, is the entropy of the electrons. Furthermore, 
in the case of a degenerate electron gas S,« 7, so that 
C,=S,. Hence the electronic contribution to the thermal 
expansion becomes 


(dA/dT), 1/kV)(0C,/dA)r, (7) 


so that the coefficient g in (1) is the logarithmic de 


rivative of C, with respect to volume, i.e 


c 1/C,)(0C./dS (R) 


Il. STRAIN DEPENDENCE OF THE ELECTRONIC 
SPECIFIC HEAT OF SUPERCONDUCTORS 


While it is possible in principle to determine the 
logarithmic derivative (8) directly from measurements 
of the specific heat as a function of pressure, such 
measurements are difficult and have not yet been done 
In the case of superconductors, however, one can deduce 
the normal-state’electronic specific heat from the tem- 
perature dependence of the magnetic threshold curve 
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at lowest temperatures. Olsen® has determined the 
electronic specific heat in this way as a function of 
pressure, and deduced the logarithmic derivative (8), 
for aluminum. He found the surprisingly large value of 
¢ = 130-+60. 

Another method of determining g is through the 
change in volume 6V of the metal when passing from the 
normal to the superconducting state, as discussed by 
(Isen and Rohrer.’ Since in the superconducting state 
C/T vanishes in the limit of lowest 7, d(6V)/dT in 
this limit is a measure of the electronic thermal ex- 
pansion in the normal state and hence, by (7), of g. 
Values of g of a number of superconductors have thus 
been deduced.’:* These are generally of order unity, 
but for mercury g~ +10 while for tantalum g~ —40. 
In the case of aluminum g could not be determined in 
this way to any accuracy, but there were indications 
that it is large and positive.’ 


Ill. LOW-TEMPERATURE THERMAL 
EXPANSION OF ALUMINUM 


If the logarithmic derivative g is indeed as large as 
suggested by Olsen’s measurements, then the electronic 
contribution of thermal expansion should be detectable 
with available techniques. Figgins, Jones, and Riley® 
have measured the lattice spacing of aluminum by 
x-ray diffraction at 20°K, 32°K, and at a number of 
temperatures up to room temperature. The 
average thermal expansion between 20 and 32°K was 
found to be 


higher 


(dA/dT)o6™ 3« 10 6 deg . Q) 


and about twice as much in the interval from 32° to 
44°K. 
The Griineisen expression (2) 


for the thermal ex- 


pansion would yield a value of 


dA/dT)o9™~1X 10~° deg (10) 


if we use a value of y=2.2, which fits the thermal 


expansion data at high temperatures. We have used 


here a value of k=7.7X10" dynes/cm? and Cog=4.5 
«10° ergs/deg cm*. This would indicate an electronic 
contribution to the thermal expansion of 

dA dT), 6 2X 10 ® deg as 11) 


furthermore this separation into terms proportional to 
Tl and 7* also fits the expansion in the 
interval from 32° to 44°K 

[t is, 


respectively, 


of course, also possible Lo explain the large 


thermal expansion at low temperatures not in terms of 


® J. L. Olsen, Helv. Phys. Acta 32, 310 (1959 

7 J. L. Olsen and H. Rohrer, Helv. Phys. Acta 30, 49 

* H. Rohrer, Helv. Phys. Acta 32, 312 (1959 

* B. F. Figgins, G. O. Jones, and D. P. Riley 
(1956 


1957 


, Phil. Mag. 1, 747 


an electronic contribution, but in terms of a_ rapid 
increase of y as T is decreased. It is, however, unlikely 
that 7 should increase so rapidly and reach a value of 


6 at lowest temperatures, particularly as the theoretical 


treatment of Barron'’ predicts a much smaller variation 
of y, and actually a decrease at low temperatures 

Phe value of (dA/d7), of (11) would require a value 
of g~ +40. This is somew maller than the value 


deduced by Olsen, but it must be remembered that 


there are considerable uncertaintie ociated with 
both estimates. Nevertheless, one can conclude with 
some confidence that for aluminur much larger 
than unity, and is positive 

The extreme sensitiv volume change ‘of the 
electronic specific heat of aluminum, although at first 
sight surprising, is not inconsistent h Harrison’ 
model of the electronic band structur The sphere 


} 


containing three ele« transformed into 
The Fermi 
surface is close to the zone boundary almost everywhere ; 
the small por kets of the electrons in the highest 
are probably eliminated by 


trons per atom, 


reduced k space, extends into three zone 


ig zone 
the crystalline field. Since 
the Fermi surface is close to the zone boundary one 
would expect the density of states to be sensitive to 


small perturbations. It is of interest that in the case of 





lead, where the Fermi surface is generally further 
removed from the zone boundarie e logarithmi 
derivative g is much smaller 

The absence of an abnormal pressure dependence of 
the room-temperature electrical conductivity is n 
easily reconciled to the high value of g. It is, however, 
possible that different groups of electrons contribute 
mainly to the electrical conductivity and to the strain 
sensitive fraction of the specific heat 

It would be very interesting to kno variation 
of C, and of g of aluminum > with electron 
concentration 

Finally one should remember that the separation of 
the specific heat into an electronic and a lattice term 
may not be justified in cases when the Fermi surface 
lies close to a zone boundary.” For purposes of the 
present argument, however, it is sufficient that there 
should be a component of specific heat linear in T, 
irrespective of its origin, and that this component 
should be volume sensitive. Vole added in proof. Dr 


G. K. White, National Standards Laboratory, Sydney 
Australia has measured the thermal expansion of 
aluminum from 7° to 20°K, using a sensitive capaci- 
tance method. His results indicate an « 
expansion smaller than that of 


nsior 


tronic the 


8, and a corresponding reduction in g. I am grateful to 
Dr. White for his permission to quote these results. 
© T. H. K. Barron, Phil. Mag. 46 


1 W. A. Harrison, Phys. Rev 


2H. Jones, Proc. Roy. Soc. (Lond A240, 321 (1° 
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Total elastic | inelastic cross sections for the scattering of electrons (including exchange) from the 


1s, 2s, and 3s states of atomic hydrogen have been calculated in three approximations using the method of 


partial waves 


Vist», and inelastic, Qis-2, Cross sections 


INTRODUCTION 


HE discrepancy between the experiments of Beder- 
son, Malamud, and Hammer' and of Brackman, 
Fite, and Neynaber* on the cross section for the elastic 
scattering of electrons by hydrogen atoms in the 1s 
state has given a new impetus to wave mechanical 
investigations of this problem. Further uncertainty has 
been introduced into this problem by the different ex- 
perimental results of Lichten and Schultz? and Stebbings 
et al.4 in measuring the inelastic cross section for the 
excitation of the 2s state of atomic hydrogen by electron 
impact. The former authors normalized their results to 
the Born approximation at 40 ev, while the latter per- 
formed a measurement relative to Qi,_2p. 

The uncertainty presently existing in the problem 
has emphasized the need for calculations which make as 
few approximations as possible. The purpose of the 
present paper is to examine the contributions to the 
cross sections from P and D partial waves and the effect 
of S-state distortion. Electron exchange has been taken 
into account. 

A brief description of the theory employed is given in 
Sec. 1. The inelastic scattering results are presented in 
Sec. 2 where they are compared with other calculations 
and experiments, the elastic scattering results are pre- 
sented in Sec. 3 

All cross sections are given in units of mao’. 


1. THEORY 


The usual procedure in wave mechanical scattering 
problems is to separate out the motion of the projectile 
and target by expanding the total wave function for the 
system (which should be symmetrized in accordance 
with the Pauli exclusion principle) in terms of the com- 
plete set of eigenfunctions of the target Hamiltonian. 
The number of terms taken in this expansion determines 
the approximation one is working in. The resulting 
systems of coupled second-order integro-differentia! 


* This work was performed under the auspices of the U. § 
Atomic Energy Commission 

' B. Bederson, H. Malamud, and J. Hammer, Bull. Am. Ph 
Soc. 2, 172 (1957 

?R. T. Brackman, W. L. Fite, and R. H. Neynaber, Phys. Rev 
112, 1157 (1958 

*W. Lichten and S. Schultz, Phys. Rev. 116, 1132 (1959 

‘R. F. Stebbings, W. L. Fite, D. G. Hummer, and R. 1 


Brackmann, General Atomic Report GA-339, April 22, 1900 


unpublished 


The purpose of this report is to present the S 


P-, and D-wave « the elastic 


mtridbutions te 


equations for the expansion coefficients must be solved 
for the asymptotic parameters required to calculate the 
cross sections. 

The name “one-body exchange approximation” is 
given to the approximation which assumes that only 
one state need be taken in the eigenfunction expansion. 
McEachran and Fraser® have calculated the Q;,.1, elastic 
scattering cross section in this approximation for /< 2 
partial wave contributions. Their results have been used 
to check the present method. 

The “strong-coupling exchange approximation” per- 
tains when two terms are believed to be an adequate 
approximation to the total wave function. Marriott® has 
used this approximation in the electron-hydrogen atom 
problem assuming 1s and 2s coupling. However, Mar- 
riott only calculated the / 
sections. In the present paper, Marriott’s calculations 
have been checked and extended to include /=1 and 
/=2 contributions. 

In the present work, some results are reported for the 
which the 
eigenfunction expansion is assumed to be given by 1s, 
2s, and 3s states. In this way it is possible to examine the 
effect of S-state distortion on both the elastic and in- 
elastic cross sections. This effect has been examined by 
Smith, Miller, and Mumford’ in this approximation, 
but neglecting exchange effects. 

The systems of coupled second-order integro-differ- 
ential equations which are to be solved on the computing 
machine are well known; see Massey.* A straightforward 
iterative method used to calculate the desired 
asymptotic parameters. In the first iteration, the inte- 
gral terms were neglected and the remaining differential 
equations were integrated as an initial-value problem. 
The phase shifts and amplitudes thus obtained were 


0 contribution to the cross 


“three-term exchange approximation” in 


was 


considered as first approximations, while the solutions 
of the equations were substituted into the integral terms 
to get a first approximation to these functions. The 
system of differential equations was again solved, now 
including the approximate integral terms. This proce- 


R. P. McEachran and P 
196) 

*R. Marriott, Proc 
7K. Smith, W. F 
On London) (to be published 

*H. S. W. Massey, Handbuch der Physik edited by S. Fitigge 
Springer-Verlag, Berlin, 1956), Vol. 36, p. 372 


A. Fraser, Can. J. Phys. 38, 317 


Phys. Soc. (London) 72, 121 (1958) 
Miller, and A. J. P. Mumford, Proc. Phys 


. 
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PaBLe I. Partial wave contributions to the inelastic cross sections for the scattering of electrons from hydrogen at Vie-z. Row 
a) corresponds to 1s-2s coupling; row (b) corresponds to 1s-2s-3s coupling. The numbers in square br ho f Marriott." 
The numbers in parenthesis have been included to show the extent to which the reciprocity condition has beer isfied (a check on the 
numerical accuracy ), i.e., (a) 38 (| Ro®Qis-26— ki*Qae-10| ). The statistical factors of } and } are included. The plus and minus signs correspond 
to symmetric and antisymmetric spatial wave functions, respectively 


11.0 13.6 


2 


0.0384 0.0 0.0714 0.0027 0.0238 
[0.0383 ] [0.0] [0.072] [0.0021 } [0.0547 ] [0.0061 J 0.0242] 0.0073 
0.0022) 0.0003 0.0) 0.003) 0.011 
0.0443 0.0233 0.0069 
0.0017 0.0003 0.0002 


0.008 0.1736 0.051 0.161 0.053 0.0735 0.0383 0.0358 

0.025 0.003 0.028 0.011) 0.0036 0.0033 0.0 0.0013 
0.045 0.1197 0.0369 0.0334 
0.0004 ) 0.0013 0.0001 00 


0.0 0.046 0.0053 0.0577 0011 0.040 
0.0 0.013 0.0) 0.0003 0.0025 0.0033 
0.0389 
0.0004 


» See reference 6 


dure was continued until the asymptotic parameters the 1s-2s approximation, row (a), and the 1s-2s-3s ap- 

obtained in the (i+1) iteration were the same as those proximation, row (b), the | contributions are very 
of the (i) iteration to within a given epsilon. Further important. 

details of the method can be found in the report by The effect of the 3s state on the Vie-2e CTOSS Section 

Cody and Smith.’ becomes increasingly important with decreasing energy, 

the effect tending to decrease the cross section from the 

2. INELASTIC SCATTERING values obtained by the strong-coupling approximation. 

We note that the total cross section at 30 ev, as calcu 

lated here, agrees quite well with the Born approxima 

tion. This result tends to support Lichten and Schultz 


The inelastic scattering cross sections, Qj,-2,, are 
presented in Table I 

The first point to note in Table I is that the present 
method reproduces Marriott’s (noniterative) results to 
three decimal places. The second point is that in both 


in normalizing their experimental results at energies 
between 30 and 40 ev, al 
that nonspherical distortion of the hy« 


been neglected in all results reported here. The total 


though it must be emphasized 
lrogen atom has 


a ee 


4 


inelastic cross section is plotted as a function of energy 
in Fig. 1 
3. ELASTIC SCATTTERING 


The elastic scattering cross sectio 
in Table IT. 

In Table II it is seen that the 3s state has negligible 
influence on Qj,.1.. Indeed, on comparing the results of 
Table II with the one-body exchange approximation of 
McEachran and Fraser’ it is seen that even the 2s state 
1as only a slight effect on this cross section. It is also 
noted that although the />0 contributions are signifi 
cant, they are not so important as in the corresponding 
inelastic case. 

Detailed comparison of the i lialed Vaiues reporte d 


here with the experimental results'? is not possible since 
the experiments were performed at energies below those 
’ ; given in Table II. However, from Table II it is seen that 
biG. 1. Total cross section for the excitation of H (2s) by electron he I=? ( , sas as ; “es 
impact. Solid line: Lichten and Schultz’; dotted line: Born ap the ¢= \L.€., d rs VEEN OK : rease in 
proximation’; AV: Smith, Miller, and Mumford?; ©: present portance with decreasing ene rgy ne might expect t 


30 


VOLTS) 


] t ir le > ar ¢.? ° ° 
calculation for /< 2, and 1s-2s coupling tendency to continue down into energies below the exci 


— . ; ati ssholds. To make a definit tement, calcu 
*W. J. Cody and K. Smith, Argonne National Laboratory t ation thresholds. To make . ' € ent, calc 
Report ANL-6121 (unpublished lations would have to be carried out at the low energies 





AND INEL 


contributions to the elastic cross sections for the scattering 


AS EG. S§ 


ATTERING OT ELECTRONS 


of electrons from hydrogen atoms 


Qis-1e. Rows (a) and (b) have the same significance as in Table I 


13.6 
0.4358 
[0.4309 


3.6873 
[3.68315 ] 


0.2856 
[0.2828 ] 
0.2803 


0.046 


0.0333 1 
0.0306 1 


1.3768 1 
1 


0.0014 


taking into account virtual excitation of the atomic 


le ve ls. 
4. DISCUSSION AND CONCLUSIONS 


It is conceivable that there exists some programming 
error in the method used to calculate the cross sections 
reported here. This seems unlikely since the method 
reproduces, to two decimal places, the /=0, 1, and 2 
results of McEachran and Fraser® at koaop =0.9 and 1.0 
and the /=0 results of Marriott,® see Tables I and II 
Furthermore, after the phase shifts and amplitudes have 
been calculated, the cross sections were calculated by 
two different methods: (a) using the explicit formulas, 
Marriott,® and (b) using the matrix 

Following Bransden and McKee," 


see for example 
method of Smith 


the relation 


k2O 


| 


ky*Os, = 0 
was used as a test of numerical errors. How well this 
relation was satisfied has been shown in Table I by the 
numbers in parenthesis. Using this test suggests that 
the method is most accurate at the higher energies and 


that the cross sections reported here are accurate to two 


decimal places. The accuracy could have been improved 


using double-precision arithmetic in the Runge- 


K. Smith, Argonne National Laboratory Report ANL-6095, 
published 
B. H. Bransden and J. S. C 


) McKee 
469, 422 (1956 


2.8954 
[2.90303 ) 


737 0.0107 
6 


0.0565 


0.088 
[0.0904] 
0.0898 


0.1397) [1.8294] [0.9714] 


0.9678 
0.815 0.0012 
0.0012 


0.4855 
0.4835 


0.0005 0.068 0.0 0.0718 


0.0722 


Kutta-Gill® scheme for integrating the differential equa 
tions and by increasing the number of mesh points in 
performing the integrals. However, since P and D states 
were neglected in the eigenfunction expansion, it is felt 
not worth while to use additional computer time in 
improving the accuracy within the framework of the 
present formulation, but rather the problem should be 
reformulated in the representation suggested by Perci- 
val and Seaton.” 

In conclusion, if the number of terms required in the 
eigenfunction expansion can be considered as a measure 
of the distortion of the target atom, then the results of 
the present work indicate that S-state distortion is un- 
important when calculating elastic cross sections, but 
is quite important for inelastic cross sections at energies 
just above threshold. Since the present calculations of 
Vis-2 are several times bigger than the experimental 
results of Stebbings ef al.,‘ it is quite imperative that 
P- and D-distortive effects be calculated. 
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Metastable Hydrogen Molecules 
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Che existen metastable electronic state of Hz has been established by 
magnetic resonance technique. Observations have been made of the radio-fre 
natural and para-hydrogen. At a magnetic field of about 5 gauss the strongest li 
of 0.83. The appearance potential for this line is 11.94+0.25 ev. Observation of the 

it possible to estimate the fine structure of the VN =2 level of para-hydro 
3) =5730+200 Mc/sec, f(J =2 ++ J=1) =50004200 Mc/se 


lution of the fine structure of a rotational ievel of Hz. Knowle 


nent of the ippearance potential with spectroscopic data. agreement 


tr 


ctra, and good agreement of the Zeeman spec 
tate must be He, c(lo,, 1r,) I, 


INTRODUCTION make the separation of the source 1 electron gut 
A FEW years ago, the author found some experi- anode less than 1 mm 


mental evidence to support the hypothesis that rhe flop-out geometry vas identical with that 
: A 
the c#II,, (v=0) stat is metastable.! Bombard- 


used in the atomic experiment Chis insured that all 
. , ¢ <j } iS ith ) ‘ i 17 re rr t ri ary } 
ment of H, molecules by electrons of controlled energy transitions with a lars ge | igh-field magne tie 


moment  corresponde: 0 observable changes in 
trajec tory 
\ nickel secondary ¢ 


conventional electrome 


led to an observable current in a secondary electron 
emission detector. The appearance potential (11.9 ev) 
was In good agreement with the spectroscopic value 
(Voo= 11.86 ev). Nevertheless, the experiment was not : : 
conclusive since it was not proven that photons could = ™V!ty was one mm deflection 

be excluded as a cause for the observed signal. 

Recently, the Rabi (atomic beam magnetic reso- PROCEDURE AND RESULTS 
nance) technique has been used to identify metastable Resonances were found 
? current as a function of frequency for molecules 
The present paper describes the use of these methods to [Fig. 2(a)]. The magnetic field was calibrated by ob 


states produced by electron bombardment of atoms. 


verify that metastable molecular H» does exist. serving the Zeeman transitions in m table He. 
S, (Amy= +1). The frequen yf se transitions is 
METHOD given by the relation, A/ W gs (He, *S; 


A moleci ] - , a4 a | 
molecu ri ipparatus, pecioical y designed tor 
} etector 


the study of metastable molecules has been built at 


Ryerson Laboratory, University of Chicago (Fig. 1 
rhe distance from source to stop wire was made small 
12 cm) in order to achieve good beam intensity. To 


accomplish compactness it was necessary to make the 
1, B, and C magnet nall and close to each other. To 


avoid fringing of th ul fi into tl " region, 


Fic. 1 Apparat 
‘ ; The metastable mole 
1} an ' f 
the gap in ratlO OF cules are refocussed or 


grad nt ft ! 1 i! t} a l > magne was 6 cm . to the stop wire broken 


line). In case of an rf 
- transition leading to a utes 

After emerging from the source, the molecules were change in moment, mols | RF Transition 
bombarded by a narrow mm) el beam in cules follow a trajectory Region 

; : (solid line) that misses ’ —— 
ord r to pr du I t t | Deam Wi the stop wire and strik ‘ en 
collimated by 1 l! I mag tl | | about 1000 the detector. Horiz 
aimensions ‘ 

gauss produced bv a ma nent magnet. To peo cage 


corresponding vam height ipproximately 3 mm 


+— Beam 


overcome recoil dilutio Oss vam collimation by 


elec tron recoil ilt Impac It was found necessary to 
- Electron Gun 
* Alfred P. Sloan Founda | v. Thi searcl val 
supported by a grant fron e National Scie yundati _ Source 
W Lichten, J Chem. Phys. 26, 306 (1957 
2M. McDermott and W. Lichten, Phys. Rev 





METASTABLE HYDI 
= 2.002232+0.000020.* The most striking feature of the 

H; results at low magnetic fields (~5 gauss) is a strong 

line corresponding to a g factor of approximately 0.83. 

The electron energy was calibrated by means of the 

known appearance potential for He, *S;, 19.8 ev. An 

excitation function for the strong Hy, transition was 

obtained (Fig. 3). The threshold for excitation was 
11.9+0.25 ev. 

Para-hydrogen was obtained by placing a small 
amount of catalyst® in the bottom of a small glass Dewar 
and filling it with liquid H,. After a few hours, the liquid 
was largely converted to para-H,. The evaporating 
para-H, was passed into the source of the apparatus 
The Zeeman spectrum was simpler than that of natural 
H,. Essentially only two lines were observed at g=0.78 
and g=0.47 [Fig. 2(b) ]. 

Because of overlapping of lines and field inhomo- 
geneities the low-frequency lines were broad (500-800 
kc/sec) and g values were inaccurate. In an attempt to 
obtain more accurate g values and to resolve blended 
lines, measurements were made at fields as high as 100 
gauss. At about 20 gauss, the strong line for natural H, 
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*C. W. Drake, V. W. Hughes, A. Lurio, and J. A. White, 
Phys. Rev. 112, 1627 (1958). Note: apparently there is a misprint 
in the error given in this article. The authors give an alternative 
semi-theoretical value, g, = 2.002237. The difference between these 
values is insignificant for purposes of the present experiment 

* It was necessary to perform this experiment with a mixture of 
H; and He. Otherwise, erroneous results arose from a change in 
the work function of the tungsten filament when gases were 
changed 

* Harshaw chrome alumina tablets CR-02051 
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Electron Energy —> 

Fic. 3. Excitation function for the line g=0.83 of natural Hg. 
was observed to split into two lines with g values of 
0.78 and 0.83, respectively. On the other hand, at com- 
parable fields, the g=0.78 line for para-H, was single. 
In the case of the weaker lines present in the natural H, 
spectrum, the signal to noise ratio was less favorable, 
and no attempt was made to observe these lines at 
higher fields. 

At the highest magnetic fields the g 
mained single, whereas the g 


0.47 line re- 
0.78 line split into two 
components of approximately equal intensity. The line- 
widths narrowed to approximately 300 kc/sec. This is 
equal to the theoretical broadening due to the uncer- 
tainty principle. The sharpening of the lines made 
possible relatively accurate measurement of the linear 
and quadratic terms of the Zeeman effect for these three 
lines. Final results for the linear Zeeman effect are 
presented in Table I. Results for the quadratic effect 
are discussed in the next section. 


DISCUSSION 
1. Metastable H, 


The presence of radio-frequency resonances in the 
detector signal proves the presence of metastable mole- 
cules. The appearance potential (11.9+0.25 ev) is in 
excellent agreement with previous results! and the 
spectroscopic value for the lowest vibrational level for 
H, c *Il,. Figure 4 shows the energy levels for the lowest 
excited states of H». The vibrational levels are taken 
directly from experimental term values given by Dieke.*® 
Potential energy curves are Morse curves calculated 
from experimental constants,’ or are taken from more 
elaborate treatments of experimental data*® or from the 
best available theoretical calculations.’ 

Examination of the term scheme for H, and of selec- 
tion rules for diatomic molecules shows that no known 
state, except c*II,, can be metastable. The lowest ex- 
cited state, 6 *2,”, is repulsive and dissociates in ~ 10~“ 


*G. H. Dieke, J. Mol. Spectroscopy 2, 494 (1958). 

G. Herzberg, Spectra of Diatomic Molecules (D. Van Nostrand 
y, Princeton, New Jersey, 1950 
* A. S. Coolidge and H. M. James, J. Chem. Phys. 6, 730 (1938); 


Compar 


A. S. Coolidge, H. M. James, and E. L. Vernon, Phys. Rev. 54, 
726 (1938) 
*W. Kolos and C. C. J. Roothaan, Revs. Modern Phys. 32, 


205 (1960) 
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Fic. 4. Energy levels for He. (a) Upper figure: Energy is meas 
ured from the ground state. Potential energy curves and vibra 
tional levels are shown. Rotational and spin fine structure are too 
fine to be shown on this scale. Arrows show classical turning 
points of ground state. The correct scale for R(A) runs from 0.6 
to 1.4A, not 0 to 2A. Sources for potential energy curves: b*Z,*, 
reference 8; c *Il,, reference 7; B'Z,*, reference 9; a*Z,*, refer 
ence 8. (b) Lower figure: energy level diagram for c "Il, state of 
H2, showing rotational! fine structure of »=0 level. Lowest rota 
tional level of v=1 is at extreme top of figure. Each rotational 
level of para-H, is split into three fine structure levels. Splitting 
for the V=2 level is shown on a greatly magnified scale. Each 
rotational level of ortho-H, is split into three fs levels; each fs 
level (with the exception of V=1, J =0) is split into three hyper- 
fine levels. The fs and hfs of the V=5 level are shown diagram- 
matically, on a greatly enlarged Actual intervals of this 
level are not known 


scale 


sec into two ground-state H atoms. B'2,* decays via 
an allowed transition with a lifetime” of 6x 10 
the ground state, X 'Z,*. The a *2,* state decays by an 
allowed transition to the repulsive triplet state in 
= 10-* sec." It can be shown that all other states of H- 
ground state of H, 
Ex- 


atoms in the 


sec to 


decay via allowed transitions to the 


or to repulsive States leading to separated atoms 


citation of some states can produce H 


metastable 2S state.’"? However, these atoms would be 


raBLe I. Calculated and obsery values for He, c *Il,. (The 
anomalous electron momer | fi f the pre 
been used in calculating valu yWeV no 
electrodynamic correctio ( elativistic factors 
included. ) 


yton have 
higher order 


have beer 


OO S04 


6240 
62405 


R7R24 
04211 


& 4 409 


1.02 
0.8338+0.003 


+002 


709 

7709 
0.4734+0.0015 

71043 

39333 

31407 
794+0 001 

1.03906 
713 
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704600 
5347 


$4984 
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Schultz, Phys 


S. Ehrenson and P. Phillipson (unpu 

1H. M. James and A. S. Cooli Phys 

2W. Lamb and R. C. Retherford, Phys 
81, 222 (1951). See also W. Licht 
116, 1132 (1960 
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METASTABLE 
quenched by the magnetic fields in the apparatus and 
would never reach the detector. 

The lowest vibrational level (v=0) of the c *II,, state 
can decay only to b *2,* via a forbidden magnetic dipole 
transition. The lifetime for a transition of this type 
should be of the order of a millisecond. At room tem- 
perature the thermal velocity of H, is ~ 2X 10° cm/sec. 
Thus it can be seen that the decay length should be of 
the order of meters; and c *II, (v=0) should be effec- 
tively metastable. 

On the other hand, higher vibrational levels (v2 1) 
of c*II, can decay to a*2,*. Thus it is unlikely that 
these levels are metastable. However, because of the 
low frequency of the transition (a *2,+ — c *II,)o1, it is 
possible that a few molecules in the v= 1 level reach the 
detector. At present, there is no experimental basis for 
deciding this question. 


2. Zeeman Effect 


In order to interpret the observed spectra, it is 
necessary to discuss the theory of the Zeeman effect of 
diatomic molecules (Fig. 5). The relative magnitudes of 
the various interactions are such that Hp, c *II,, should 
follow Hund’s case 6 coupling quite closely. In case 6 
(Fig. 5), the projection of the electron orbital angular 
momentum along the internuclear axis, A, is a well- 
defined quantum number. For a II state, A=1. The 
rotational angular momenta, O, and A, couple vectori- 
ally to form the total orbital angular momentum N. In 
general, VN=A, A+1, ---. Here, N=1, 2, 3, ---. The 
electron spin, S, and N add vectorially to form the 
total angular momentum exclusive of nuclear spin, J. In 
general, J= N—S, V—S+1, ---N+S. Since S=1, for 
a triplet state, J/= NV, N+1. For para-Hz, J is the total 
angular momentum of the system. For ortho-H2, the 


(N, S, J+1, m| H’| N, S, J, m)* V, 


E(N,S,J,m) = E(J)+myg s40H+ 


E(J)—E(J +1) E(J)— E( 
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Fic. 5. Angular momenta 
in case 6 coupling for a 
diatomic molecule 


nuclear spin, J=1, and J couple to form the total 
angular momentum, F=J, J+1. 

A is a good quantum number as long as the rotational 
interaction does not mix “II, with neighboring *Z, 
states." N is a good quantum number as long as the 
spin interaction does not perturb the rotational fine 
structure (fs). These conditions are very well obeyed 
since, for c*II,, the spin fs~0.2 cm™, the rotational 
fs~10? cm, and the nearest *Z, state is separated 
from “II, by ~10* cm~ (Fig. 4).™ 

J is well defined for para-H, as long as the Zeeman 
effect does not mix states within a spin multiplet, or 
with neighboring rotational levels. The latter interaction 
was negligible at fields employed in this study; the 
former leads to a quadratic Zeeman effect and must be 
taken into account. 

Thus for para-H, the quantum numbers A, NV, and J 
should be well defined. The expression for the Zeeman 
effect of the fs can be derived readily in complete analogy 
to the atomic case, except that VN must replace L in the 
well-known expressions’:!*.'6; 


S,J,m\H'' N,S,J—1, m)? 


+ 
’ 


J—1 


where my, is the projection of J along H, yo is the Bohr magneton, H the magnetic field in gauss, and 


J 


ete ’ 
I(I+1) 
gv=A?/N(N+1), 


gs=2(1+a/2e+---)=2.0023, 


(J—N+S)(J+N—S)(J+N4+S4+1)(V4+S4+1-J) (2 — mm 


NV, S, J, m| H’'|N,S, J—1, m)*= 


8 J. H. Van Vleck, Phys. Rev. 33, 467 (1929) 


* See reference 7. Spin-orbit interaction can mix “Il, with '*2 


1 ee 


J(J+1)+S(S+1)—N(N+1 


ant Rs 
2 


(gs—gn)* 


4J?(2J—1)(2J+1 


states also. In the case of H;, this effect is quite negligible. See 


J. H. Van Vleck, Phys. Rev. 40, 544 (1932); M. H. Hebb, Phys. Rev. 49, 610 (1936) 


‘6 See, for example, E. U. Condon and G. H. Shortley, 
bridge, 1953), Chap. XVI. See also L. D. Landau and E. M 


pany, Reading, Massachusetts, 1958), pp. 476-482. 
16 See S. H. Koenig, A. G. Prodell, and P. Kusch, Phys. Rev 
Oxford University Press, New York, 1956). 


The Theory 
Lifshitz, Quantum 


88, 191 


of Atomic Spectra 
Mechanic 


Cambridge University Press, Cam- 
Addison-Wesley Publishing Com 


1952) for gs. For g;, see N. F. Ramsey, Molecular Beams 
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For ortho-Hg, the hfs is probably comparable to the atomic hfs (0.05 cm 


. Since this is not negligible compared 


to the fs, one would expect some perturbation of the fs by the hf interaction. Thus, J would no longer be a good 
quantum number, and there is no simple expression for the Zeeman effect of the hfs. Nevertheless, the theoretical 


xpressions for the Zeeman effect should hold approximately. In the case of the single level F 


J+1=N-+2, there 


is no perturbation, J is a good quantum number, and the theoretical expression for the linear Zeeman effect should 


be quite reliable. The expression for the linear effect is readily derived by the ve 


in the atomic case 
E(F mp) = E(F)+g rpoll, 
1 F(F+1)+. 
+1 


0.003 042 


The theoretical g factors 
mental results in Table I. 


are compared with experi- 
It can be seen that there is 
good agreement with the assumption that all the ob- 
servable intensity arises from excitation of only the 
V = 1 level for ortho-H, and the N = 2 level for para-H). 

In particular, for the levels (V=1, J/=2, F=3; N=2, 
n ze N 2, J 3) for which the theoretical predic tions 
are unambiguous, the discrepancies between observation 
and theory are within the experimental error. Thus, 
Hund’s case 6 is an excellent des ription of these rota- 
tional levels of the ¢ *II, state 


3. Fine Structure 


In the case of the N=2 levels of para-H2 it was 
possible to estimate the fs by observation of the quad- 
ratic Zeeman effect. A qualit 
the Zeeman effect i how! 
intervals are 


itive picture of the fs with 
in Fig. 6. The calculated 


5000+ 200 Mc /sec. 


5730+ 200 Mc/sec. 


With the exception ol a complete inversion of the 


levels shown in Fig. 6, no other ordering of the fs levels 
is compatible with the experimental data. The fine 
structure of the N=2 level of c#Il,, v’ 
partia ly re olved opti 
On the basi 


assigned to J 


0 has been 
lly by Foster and Richardson." 
of inte Nsity measuremen 


ts, the upper state 
Che center of gravity of the un 


levels 


Was 
re solved / 1 and 3 
0.178-+-0.002) cm 


was measured to be 
J =2 level. The weighted 
0.184+0.006 


al measurements. If one 


average of the present measurements is 
cm~', i ment with opt 
accepts the assignn nt f th al leasurements, 


the ordering of the f 


4. Intensity 


A reasonable interpretation of the intensity of the 
para-H, lines can be made on the fs of the 


N=2 level (Fig. 6 though the rf transitions occur 


basis of the 


“E. W 
A217, 433 


Foster anc 
1953 


tor model and is the same as that 


at low field, no observable effect will result unless the 
deflection of the metastable molecules in the high-field 
A and B regions is changed 
large change in moment 
—0E/dH. Therefore th selection rule is 
Ams= +1; this is to be coupled with the low-field selec- 
tion rule AJ=0, Am;=+1. The predicted transitions 
are shown in Fig. 6. It can be seen that the J/=1 tran- 
sitions are unobservable and that the J=3 transitions 
as the J . Also. 
2 line should be single and the J should 


Fig. 1). This requires a 


the hi | magne tic 


should be about twice as intense 2 line 


the J= 


be double at high enough magnetic fields. 


3 line 
All these pre- 
q 1adratic Zeeman effect 
agreem«¢ 


dictions, plus the ratio of the 


for the two J = 3 lines art vith experiment 


Mg My mM, 


2 
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It is not possible to make an unambiguous prediction 
ibout the ortho-H, line intensities. However, the ob 
served intensities seem to be qualitatively in agreement 
with the assignment given in Table I. 

Since the theery of the intensity rules for population 
of rotational levels of states excited by electron impact 
is not known, it is not possible to compare experimental 
results with theory. The weakness of all lines, except 
those arising from one ortho-H, and one para-H, rota- 
tional level appears puzzling. It is conceivable that 
accidental quenching of some rotational levels occurs at 
some particular magnetic field. However, no evidence 
was found for such quenching above 1600 gauss, despite 
a careful search. Because of the permanent magnet used 
for collimation of the electron beam, it was not possible 
to search below 1600 gauss for accidental quenching. 

The determination of the fine structure by means of 
the quadratic Zeeman effect furnishes the first complete 
resolution of the spin fs of a rotational level of the H, 
molecule. The c *II, electronic state has the electronic 
configuration (1¢,,1”,,) in present-day molecular orbital 
notation.'® In the older notation, the configuration is 
(1s0,2pr), which is the molecular analogue of the ex- 
cited (15,2p)*P state of atomic He. It is particularly 
interesting to note that precise measurements of the 
fs of He have been made recently by Lamb and Franken 
and co-workers.” In the light of these measurements, it 
seems desirable to make the Hz. measurements to a 
comparable precision by observing directly the transi- 
tions Hg, c *T1,, N=2, AJ=+1, Am,=0, +1. 

Also, more accurate measurements of the g values 


'®R.S. Mulliken, J. Chem. Phys. 23, 1997 (1955) 

”% FD. Colegrove, P. A. Franken, R. R. Lewis, and R. H. Sands 
Rev. Letters 3, 420 (1959); I. Wieder and W. E. Lamb 
Rev. 107, 125 (1957 
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would be of interest. Such measurements would involve 


a considerable improvement of experimental technique, 


plus a detailed calculation of relativistic and diamag- 
netic effects, plus a consideration of deviations from 
ideal case 6 coupling. 

In addition, no measurements of the hfs have been 
here. It interest to 
compare results for Hz with isotopic molecules. 


made would be of considerable 


CONCLUSIONS 


Despite the incompleteness of the present measure- 
and the many questions which remain un- 
answered, certain conclusions can be regarded as estab- 
lished. It is certain that metastable 
There is littl that the lowest one or two 
vibrational levels of c *II, are the metastable states. In 
addition, measurements of the Zeeman effect have con- 


ments 


H, molecules can 


exist doubt 


firmed that the case 6 coupling rules are very well 
obeyed. Preliminary measurements have been made of 
the fs of the \V=2 rotational level of para-Hy. The in- 
ternal coherence of all these measurements and external 
agreement with theory and other experimental meas- 
urements constitutes a basis for further experiments. 
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A quantum-mechanical formalism is developed for representing the cor 
cluding both dispersive and absorptive parts. In analogy with some previous v 


t 


that the phenomenological Maxwell equations are obeyed as equations between certair 


operators representing the field quantities. The method makes use of a canonica 
Arnous and Bleuler, and also of the “damping operators” previously introduced | 
that the calculation of the complex refractive index reduces to the calculation of a sir 
element of a damping operator. The actual evaluation of this matrix element is 


pape r 


I. INTRODUCTION AND SUMMARY 


N a previous paper (hereafter denoted as I),' the 
author has developed a quantum-mechanical theory 

of the refractive index of a gas in the absence of absorp- 
tion. The method was essentially that of ordinary 
perturbation theory, and the refractive index was 
represented in terms of the self-energy of the stationary 
states of the system consisting of radiation field plus 
matter. It was shown that the phenomenological Max- 
well equations were obeyed as equations between 
matrix elements of the various field operators corre- 
sponding to creation or destruction of a “dressed” 
(physical) photon. 

Howeve r, if absorption takes place, the theory of I 
is not applicable, since the zero-order system is now 
highly degenerate, and effects of radiative damping 
must be taken into account. A formalism has been de- 
veloped by the author for finding the stationary states 
of such systems in a second paper,” which from now on 
will be referred to as II. In the present paper, we use the 
method of II to develop a theory of the complex re- 
fractive index of a gas analogous to that of I for the 
case where no absorption takes place. 

Now consider the situation in which, to zero-order 
approximation, all the atoms of the gas are in their 
ground states, and a photon is present whose frequency 
is close to one of the resonant absorption frequencies of 
the gas. If a true stationary state exists to which this 
is a zero-order approximation, it will contain large ad- 
mixtures of states in which the photon has disappeared 
and one of the atomis has become excited to the level 
the photon is in resonance, and also of 
which the 


with which 
states in photon has been replaced by 
another photon of nearly the same frequency. All these 
states have nearly the same energy, so it is possible for 
“real” transitions to t 
refer to these as “ 


contribution to the 


ike plac e between them. We may 
’ states; they will form the main 
» stationary state wave function. 
However, there be admixtures 
“virtual” states, energies apprec iably different 
from that of the zero-order state. For instance, the 


smaller of 


} 
alSO 


with 


359 
1843 


110 
112 


1958 
1958 


s. Rev 


'C. A. Mead, Phy 
I Rev 


?C. A. Mead, Phys 


trar 
yy the author 


taker 


photon may be absorbed wit! itom becoming ex- 
cited to a level which is 


original photon. Or an atom may | 


not in fre 


onance 


with the 
I 


l 
1 ¢ 
it 


ecome excitec o tne 


resonance level, but a new may be emitted 
rather than absorbed. These 
states will only make a small contribution to the wave 


of per- 


pl oton 
the original one being 
function, which may be evaluated by means 
turbation theory. 

The method we shall 
First, the “virtual” 
the 
tion theory, leaving a 


use, therefore, is as follows 
states will be eliminated, 
the interaction, 
Hamilt matrix ele- 
ments corresponding to transitions only) the 
“real” states. Then the methods of II will be applied to 


complete the solution of the problem 


through 


second order in by perturba- 


} 


onian with 


between 


In this paper, 
only the general theory will will 
be complex refractive 
index of a gas by means of the “damping operators” of 
II. As in I, it is shown that the 


Maxwell equations I 


ot 


be deve oped, and it 


shown how to represent the 


} ] seal 
phenomenological 


ire veyed as equations between 
creation and destruction matrix elements for ‘“‘dressed”’ 
photons. In contrast to I, } leads to 


since n re- 


owever, this theory 
results of practical i st, 
fractive index may actually 
of frequency, taking into account the dipolar inter 
actions between the atoms. This leads t« 
shape of the “resonance-bro 
which is given in the following paper. 


some new 


be calcula 1 as a function 
i theory of the 


idened”’ absorption line, 


II. NOTATION AND HAMILTONIAN 


As usual, we quantize our field in ; of volume 
V=L*. We assume thi 
filled with y distributed 
density N. We choose the plane z is the 
between the empty and the 


volume is 
with 
boundary 
Thus, the 
is zero for 


+ 


gas oms 


density of atoms is MN for 
(a—1)L<z<0. For the sake of d 1€Ss, 
that the excited state in whicl 
triply degenerate p state, which may be t 
consisting of three component 


we assume 
interested is a 
hought of as 
transition dipole 
moment matrix elements dir 1 along the x, y, and z 
axes of our coordinate system. 


We denote the frequency of 
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is assumed that yo is defined in such a way that it in- 
cludes those self-energy effects which do not depend 
on the presence of the other atoms. The effect of other 
excited states will be neglected. If the frequencies of 
transition between these excited states and the ground 
state differ from vp by an amount large compared with 
the width of the absorption line, their contribution to 
the refractive index will be small, and may easily be 
evaluated, if desired, by the methods of I. We also 
neglect the translational motion of the atoms, assuming 
them to be fixed. 

Capital Latin letters will be used to represent states 
in which an atom is excited, and small Latin subscripts 
will denote the direction of “polarization” of the ex- 
cited state. Thus | 4,°) denotes a state in which atom A 
is excited, with the dipole moment matrix element be- 
tween the excited state and the ground state being 
directed along the i axis (i=., y, 2); all the other atoms 
are in the ground state. The superscript (°) indicates 
that the state is defined in the zero-order representa- 
tion, in which all interactions between different atoms, 
and with the radiation field, are neglected. A state in 
which all the atoms are in the ground state and a photon 
is present is denoted by a small Greek letter, A and 7 
being used for this purpose. For example |X°) denotes a 
state in which all atoms are in the ground state and a 
bare photon of wave number vector %, and polarization 
e, is present. A general state will be denoted by the 
Greek letters a, 8, y. The state in which all atoms are 
in the ground state and no photons are present is 
denoted by |Q), 

Following the procedure of II, we write the Hamil- 
tonian as follows‘: 


Ap to 


K E+X'"'=W+H, 


II-2 
K= Hin jor 
where & is the diagonal zero-order Hamiltonian, and HW 
is a diagonal matrix whose elements include the self- 
energies. That is, if there exists a true stationary state 
corresponding to the zero-order state |a), the diagonal 
element W, is just the energy of this state. If no such 


stationary state exists, the value of W, may be assigned 


arbitrarily, but of course anything added to W must 


also be added to X™*'! 


The neglect of translational motion is expressed mathe 
matically by omitting from the Hamiltonian the term representing 
the kinetic energy of center-of-mass motion of each atom, so that 
the position of the center of mass becomes a constant of the 
rhus, the derivations which follow will be valid if the 
toms are sufficiently heavy so that their kinetic energy may be 
neglected. More precisely, it must be possible to localize the atom 
in a region small compared with wavelengths of interest without 
the resulting Doppler broadening of the absorption line arising 
from translational momentum uncertainty being comparable with 
the width of the line. This condition, which is assumed to hold in 
what follows, is sufficient for the validity of the results of this and 
the following paper, but, in the author’s opinion, probably not 
However, the problem of whether and to what extent 
this condition may be relaxed will not be taken up here 
* (II-2) means Eq. (2) of II 


notior 


ato 


necessary 
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The matrix elements of 3 in which we are interested 


i 
) exp(iK,Fa), | 
dy 


(2) 


are as follows: 


A 1) 


K 


a (r,4—fp) J, 


V 


exp[ ix 


in which yw is the absolute value of the transition dipole 
matrix element, and ry, is the position vector of atom A. 
The summation in (2) goes over all vectors « satisfying 
the periodic boundary conditions in the box, to which 
the x, are also subject. 

It is easily seen that (1) represents the usual absorp- 
tion (or emission) matrix element in dipole approxima- 
For details the reader is referred to I or to the 
standard text by Heitler.’ Equation (2) is the dipole- 
dipole interaction between the atoms, represented as a 
Fourier series. There are also some diagonal matrix 
elements of 3C, coming from the A? term in the Hamil- 
tonian. We neglect these entirely, since their contribu- 
tion to the refractive index is of the same order of 
magnitude as that of the other excited states, which we 
have already decided to neglect. 


tion 


Finally, we fix our zero of energy by setting Wo=0. 


For the energies of the other state 
hv) 
hivo. 


s, we put 
W, 
Wa 


Ack. 
(3) 


It will be seen later that these energy assignments are 
self-consistent, i.e., tney lead to a solution in which the 


correct energies agree with those originally assumed. 


III. THE ARNOUS-BLEULER CANONICAL 
TRANSFORMATION 


Our first task is to eliminate the ‘“‘virtual”’ transitions. 
This can be done by means of the “‘finite energy shell’”’ 
transformation first developed by Arnous and Bleuler.® 
Here we only summarize those of their results that we 
will need. 

Any operator O may be represented as the sum of two 
operators, 


O=0'+0"", 


by means of the relations 


We choose ¢ in such a way that 


vo>e> dp, (4) 


where Av is the width of the absorption line. It is also 
assumed that (4) would continue to hold if v9 were re- 
placed by |+’—vo|, where v’ is the frequency of one of 

*W. Heitler, The Quantum Theory of Radiation (Oxford Uni 


versity Press, New York 1954 3rd ed . ( haps II and V 
* E. Arnous and K. Bleuler, Helv. Phys. Acta 25, 581 (1952 
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the other transitions of the atoms of the gas. We now 


introduce the unitary transformation 
a Sia 
where § is determined by the condition 
($tacs)’=0. 


a), the 
Hamiltonian has matrix elements only between states 


i.e., in the repres¢ ntation of the state vectors 
on the same energy shell, or in other words, only for 


real transitions. $ may be expanded in powers of yu: 
$=1+38%+§8° 5) 


One obtains the following values for the matrix ele- 


ments of 8“ 


pg 
Ws—-W, 


elements in the 


The 


sentation are, 


Hamiltonian 
through the second order 


matrix new repre- 


Of course, (7a) and (7b 


W a—Wa| <he. 


Hamiltonian matrix elements are zero. 


only hold if 
Otherwise, the 
There are two terms omitted from (7b), neither of which 
is of importance to us. One of these is important only 


near the edge of the energy shell, in which we are not 


t 
intereste d; the other is smaller than those of (7b) by a 
the reader should 
onsult the original work of Arnous and Bleuler.® 


factor ~e/v For further details, 

To obtain the Hamiltonian for our problem, we sub 
stitute (1) and (2 6) and (7), and make use of (3) 
for the values of W. The result (through the second 


into 


order in p) is 


“i 


It is clear that (3 nly holds if | vy,— vo! <e, with the 


matrix eleme! herwise. The double prime 
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on the first sum in (9) means that only terms for which 
V,—¥o| > € are to be included, while the sum with the 
single prime is restricted to terms for which | v,—vo| <e. 


There are also some diagonal elements, which are 
omitted for the same reason that the 


from the 


diagonal matrix 


elements were omitted Hamiltonian in the 
zero-order representation. 
Now in the next sect | be interested in find- 


1On we Wi 
ing a stationary state of the system corresponding to 
the zero-order state in which a photon is present with 
< Av. In view of (4), tl will be 


insignificant if we replace vp in the denominators by 


Vy» , the change in (9 
y,+it, where we will understand always the limit 
E— +0. With this change, (9 


be comes 


for 
(A, K B;) ~M 2 


Equations (8), (9a ‘tna 


shall use from now on 


give 


IV. SOLUTION BY DAMPING OPERATORS 


Consider the state |), in which x, is directed along 
< Av. We wish to find 


orresponding to this, if 


the positive z axis, and 
the true stationary stat 
such a state exists: +H hv,|). For this pur 
pose, one may use the “dampir g ope rators,”’ introduced 
in Il. For convenience, we 
important properties here. 
The transformation matrix § 


a few of their 


Summar»rize 


is defined by 


0 otherwise 
S may be represented as 
(11-6) 


where N has only diagonal 1 lements, which may 
i factors, and Q has only 
nondiagonal elements. The damping operator D 

] ata 


associated with the unperturbed states 1, 


be considered as norn 


energy € is defined by 


8 


[I-13 


Here ? linear 


IS a | operator on the 
manifold spanned by 1 
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It can then be shown that 


(8 | D's”) (W,)\a) 

(8|O|a)=——_ — . (IT-15) 
W.—Ws—(8' D'” (W,)'8 

In our problem, the superscript on the D operator is 
unimportant. It merely requires that a finite number of 
states be left out of certain summations. But we have 
so many states with essentially identical properties 
that the omission of a small number of them from a 
summation cannot have any significant effect. We will, 
therefore, omit the superscript from now on. If we do 
this, it can be shown that 


(8! D(e)!a)=(8| Ka) 
(BK yy De) a 
24 —— —— (11-19a) 
e—W,-—(y| De) ly 


It is thus seen that the solution of the problem re- 
quires the evaluation of certain matrix elements of the 
damping operator, D(f»,), which from now on we write 
simply as D. We seek a solution such that 


2int h 
(A,;|D \)=-— raven — 
Vi 2 


7 


(n|D|n)=—it, E> +9, 


(A;| D| A,)=hA, 


where ImA<0, and the value of A is independent of A 
and i, but may, of course, depend on ». By using (3), 
(II-19a), (11), and (12), we find 


, -_ (A, KH n)(n| D r) 
A;| D/A) =(A,|R/A) +3, '- ender eS 
h(v,+it—v,) 


(A;|3¢| B;)(B,| DA) 
+> Bj al 


(13) 


h(vy,— vo— A) 


The matrix element (7| D/A) may be eliminated from 
(13) by means of (II-19a), giving 


(A,| | B;)(B,| D|d) 


(A;| D|A)=(A,13C1A) +008, ——_——_ , (14 
h(vy,—vo— A) 
where 


A;|K! B;)= 


With the help of (8) and (9a), the matrix element of K 
can be evaluated, with the result 


dr KiK; 
A,| | B;)=—-w? > — exp[ix: (ra—rp) ] 
V - 


4dr € yi€ gj EXPL Ixy: (Fa—Fp) | 
rT vow? Ce . (16) 
V (yn. +1&)?— vy, 
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where the summation over 7 is now unrestricted. One 
can now substitute (8), (10), and (16) into (14), and 
cancel out a common factor — (2ix!/V!)vqu(h/2n)* to 
obtain 


€.4 exp(1K,2 


KK; 
, expLm: (fa- Tp) | 
A 


Enits exp[ 1%, (fa— Ip) 


° 
To £40 


(yy-+ it)? _ ve 


We now replace summation over B by integration 
over the uniform distribution of atoms: }s—~% 
X Sdxgdypdzg. The x and y integrations can be carried 
out immediately, giving (due to the imaginary ex- 
ponential factor) zero for all terms in the summations 
except those for which « is directed along the z axis. 
For these remaining terms, the first summation vanishes 
on summing over j, since «e,,=0. As for the second sum- 
mation, we are left only with terms for which e,=e,. 
We can now cancel a common factor «, and obtain 


¢(2Z4)= exp (tKx,2 4) 


£ 


Ave? (~ ' exp[ix,(24—p) | 
} a. 
—" 


¢(zp)dzp, 


where 

A= 49Ny2/h(v,—vo—A). (17) 
The asterisk on the summation in the above expression 
indicates that the summation is restricted to those 7 
for which Ce is directed along the z axis, and &,= &). 
We can now replace summation over 9 by integration: 


Zz, x 
[fa 
2r 


x 


The integration is elementary, and leads to the final 
result? 


exp (ik,Z4) 


mA 7” 
a EXPL tk) Za—~Zp 
2 


7 Strictly speaking 


summatior 


(18) 


¢(Zp)dzZp. 


there is a slight difficulty in passing from 
the derivation of (18). If we 
had kept the superscripts on (D, it would have been necessary to 
omit »=A from the summation; but it is just this singular point 
that gives the main contribution to the integral. However, in a 
real situation, the volume gas will always be 
finite, while the radiation field is quantized in a universe of in- 
finite volume. Hence, the integration over xg and yg above does 
not really result in restricting the sum over 7 to xqr=« gy =0, but 
ynly restricts these components to a smal! but finite range abcut 
zero. Therefore, the summation really includes an infinite number 
of » for which v, is arbitrarily close to »,, but for which the direc- 
tion of «, is slightly different from «%,. In this situation, omission 
of one term from the sum (one point from the integration) makes 


} 


over 7» to integration ir 


occupied b the 


no difference 
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In arriving at (18), we have also made use of (4) in 
setting vo/v,—1. 
Now it is easily seen that the integral equation (18) 


} the 


ha solution 


where 
A, 


Imp> 0. (20) 


The 
context, but its meaning will become clear presently. 

It ible to verify directly that (11) is 
atisfied. This is done in the Appendix. According to 
A, the self-energy of the state |A) 
Is zero, in agreement with the first Eq. (3). In the fol- 
lowing paper, A is evaluated. In general, it has a non- 
vanishing imaginary part, so that, in accordance with 


value of ¢ for z<0O is unimportant in the present 


Is now po 


(11), in the case 7 


the criterion of II, no real self-energy can be defined 
for the state 1, 
corre ponding to it. Hence W 


, and there is no true stationary state 
1; is at our disposal, and, 
in particular, may be given the value of the second 
Eq. (3). 

We 


elements of the vector potential A(r) corresponding to 


are now interested in evaluating the matrix 


creation or destruction of a physical photon. We have 


0} A(r)|A)= (0! A(r)|A)= (0! A(r)S|A 


(O| A(r)(1+Q),A)Ny, (21 


in which use is made of the fact that, since the ground 
0). We have 
the matrix 


0) is alone 
(11-4 


elements, we find 


state on its energy shell, |O 


also used and (II-6). Writing out 


0) A(r)|\)={(0| A(r)|A)+E.,'(0| A(r) | 


n\U A 
+> 2,.(0| A(r)| B,)(B 2) 


QIAN. (2 


To evaluate approximately the matrix elements of A, 


we use (1), (3), (6 and (22 


0’ A(r) n ( A(r)!n 


Di 


‘ 


In deriving (24), we have replaced vo by »+1&, as 
before. We can now substitute (23) and (24) for the A 
matrix elements in (22), and (II-15) for the Q elements. 
Just as in the derivation of (18 (10), (11 
(12), eliminate (y| D|A) by means of (II-19a 


Making use also of (18 


we use , and 


" and com 


bine terms. 


Q| A(r) A 


A for de- 


form 


the matrix 


According to (25 
struction of a physical photon has the of an 
attenuated wave in the medium with complex refractive 
(19). we see 


vector pote ntl 


index given by p. Referring to that outside 
the medium (z<0), the 
incident and reflected w 
that the various coeffi 
obtain in the classical theory by applying the appro- 
priate boundary conditions. Hence, 

case treated in I, the phenomenological Maxwell equa- 


onsists of an 
and it is easily verified 


the 


ave, 


ients are ame as one would 


analogously to the 


tions are obeyed by the destruction (or creation) 
matrix elements of the fie 
tion of the true 


photon is present in the zero-order st ite, 


ld operators in the representa 

stationary states.’ If more than one 

the result will 

be the same, except insofar as the refractive index 
t ehen tl 


ol e pean 


depends on the intensity 


V. DISCUSSION 


Equations (17) and (20) show that the refractiv 


index may be calculated if A is known. The evaluation 
of A as a function of », is taken up in the next 
Since the absorption coeincient 1s 


paper. 


essent 


lly given by 


t 


eCXat 


the imaginary part of p, thi ids t y 
theory of the absorption line s} in general 
complex, it follows from th« true 
stationary state exists correspot 

does exist, | 


We have therefore found 


tionary state |A owever 
states of the 
the states |A 
the state | 4 
atom 


system, but 


apparent 


do not forn a comple té et | or instance, 
cannot be expanded in terms of them if 
A is located well inside the 


edium If the other 


stationary states could be found, it would lead 


among 
other things, to a theory of nkov radiation in the 


] 


region of anomalous di would be analo- 


gous to that given in I for t 
+h 


» absorption 


A limitation on 


8 I he reison 
In I, the “phy 
correspondi! g 
here the reverse is trus 
wave numbers of th hysical ph liff 
of the bare ones, and are in gener ymplex. Ar 
produc e the situatior f tl 
resulted in the fre 
assumption that the 


states 


e differer : 
; as the 
while 
same, but the 
nt from those 

to re- 
d have 


sical’? photons had the sar av mbers 


hare pi ns. ith lifferer ‘ uencies 


attempt 


ered here woul 
ntradiction to the 


stationary 


ALC 
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Eq. (II-19a), and the replacing of summation over 
atoms by integration. (II-19a) assumes that the omis- 
sion of any one or two atoms from a sum makes no 
difference, while the use of an integration requires that 
the distribution is, on the average, uniform. Thus, the 
method would appear to be justified in the case of a 
random distribution (as in a gas), but not in that of a 
regular array, as in a crystal. 


APPENDIX: VERIFICATION OF (11 


Without loss of generality, we may assume that «, is 
directed along the positive z axis. Then if we put 


2im' h 3 
1;;Din)=—- rascal ) view, 
? 


V3 


2v, 
we arrive at the integral equation 


y(z)=exp(ix,2 


10K A W E je! 4.2 
: (2’\d2’, (A-2) 
) 


a * 
| exp[iax,|z—2' 


where a= v,/v,. The derivation of (A-2) is exactly like 


that of (18). Its solution is 


¥ (2) =p exp(ix,z) +g exp(tapx,z), (A-3) 


where, ex« ept for terms of relative order of magnitude 
(i—a), 


p=(a?—1)/(p?—1), g=2/(p+1 \-4 


We can now combine (I1-19a),” (8), (12), 
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(A-3) to obtain 


2dr vot 
(n| D\n)=— 
V v,(v,— vo— A) 


XLalptg expli(ap— yea }}. (A-5) 


In (A-5), we can now replace summation by integration, 

and make use of (A-4), (17), and (20). If we again 

neglect terms of relative order of magnitude (1—a), 

we find 

— 2b] 

pane e= |: 
Lk» 


hy 


(A-6) 


The imaginary term in (A-6) has the desired form 
11), since we are interested in the limit L— ©. The 
real term is proportional to a, the fraction of the volume 
of our normalization box which is filled with matter. 
Now any actual sample of matter must be of finite 
size, while the normalization box has significance only 
in the limit L—+ ©. Therefore we should take the 
limit a — 0, in which case the real term in (A-6) van- 
ishes. Of course, this does not interfere with taking the 
limit al — , as in (18). What this means is that the 
dimensions of our sample are very large compared with 
all wavelengths, etc., but very small compared with the 
dimensions of the “‘universe”’ in which the quantization 
of the field is carried out. This completes the verifica- 
tion of (11). 

It is interesting to observe that the spurious nature 
of the real term in (A-6) might not have been noticed if 
we had considered our box to be completely filled with 
matter. This, together with the point mentioned in 
footnote,’ would seem to indicate that some care must 
be taken in the treatment of “infinite media” by this 
method, lest unphysical terms appear in the results. 
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\ formalism introduced previously by the author is used to calculate the shape of ar 
gas, taking account of the “‘resonance”’ interaction between like atoms. The most serio 
the neglect of the effect of translational motion. An asymmetric line is obtained, w 


slightly toward the red. Some simple classical considerations also agree qualitative 


properties 


of the line shape obtained are briefly discussed. The neg! 


t of trans 


zier 


impossible to compare the results with experiments performed up to the present tir 


Il. INTRODUCTION AND SUMMARY 


“THE author has previously developed a simple 

theory of the refractive index of a gas in the 
absence of absorption.' By use of the so-called “damping 
operators,’ it has been possible to extend this to cover 
the complex refractive index as well.’ In III, it was 
shown that the calculation of the complex refractive 
index for a given frequency could be reduced to the 
evaluation of a single diagonal matrix element of a 
damping operator. It is the aim of the present article to 
carry out this evaluation. Since the absorption intensity 
is proportional to the imaginary part of the refractive 
index, this leads to a detailed theory of the absorption 
the effect of the 
interaction between like atoms. The only serious limita- 


line. shape, including 


“resonance” 


tion on the tl eory | that it entirely neglects the effect of 


translational motion of the this limitation 1s, 


atoms; 
however, sult iently serious so as to pret lude ¢ ompari- 
son with expe riments done to date. It is hoped that it 
will prove possible in the future to remove this limi 
tation 


Since many readers will probably not wish to familiar 


ize themselves with the properties of the damping 


operators, Sec. II is devoted to some qualitative re- 


marks based on the simple classical oscillator model. In 


Sec. III, the damping operators are used to derive an 


equation which implicitly determines the refractive 


index as a function of frequency in the region of an 


absorption, and in IV certain properties of the 
solutions of this equation are discussed. Section V gives 
a qualitative discussion of the effect of translational 
motion, and briefly discusses the experimental situation. 
The reader who is interested in line shapes, but not in 


damping operators, might wish to read Sec. II, and then 


skip directly to Sec. IV, taking only the final result of 
Sec. II. 
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hereafter referred to as ITI 
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110, 359 (1958), hereafter referred to 


112, 1843 (1958), hereafter referred to 
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II. CLASSICAL OSCILLATOR MODEL 
Consider an assembly of classical isotropi harmonk 


oscillators, distributed uniformly over a certain region 


of space with density 2%. All the oscillators are assumed 
to have the same mass m, charge gq, 
Now one of these oscillators is 
being driven by an oscillating electric field / 


polarized along the x axis, where 


and natural fre- 
quency vo. suppose tl 
cosvl, 


imed that 


The equation of motion obeyed by 
the oscillator is 

ma 
where the damping tern ly 1S SuUppost d to represe¢ nt in 
an average way the fact that the oscillator is continually 
losing energy to the other oscillators with which it is 


surrounded If ( . ) has the 


steady-state 
solution 


. i+ sinvt} 
2mvo| 


The average ra illator 


by the field is 


dvi 
(Ot 
dt tm| 


where 


The intensity of absorptio1 
has the familiar Lorentzian 
us now try to evaluate 4 

If oscillator A is being driven with amplitude x» and 
frequency », 1.€., x4=2 
lating electric field at the 
with frequency », 


cosvi, 


position of oscillator B, also 
and amplitude fi ‘RB, 


it will produce an oscil- 


where 
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Here r4z is the distance between the two oscillators, 
4 is the angle between the vector r4, and the direction 
of oscillation of A, and ¢ is the (complex) dielectri« 
constant of the intervening ‘“‘medium” made up of all 
the other oscillators. Comparing (6) with (4), we see 
that the { does work on B is 


given by 


dW as g'xo’y (1+3 cos’6) 
( dt ) 4m | *T (vo—v)?+7" Ira n° 

(he total rate at which A loses energy to the other 
oscillators is found by summing (7) over all the oscil- 
ators B, This is easily done by replacing summation by 
integration over the uniform distribution of oscillators. 
The resulting integral diverges cubically at the origin, 
and this divergence is removed by cutting off the 
of the order of the averag: 
neighbors. The result is 


average rate at which 


integral at a distance fro, 
distance between nearest 


dWap g*xeyI? 
ym ik ) : 
dl 4m? | €|*[ (vo—v)?+7? ] 


where the cutoff is characterized by 
re = (89/3)67/N. 


3 is presumably of the order of unity. 
Now the energy loss (8) is precisely the process which 


was to be represented by the damping term in the 
equation of motion (2). It is easily seen by making use 
of (1) and (2) that the average rate at which the 
oscillator does work against the damping force is given 


by 


(8a) 


dW, 
( ) My Vir X0". 
dt 


Since (8) and (8a) are supposed to represent the same 
process, self-consistency can be obtained only if their 
right-hand sides are equal. We have thereforé 


gxeryS? 
my Vv? Xo" = 
4m? | €|*[ (vo— v)? +7 


Equation (9) has two solutions: 


and 


where 


¥ gnu 2myv 8. 


The solution (11) is the one of interest to us. Its 
frequency dependence is simply due to the fact that an 
oscillator loses energy to its neighbors more easily if it is 
oscillating at their natural frequency than at some other 
frequency. Outside of a certain region, (11) leads to an 
imaginary value for y and is therefore meaningless. In 
this outer region, we must use the solution (10). Thus, 
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SPECTR 


Fic. 1. Plot of refrac 
tive index as a function 
if frequency [from Eq 

39) ] for a=1,T=10 





on the extreme wings of the line, the damping due to 
electrostatic interaction with the other oscillators be- 
comes ineffective, and pure radiation damping, neg- 
lected in this simple treatment, becomes the dominant 
process. The value of y due to radiation damping is, of 
just the natural linewidth, and is much smaller 


course, 
than ¥' 
If we substitute (11 


into (5), we find 


(12) 


The shape of (12) cannot be studied in detail without 
a knowledge of ¢ as a function of frequency, and this in 
turn depends on a knowledge of the motion of the 
oscillators. There is no point in trying to carry this 
through rigorously, since it is of course not completely 
correct to represent the interaction between the different 
oscillators entirely in terms of the one quantity ¥ 
Moreover, radiative interactions have been neglected 
completely, the interaction being considered as purely 
electrostatic. However, we can get a qualitative idea of 
the shape by assuming in first approximation that ¢ has 
the L constant in the 


region near an absorption. In this case, the real part of 


yrentzian form for the dielectri: 
« is greater than unity for v< vo, and becomes less than 
unity for y> vo; the imaginary part is symmetrical about 
vo, With a maximum at vo. Thus ¢€ is larger for »< vo 
than for v>vo, and its derivative with respect to v at 
v=vo is negative. Now by differentiating (12) with re- 
vo, we find 


) <0 


but to the left of it 


spect to vat the point v 

(~*) ~- € 

dy =» 7 . dy 

Thus the maximum of 9 is not at : 
i.e., toward the red). 


The region of appreciable absorption ends when the 
right-hand side of 11) becomes negative This happens 


(13) 
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omewhat sooner on the red side of vp than on the blue, A; Kinkn KA, 
A=, — 


since |€| is greater on the red side. 
h(v,—v,+t1t 


The considerations of this section, therefore, suggest 
that the resonance-broadened line shape will have the 
following properties: First, the maximum will be dis- 
placed somewhat toward the red; second, the region of 
appreciable absorption will extend farther on the blue where x j 
side of vg than on the red side. The curve might therefore (]]]-16). 
be expected to have a ‘‘saw-toothed” shape somewhat The first summation on t} ht-hand si (18 
like the solid line of Fig. 1. independent of the presence of the other atoms. If we 
Of course, there has been no attempt to be rigorous choose the width of our energy shel! | €! >>! v,—vo'. and 
in this section, but only to give an intuitive basis forthe also make use of (15). and (III-8). we easily find. apart 
qualitative results to be derived later. In the next from terms of a smaller order of magnitude. 
section, a detailed quantum mechanical determination 


of the refractive index as a function of frequency is 1,/ Kinin KH) A, 


= 
presented nate 
where 


Ill. DETERMINATION OF THE REFRACTIVE INDEX 


The situation to be considered here is the same asthat — jg thy 
of III, and the notation will be the same. The excited hav: 
state to be considered is again a triply degenerate p 
state, the density of atoms is 1; here we assume that ha 


the atoms are distributed over the entire box in which 
the field is quantized, i.e., a= 1 in the language of III. 
It is easy to convince oneself that this will not affect the 


To go further, we must evaluate the off-diagonal 
, matrix element (B; D A, sing (1I-19a), and again 
results, which depend only on the assumption that the ae 
: - : eliminating (n D A 
linear dimensions of the region occupied by the gas are 
arge compared with all wavelengths, etc. (B, DA 
Now by combining (III-17) and (III-20), we find that 


the refractive index p for frequency v, is given by‘ 


p°—1 tr Ny?/h(v,— vo—A (14 
Equation (22 
It is assumed that write 


15) 
(B,D 


16 


Che Hamiltonian matrix elements which we shall need 
are given by (III-8) and (III-9a). 

Equation 14) reduces the task of calculating p to When we substit 
that of calculating A. Using (IIT-12) and (II-19a), we summation over ( 


ee that replacing it with 


gonality the equat 


; ' for the coe 
+ ’ , : : 16), one e: 


We can now substitut: 

into (21). The summatio1 
We can use (II-19a) t ina he matrix elements “A Cig 0 eerie 
immediately, with the « 


n| D/ A,) from (17 


‘ 


because of orthogonality 


4 (IIT-17) means | ha 
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h(vy,—vo— A) 


o dr _ €qiéyy EXPLix,: (Ka — 
oe B “vo Quon — : 
Bil J (v,+1£)?—p,’ 
€rs€rj exp[ tx; - (fa—- r,) ] 
rr “re 


1627S vot! , ene 


J 


Vi(v,—vy—A) [ 


(vy,.+ if Row ve Lp’? — vy, | 


tha (1—p). (2 


7) 

Since the longitudinal Fourier component (24), repre- 
senting the electrostatic dipole-dipole interaction, is a 
constant, it is a simple matter to evaluate D, in coordi 
nate space. We find 


pe oe 
D:= ~— haa 


h(vy,— vo— A)p* B.jTr sp? 


Sr ABTAB, | ; 
TAR 

pt _. & 

- ar (1+3 cos’@), 

h(v,—vo—A)p’ rap® 

where @ is the angle between r4, and the 2 axis. If we 

replace summation by integration in (28), and cut off 

the diverging integral at some distance ro, of the order of 

the average distance between nearest neighbors, we find 


3ro*)[ (1—p?)/p? }. (29) 


D,= (2p? 


In arriving at (29), we have also used (14). For later 
purposes it is convenient to rewrite (29) as 


D, - 4aNap"{ ( 1 ~_ p’) p* |, (30) 


where the parameter now characterizing the cutoff is 
a= 1/6rre N= 2/IvpN. 31) 


If we determine the cutoff by the requirement 


txr.?=19=1/N, 

then we obtain a=2/9. On the other hand, if we make 
the cutoff in wave-number space in such a way that the 
total number of allowed wave numbers is WV, then 
a=}. Probably both of these are too small. A more 
sophisticated method is the following: Assume that the 
NV atoms other than atom A may be anywhere in the 
volume V with equa! probability except that they are 
excluded from a sphere of volume w about atom A. Let 
v be the volume of the largest sphere that can be drawn 
around atom A which does not contain any other 
atoms, and define 1% by 


1/t 
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where the average is taken over all allowed distributions 
of the other atoms. With this model, if #<<1, one finds 


a= (2/9)(C—1nTw), 


C=0.577--- 


If w is of the order of the cube of an atomic radius, this 
leads to values of a in the range 1-10 for ordinary 
densities. 

We now define a dimensionless quantity by means 
of the equation 
I ho 


4nNy’ (32) 


By using (20), it may easily be verified that I’ is equal to 
(3/4n*) times the nuniber of atoms per cubic wavelength 
of radiation in vacuum at frequency vo. Combining (26), 
(27), (30), and (32) gives 

A ipa+al'a|_ (1—p?)/p’ 


(14) and (32), 


(33) 


We also have, from 


p’—1 I'o/(vy,— vo— A). (34) 


With the further change of variables 


S- - 
ac (35) 
we obtain 


(36) 


which may be solved for a: 


a c+T p 1 (37) 


There are now two convenient ways of rewriting (33). 


First, by making the substitution (35), we find 


a ipt+al'[ (1—p?)/p’ (38) 


With the further substitution (37), we obtain 


xst+TI/(p?—1) ip+al'| (1—p*)/p?* }. (39) 

Equation (39) can be solved numerically for p as a 
function of x. The result is plotted in Fig. 1 for the case 
a=1,l'=10. Note that the shape of the absorptive part 
(solid line) has the qualitative properties expected from 


the considerations of Sec. IT. 


IV. PROPERTIES OF THE REFRACTIVE INDEX 
A. Limiting Properties; Linewidth 


It is easy to see from (38) or (39) together with (36) 
that in the limit |x >I’, the refractive index is given 
approximately by 


g?—1 /(x+1 (40) 


By looking at the imaginary part of (40), we see that the 
absorption in the extreme wings of the line has the 
Lorentzian form, with the width parameter being equal 
to the natural linewidth, ¢. The physical reason for this 
is the same as for the similar effect in Sec. II: If an atom 
is excited at a frequency (energy) different from its 
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different from 1 
hows that except in I region of tl singulari 
behavior of the ; rption il! ) 10 al 
embles closely 


Due to the 1 hz ak, it appears 


width at half maxim not a very appropriate 


quantity to indicat | id In ab tion intens 


Fic. 2. Plot of refrac 
7 . . It would cel 
tive index as a function 
of frequency in the limit jin which the absorption 
r »o, [from Eq (43)], f 


l'ranslating this into frequ 
with a=1 6 — 


which is the same order of magn le as the linewidths 


tor resonance broadening found by other authors 


B. Total Absorption Intensity 
We are intereste ad 


natural frequency (energy of excitation), it cannot lose 
energy to its like neighbors as easily as at the resonance 
Che only mechanism for energy loss which is equally 
effective at all frequenci is the pure radiative damping, ° 

f ’ ; : the imaginary part « 
which is repre t xy the natural linewidth ‘ 


: : . tion intensity, a art 
Another limiting solution which is of interest is the : 


. os lo evaluate J, we 
limit I p'. In thi ise, by writing 


(x-+1p+ a! 
Now different 


differentiation by 


we obtain fror 


(1+ ip’ p-\p 
By substituting n 38), dividing throug} 


and neglecting 


$2) 


Equation (42) may easily be solved for y, and theresu 
substituted into (41) to find p. The result is 


From (46 


We can now 
into (45), obtaini 


Figure 2 shows a pl f Eq. (43) for a=1. The 


singularity is, of course, integrable, and where it occurs 
the neglect of the term ip/I’, which was necessary in the 
derivation of (43), becomes self-contradictory. There- 
fore, the singularity is not real, and should not cause 
alarm. Furthermore, it is smoothed out for values of a 
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where z= p— 1. When x goes from minus to plus infinity, 
z describes a closed curve in the counterclockwise sense 
in the upper half of the complex plane, which is tangent 
to the real axis at the origin. The contour integral (50 
can easily be evaluated, with only the second and fourth 
terms contributing. The result is 


l=i(r/2)V. 51 


rhus the absorption intensity is strictly proportional 
to the density of atoms in the gas. It should be empha- 
sized that (51) is by no means a trivial result. For 
instance, it is not a direct consequence of the dipole sum 
rule, or any similar rule, since the theory presented here 
takes into account indirect mechanisms of absorption 
involving an arbitrary number of intermediate states on 
the energy shell. It is, therefore, not obvious that the 
total absorption intensity is proportional to a sum of 
squared dipole matrix elements. 


V. EFFECT OF TRANSLATIONAL MOTION; 
DISCUSSION OF EXPERIMENTS 


lhe theory developed in the last two sections ignores 
completely any effect of the translational motion of the 
atoms making up the gas. The most important result in 
this case is that the damping due to the resonance 
interaction has a strong frequency dependence, due to 
the fact that (speaking classically) an oscillator cannot 
lose energy to its neighbors as easily if it is being driven 
at a frequency other than its natural frequency as it 
does at the natural frequency. 

However, if the atoms are moving rapidly with respect 
to one another, their interaction will be explicitly tim« 
dependent, and may contain Fourier components corre- 
sponding to frequencies large enough to make up the 
difference between the frequency at which an oscillator 
is being driven and the natural frequency. The order of 
magnitude of this effect may be estimated as follows 
Suppose two atoms experience a “collision,” in which 
they pass within a distance R of each other with relative 
velocity v, of the order of the root-mean-square velocity 
of the atoms in the gas. Their time-dependent interac- 
tion will then have appreciable Fourier coefficients for 
frequencies up to the order of 


If we choose R to be of 
diameter,’ 


the order of an “optic al collision 


R~ (y?/vh 


then we have, combining (52) and (53), 


bv~ébyp(Avp a), 54 


where é6vp~ vov/c is the Doppler width. Equation (54 
indicates that if the Doppler width is much larger than 
the natural width, the frequency dependence of the 


resonance interaction may only become effective at 
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distances from the peak center one or two orders of 
magnitude greater than the Doppler width. The distor- 
tion of the line predicted by (39) should not be notice- 
able unless the right-hand side of (54) is less than the 
resonance width (44). 

All experiments on resonance broadening known to 
the author have been conducted on the alkali metals at 
rather high temperatures and low densities. In the 
earlier experiments, the procedure was to assume a 
Lorentzian shape, and then determine the width by 
observing only the outer wings of the line.** The width 
thus calculated was in agreement as to order of magni- 
tude with (44). According to the theory presented here, 
it should be impossible to get this result by looking at 
the wings of the line [see Eq. (40) |; but the result may 
be explained by the effect of the translational motion, as 
shown by (54). The more recent experiments of 
Tomiser,”” and Moser and Schultz," observe the line 
profile directly, and find a half-width considerably 
greater than that given by (44). This also may be due to 
some such mechanism as that used in the derivation of 

54), but we can give no detailed explanation at this 
time. In any case, their results cannot be compared 
directly with the theory given here in Sec. III and IV, 
because of the high temperature and consequent im- 
portance of considering translational motion. 

It appears, therefore, that the theory presented in 
this paper cannot be compared with experiment at this 
time, because it neglects translational motion, and ex- 
periments done to date have been at such high tempera- 
tures and low densities that translational motion cannot 
be neglected. It would seem advisable to try to extend 
the theory to include the effect of translational motion, 
and also to perform experiments on gases at low tem- 
peratures and high densities, if possible. 

Finally, we briefly compare this work with previous 
theories of resonance broadening.® Most of these may be 
The first method is to 
consider a single atom as initially excited, and calculate 
the evolution of the state with time, including the effect 
of interatomic 


divided into two basic methods 


interactions, and sometimes the inter- 
action with a quantized radiation field. This is basically 
a theory of emission rather than absorption, and suffers 
from an ambiguity in the definition of the initial state, 
since an excited state cannot be unambiguously defined 
without reference to the conditions of excitation.” In the 
other method, one attempts to use degenerate perturba- 
tion theory to calculate the energy levels of the assembly 
of interacting atoms. Due to the very high degeneracy, 
this method can usually be used only to obtain the first 


* D. S. Hughes and P. E 
S.-Y. Ch’en, Phys. Rev. 58, 884 (1940 

*K. Watanabe, Phys. Rev. 59, 151 (1941 

*(C. Gregory, Phys. Rev. 61, 465 (1942 

Tomiser, Acta Phys. Austriaca §, 198 
1954); 9, 18 (1954 


Lloyd, Phys. Rev. 52, 1215 (1937) 


1953); 8, 276 (1954); 


8, 323 
“ Hl. Moser and H. Schultz, Anr 


Physik 7, 243 (1959) 
Quantum Theory of Radiation 
ird ed., pp. 196-204 


2 See, 


eg., W 


Clarendon Press 


Heitler, The 
Oxford, 1954 
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one or two moments of the line, and not the detailed 
shape. It is difficult to include the effect of the trans- 
verse radiation field in this method. Our approach is in 
some respects more fundamental than either of these, as 
we attempt to directly construct stationary states of the 
whole system consisting of field and matter. There is no 
ambiguity in the definition of states, and radiative 
processes on the energy shell are taken into account in 
all orders. The main new physical effect is the frequency 
dependence of the damping term in the resonance 


VOLUME 


ALDEN 


120, 


MEAD 


denominator, which is eas 
two methods. 


lly overlooked in the above 
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Roothaan’s open-shell self-consistent field theory is extended in such a way 


of important classes of atomic and 
originally claimed 


I. INTRODUCTION 


N a recent paper’ Roothaan described a new self- 

consistent field (SCF) theory for electronic systems 
which can accommodate open shells as well as the closed 
shells. However, his paper made a rather modest claim 
on the range of applicability. The purpose of the present 
paper is to extend the applicability of the theory in such 
a way that it includes a number of open-shell cases of 
practical importance which are not accommodated in 
the original form of Roothaan’s scheme. 

The relevant points of Roothaan’s open-shell SCF 
theory are as follows. It is stated that the scheme is of 
practical value if the total energy can be represented 
by the following equation 
E=2300. Mit Liu(QJiu—K 

+ {2 dom Amt f Domn(20I mn— OK mn 


+2 > km (2 km— K im) |. 


(1) 


This is the expectation value of the total Hamiltonian 


(in acu 
x=), We+i dy 


—_* 2 fw 


ptr ( 1/7”). (2) 


H» is the nuclear field plus kinetic energy operator for 
the uth electron, and r*” the distance between the pth 
and the vth electron. In Eq. (1), Hi, Ji, 


defined as usual by using Dirac’s notation 


and K,; are 


* This work was assisted by the Office of Naval Research 
+ Permanent address: Kyushu University, Fukuoka, Japa 
C. C. J. Roothaan, Revs. Modern Phys. 32, 179 (1960 


molecular states which are not inclu 


where 


Keo | Gi ¥ | ? 1\ Y; 


J; and K,; are commonly called the Coulomb and ex 
change operators, 
orbital ¢,. 
indices k, / are used for the closed-shell 


associated with the 
In referring to the individual orbitals, the 


respec tiv ely - 


ll orbitals and m, n 
for the open-shell orbitals ir Eq (1 
numerical constants dependi 
first two 


a, 6, and f are 
ig on the spec ific case. The 
sums in Eq. (1) represent the 
energy, the next two sums the open-shell energy, and 
the last sum the interaction energy of the closed and 
open shell. The number f is, in 
occupation of the open shell, that is, it is equal to the 
number of occupied open-shell spin orbitals divided by 
the number of available open-shell spin orbitals. The 
numbers a and 6 differ for different st 


configuration. 


closed-shell 


general, the fractional 


ites of the same 

Two alternative formulations of the SCF problem are 
given in Roothaan’s paper.’ The 
set of equations 


first is the 


following 


where 
Fo=H+2J¢—Kcet2 
Fo=H+2Jce—Kc 
a= (1—a)/(1-—f 


3= (1—5)/(1 
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V 


las_e I. Coefficients for the configurations s/ 


15/16 
69/80 
3/4 
15/16 


4 5 


The second is a more elegant scheme in which the closed 
and open-shell orbitals are solutions of the same eigen- 
value equation: 
where 

>H+2J7—Krt+2a(Lr—Jo0)—B(Mr—Ko). (9 


rhe definitions of various operators in (6) and (9) are 
listed below. 


DL Jk, 


S 
aun 


¢i| ¢) Jogi, 
L, 
Lo 
Ly 
M 
Mo=fTon M 
Mr=Mc+Mo 


Roothaan’s theory as it stands covers a number of 
important cases but unfortunately the electron configu- 


rations with two (or more) open shells drop out of the 


range of applicability, with one important exception 
his exception is the case in which the open shell consists 
of singly occupied, complete degenerate sets of orbitals, 


ROOTH 


of atoms 5S 


SARS SCI THEORY 


fm=j/2 a=b=0,a=S8=2 Ss 


’ 


ta’ b' a’ B’). 
2? ff’ ys 


J Sp) 


—mm" Tam’ 


K(s,p) 


1 


and all the spins are parallel. Examples of atomic states in 
this class are C 1s*2s2p*, °S; Cr 15°2s°2p*3s*3p*4s3d®, 7S. 
A general molecular example is the lowest excited triplet 
of a molecule with a closed-shell ground state, the 
excitation being from a nondegenerate to a nondegener- 
ate orbital. 


Il. EXTENSION OF ROOTHAAN’S SCF THEORY 


It is, however, not necessary to restrict ourselves 
within the form of the energy expression given by 
Eq. (1). Consider the following formula for the total 


energy which includes (1) as a special case 


2-25, 842 Det Slthu~Keo 
Dev (iv — Kui) 
tT ortiivr=Kes 


+ 


FF cal (2aJ » 
——_ a(2 
ap 8 


(9 


+ 


+ xe (2S cm 


haw Em 


(13) 


a OM Ten’ 


The indices k,/ refer to the first group of closed shells 
with a corresponding set of orbitals {¢x}, k’, /’ to the 
second group of closed {cu}, m, n to the 
first open shell with { ¢,,} and finally m’, n‘ to the second 
open shell with {¢, The most essential condition is 
that these two open shells should belong to different sym 
metries. More precisely, the orbital {¢,.} and {(¢m’} 
should belong to different symmetry species. A possible 
way out of this restriction will be discussed in the fourth 
section of the present paper. The reason for dividing the 
whole closed shell family into two groups will soon be 
come clear. In Eq. (13) all sums except the last one 
hardly need explanation, Eq. (13) being a straight- 


shells with 
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Paste II. Coefficients for the configurations on’ of linear Keeping this kind of grouping in mind, we recast 
molecules, ¢(f=1/2, a=b=0, a=8=2), #¥(}’,a’,b’ a’,B’). : er : 
Eq. (13) into the following form 


2ff' Zmm' Iam E=2>30(Aathes)t+doe(QWJi— Ki 
Config. State ( *) K(o,x) + f[2 do n(Hmthom) +f Xo ma(20I mn—bK ms 
TI d 1 +2 ye, | ; }t i ae Hy 
. ' + Dev (VJer—Kev)+f2Z 


£f Sere (te Jwe—U Kate 


where 
her.= Lov (Wa Ky 
hom - dr (2 mi 

. er in ‘ Or alternatively, 
forward generalization of Eq. (1). We have two open — 
shells here ; S » ne sets of pi ‘ters | 9 L 
hell her and o we need two et of parameters f,a, E=2>°y(Hy+h 
b, and f’, a’, b’. The last term 2f f' ¥ mm Lm’ represents 4 ff 
the interaction between the two open shells. In some cases 
it is expressed with familiar J;; and Kj; integrals, but 
in some other cases it is not. See Tables I, II, and III. 

It is necessary to divide the whole family of closed 
shells into two groups. The first group {¢.} contains 
all the closed shell orbitals which have the same sym- 
metry property as that of the first open-shell orbitals where 
{¢m}; the second group {¢x-} contains all the closed- 

. . , 

shell orbitals which have the same symmetry property hex 
as that of the sec ond ope n-she lI orbitals { om f If there hom’ = , Ms mt) +f = I, 
are remaining closed-shell orbitals of symmetry species 


oo Application of the variational principle to Eq. (14 
different from both {¢m} and {¢m-}, these closed PE 


[or to Eq. (16) ] will yield the SCF equations for the 
orbitals. Instead of varying all the orbitals simultane 
or within the second one. For example, suppose we have ously, we proceed in the following way. Assume that we 


shells can be grouped either within the first group 


1572s*2p%3s*3p%3d'"4s4p"% (12 N<5). It is possible to  bitals {gy} and {¢m'}. Now apply the variational prin 
divide it in the following two alternative ways: ciple to Eq. (14) by varying the orbitals { ¢,} and {¢m} 
eit as ili ae : (the first group) only with {¢x-} and {¢,.} held fixed. 
33°, 3d™, 45; 2p, 3p®, 4p Chis is permissible because the orthogonality conditions 


38°, 4s; 2p°, 3°, 3d'°, 4p* between {¢:,¢m} and {¢x,¢m'} are always se ired 


to deal with the following electronic configuration. have a reasonable starting approximation for the or- 


lasie III. Coefficients for the configurations r,'1r," 
m7 ( f= 3 4, a=b=8 9, a=B=4 9), m, si ‘ 


Config 
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The orbitals { ¢x-} and {¢,-} being fixed, the last five 
sums in Eq. (14) drop out from the expression for 5£. 
This means that the expression for 6£ assumes essen- 
tially the same form as that derived from Eq. (1) as far 
as the present variation is concerned, with some modifi- 
cation only in the one-electron part of the energy as 
indicated in (15). 

Before applying the variational principle to Eq. (14) 
‘or to (16)] in the way just described, we define the 
operators, he, ho, h, Ai, Ac, Ao, Ar and the correspond- 
ing ones with prime by 


hex= (Ce he Fx), 


(Em ho! ¢m), 


hye a ho, 


l, a 
NhOm— 


; 
( Yy he Ck 
, 
¢ m’ ho | ¢m’ 
he _ ho’, 


(Fi h! ¢)¢it ¥il ¢ hei, 


ihe | ’ 
Fi h £/)¢i +( gi! ¢ h Fi, 
ar Ax, 


‘hy 


hon ™ Aa, 


ot Ao, 
Ax’, 


Be (20’) 


ay , 
Ac T Ao. 


A close relationship between (19), (19%), (20), (20), 
and (11), (12) is evident and the derivation of the SCF 
equations closely parallels the derivation of the SCF 
equations (5) and (8), which are described in detail in 
Sec. 2 of Roothaan’s paper.’ We restrict ourselves here 
to writing down the results and only for the scheme 
employing the combined Hartree-Fock Hamiltonian : 


Fo;=eg; (i=k,m), 


F=H+6, 

A =H+y(ho— fhcet+Ar), 
G=2J7—Krt+2a(Lr—Jo)—8(Mr—Ko), 
a=(1—a)/(1—/f), 

8=(1-—56)/(i-—f), 

y=1/(1—f). 


This is the equation for { ¢x.¢,.} and a generalization of 


with (9). The corresponding equation for 


Pev=erge (=k, m' 24 
’ ’ 


ROOTHAAN'S SCI 


THEORY 
where 
F’=fi'+@", 
A’ =H+y'(ho'— f'he'+Ar’), 
f 2 1r'—Kr'4+ 2a’(Lr’ Jo) 
(1—a’s/(1 f’). 
(1-—86')/(1 
y’ (i—f’ 


The operators Jo’, Ko’, Jr’, Kr’, Lr’, Mr’ are obtained 
by replacing {¢:,¢m} with {¢',¢m’} in the definitions 
of the corresponding operators without prime. The addi- 
tional terms y(to— fhe+ Ar) or y' (ho'— f'hc' + Ar’) may 
be regarded as a kind of force field for the electrons in 
nonfixed orbitals due to the electrons in fixed orbitals. 

The following is a summary of the self-consistent 
field procedure : 


(I) Fix { ¢4,¢m’}. Determine { ¢:,¢,,} from Eq. (21). 

(II) Fix {¢%,¢»} as obtained above. Determine a 
new set of { ¢x',¢m’} from Eq. (24). 

(II1) Fix { ¢e-,¢m’} as obtained above. Determine a 
new set of { ¢4,¢m} from Eq. (21). 

(IV) Continue the above procedure until the cycle 
produces no appreciable changes in all the orbitals 
{ $x, ¢m} and { Ce’, Gm}. 

(V) With thus determined orbitals {¢:,¢.) and 
{ ¢e’,¢m'} calculate the total energy from the full ex 
pression (13) or (14) or (15). 


Ill. APPLICABILITY 


The iterative procedure described in the previous 
section is directly applicable to electron configurations 
which have two open shells of different symmetries. 
Three tables presented in this paper constitute useful 
supplements of Tables I and II of Roothaan’s paper.' 
It is to be noted that these tables cover only a part of 
the applicable range of the procedure proposed here. 

Table I (sp*, 1< N <5). This table is a supplement to 
Table II of Roothaan’s paper.' With these two tables 
one can now cover all atomic states arising from dis- 
tributing the electrons in all possible ways over the s 
and p atomic orbitals. Here and in the following, 


f erro 1/r'? 


« 


T(e:.@ 


¢i(1) ¢;(2)dV'dV? 
fea 12) B,(2) o)(2)dV'dV?, 
K(¢4,¢,) = f ace 


(1) ¢:(2)dV'dV? 


2) ¢:(2)dV'dV?. 
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If we denote the three components of the p orbital by 


pi, P2 and pa, 


J (s,p J ( »P1) 
K(s,p) 


J S,p3), 
K(s,p 


J (S,po 
K (s,p~pi)=K(s,peo 
For example, in the case of the sp? *? 


2) (s,p)+K (s,p) 

2(1/2)(1/3)[{2J (s,pr)+K (s,p1)} 

+ {2 (s,p2)+K (s,p2)} 
+{2)(s,ps 


ri a F 


Lea OM 


| 


T K (s,ps)} }. 


Table II (aow*, 15 N<3). This table, together with 
the next table, is a supplement to Table I of Roothaan’s 
paper.' The w molecular orbital has two degenerate 
components. (See comments to Table HI). With this 
table one can treat several important electronic states 
of molecules, for example, Nz 3e,17,, *II, and 'IIy. 

Table I1T (x,'x,*%, 1< N <3). In this table x* 
are the molecular orbitals with the component of angu- 


and r 


lar momentum +1 and —1, respectively, along the 


molecular axis. There are several identity relations 


among integrals over x molecular orbitals: 


JI (xt xt) =J (xr I (3+ x I (x 9 


KA (x- x 
K (x~ x? 


K (9* rt 
K (3+ x 
lable III, 8 


w, m™, ) which is not expressible 


contain the integral 
with the J 


As is seen in states 
(wut mu* 


and K integrals 


It seems closely 


amine a Iiittle 


more 


the structure between two 


shells 2//’>, 
Table ILL. The lowing expression for 
riihd } + ctat 


opt n 


an example from 


OJ (wy* 49" 


T Wo 


This can be rewritten in the following way by using 
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(29) and (31); 


9/4)J (9. x 


oa 


+ (9/4) (4u* x, 


+ (O/4)) (x 


+ (9/4)J (au 4, 


This means that 


a 


2J (mm 1/3)A(m 


Generally speaking, however 
all Jmm’'s have the same fur 
above example. They m 
another. 

It is hoped that t va unction will be 
worked out for the 
of Ne, O.* and Os mole 
tions listed in Table III 


lowe! nergy levels 


conhgura 


IV. POSSIBLE EXTENSIONS OF THE 
APPLICABILITY 


With additional elabor ns scril in the pre 
theory now 
two 


ceding sections Roothaan’ 

conhiguration which have 
ly speaking, 
s of the same symmetry, 
the scheme is not directly applicable. Here we de 


to inclt suc ases 


covers electron open 


shells of different symmetry. General how- 
ever, if we have two open she 
scribe 
briefly a possible scheme taking 
the 15?2s*2p3 configuration o 

example. This electroni 

‘'S, 3P,'D, and 'S states 1e€ r hand, 
lying configuration 1s?2 ields tl iP 1p. 
and 'S§ states and so the 
treatment is applicable only to the first 
'1P_ 3— and 4S. We choose the 'P state 


with the application of the Lt 


straightforward variational 
three 

Now we 

\O form of Roothaan’s 
2 is described in 


t +} 


we expect 


theory to the 1 
Sec. IV of Roothaan’ 
the SCF orbitals ca 
in terms of 


lal 
curacy in 
tions xp 


Here 


metry Species ; a reier 


\ refers to the irred 


labels the individual mem! 
transform according to 
numbering index whicl 
distinguished by s' 

is analogous to the 

focus our attention on , we may drop 
the subscript \. Second, we n L\ rou] together three 


degenerate functic 


write xpca) OF ¢ 


and simply 
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functions. For the 2° configuration we need only one 
¢ a) for the 2p orbital. But if the subscript p of the basis 
functions xX pia) runs, say, from 1 to m, we are supplied 
with a set of orbitals ¢.4) where i also runs from 1 to 
and the usual procedure is that we pick up one orbital 
¢i(a) Which corresponds to the lowest ‘orbital energy.’ 
It is important to note that the set of orbitals { ¢i;)} 
spans the same functional space as the one spanned by 
the original set {x <a)} and each member of the new 
set ¢i(a) is orthogonal to one another. Taking advantage 
of this property we can treat the 1s*2s°2p3p'P state in 
the following way. 

(1) Apply Roothaan’s SCF scheme to the 1s*2s*2p? *P 
It gives a set of orthogonal functions for the p 
orbitais ; 


state. 


whe ré 


LX X pial pi. 


Suppose that the above sequence is in the order of 


ascending “orbital energy.” Thus ¢(q) is taken for the 
2p orbital. 

(Il) Now we consider the 1s72s*2p3p 'P state. Repre- 
sent the 2p orbital by ¢i,¢) and keep it fixed. Apply the 
SCF procedures described in the present paper to 
1572s°3p by using ¢2(a), ¢3(a), °°", Gn(a) aS a new set of 
basis functions for the 3p orbital. Thus we get 


, , , 
- , cee - 


+ a , . + ¥ nla 
where 
n 
ps ¥p(a)e ‘pi 
p-2 


* Ga) is the first approximation for the 3p orbital. 
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Notice that these functions are all guaranteed to be 
orthogonal to the fixed 2p orbital ¢1 a). 

(III) Represent the 3p orbit: ul by ¥2(@) ‘and keep it 
fixed. Use ¢1(a), 31a)’, $a(a)’s ***» Yala) aS a new set of 
basis functions for the 2p orbital. Thus we get 


; ” ” ” 
+ ¥nle 


» Fla) » Fila 


where ¢i(a) is the second approximation for the 2p 
orbital. 

(IV) Represent the 
fixed. Use ¢aia)’ Pula 
basis functions for the 3 orbital. 

(V) Continue the above procedures until self-con- 
sistency is attained. 

It should be admitted that the procedure described 
above is not at all simple and the convergence property 
of the whole process is not very clear mathematically. 
In some favorable cases, however, it could be of practical 
value because the number of necessary basis functions 
n is expected to be rather small in most cases. 


2p orbital by ¢ica)’ and keep it 
Ll 7 
as a new set of 


vile ’ ’ 


Vv. CONCLUSION 


It has been shown that with some additional elabora- 
tions Roothaan’s SCF theory covers almost all the elec- 
tronic configurations of atoms and molecules which are 
of immediate importance. It is easy to extend formally 
the SCF procedure described in the present paper in 
such a way that four or more 
open shells can be accommodated but it hardly seems 
worthwhile to make such a forma] extension. 


some classes of three, 
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The existence of a (0.65+0.25)% 


lished by means of an “internal source” technique 


for the inverse neutrino capture reaction, Rb*’+¥» 
characteristic d 


decay of the Sr*’™ isomer 
HE 2.8-hr Sr*’™ isomer decays by an M4 transition 
of 388 kev to the Sr*’ ground state. We find that 
it also decays by a previously undetected K-electron 
capture branch to Rb’. From the measured ft value 


t This 
Atomix 


work was performed under the 


Energy Commissio 


auspices of the U. S 


® K-electron capture branch in the 


decay of 2.8-hr Sr*’™ has been estab 


The low log ft=4.25 and small energy release of 115 kev 
make this K branch especially interesting because it establishes Rb*’ 


+ Sr + 


¢€ low threshold detector 
, which could be identified 


as a possibl 


by observing the 


inverse reaction and 
thus judge the ‘ntial ‘fulness of Rb” 
nus judge the potential usefulness of ) 
energy neutrino detector. 

In Sr*’™, the 49th neutron is in a p, state, while in the 
ground state it is in a go2 state. Long-lived Rb” 
1,610" yr) decays to Sr” by @ with a 


we can calculate the rate of the 


as a low- 


emission, 
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maximum §-ray energy of 273 kev. Since the shell-model 
assignment for the 37th proton in Rb* is py, Sr*7™ may 
have an allowed A-electron capture branch to Rb™, 
with a total energy release of 115 kev. Because of the 
small available energy, this branch is expected to be 
small and difficult to find by conventional observations. 
We have searched for this branch by using an “internal 
source” technique, in which a minute sample of Sr*™ 
was placed inside a split NalI(Tl) scintillator for 44 
The consisted of 2 cylindrical 
pieces, each 1} in. in diameter and ? in. long. The face 
of one piece was machined so as to have a hub in. in 
diameter and height, centered on the axis of 
the cylinder. This hub fits snugly into a corresponding 
hole in the second half of the 


scintillator 


counting 


scintillator. The source 
was deposited on the center of the hub. Because of 
optical coupling ¢ in this arrangement, two 
photomultipliers ed to collect the light from 
the composite scintillator. The photomultiplier outputs 
were added in a summing circuit after appropriate gain 
adjustments were made 


With such a source and scintillator arrangement, no 


$a senses 
Sr 


" decay scheme 


distri 

detector in 

K binding 

il isomeric transi 
tively. Insert is 
ntation of the 


40 60 80 WO 120 MO 
IN VOLTS 


A x rays 
transition can be detect 


arisiny rom ) I 1 ol the isomer 
the 
accompanying conve ously 
detected with unit nhc1ency I lal om the 
scintillator 


ed peak, SINCE 


ultane 
always isomeri 
which take 

in the 
aistribution, and 
a photopeak coinciding with the full en peak in the 
K-shel 
ipture 


transition energy. 
place by y emissior 
usual way. One ob 


] ’ 
electron 


vacancy is created by npeti lectron 


conversion 
process, the signal fror orresponds 
to detection of an ene rey ¢ » tl shell bir ding 
in the daught« 
photopeak at this energy 
electron capture branch 
the “A 
the isomeric transition 

for y-Tay detection efficiet 


Figure 1 shows the observed puls 


energy oserves 


events in 


of signals from the detector. as recorded 


AK bindir 


transition 


channel analyzer. The g energy 
full energy regio run at 
different amplifier gains, and for differer yunting 


1 and the 
isomeric 


times. 


In computing the 
capture 


K-electron 
the 
efficiency for detecting the isomeric transition for our 
particular arrangement of yurce 
counter. For this purpose 


branch, it was necessary to estimate 


and _ scintillation 
» the total conversion 
0.28.' The 


isomeri insition as 


coefhicient for the 
conversion electrons are det wit! h 
The remaining 78% of 

place by y emission 


transitions are dete 
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uur over-all ethciency for detecting the isomeri 
transitions in the full-energy peak is e.7.=0.22X1 
+0.780.34=0.485. After making the appropriate 
orrections for decay between the two runs, and for 


counting time and efficiency, we find the ratio 
K capture)/ (isomeric transitions) = (6.52.5) X10~%. 


Che resulting decay scheme is shown in Fig. 2. If we 
take the energy available in K capture as 115 kev, we 
4.25 for the K-electron capture branch. 
This small ft value is consistent with ft values for other 
allowed AK capture and 8-decay ft values for nuclei at 
closed shells, where a nucleus with a single “hole” makes 
a transition to a nucleus with a closed shell.’ 

The of the allowed K-electron capture 
branch with a small ft value in the Sr*™™ decay, together 
with the small (115 kev) energy release in the K- 
capture process, makes it interesting to speculate about 
the possibility of observing the inverse neutrino capture 
reaction, Rb*’+v— Sr*?"+-e-. This reaction could in 
principle be identified by observing the characteristic 
isomeric transitions of Sr*’™ chemically extracted from 
a Rb sample exposed to a neutrino flux, e.g., from the 
sun. In order to estimate the yield from this reaction, 
it is necessary to average the neutrino capture cross 
section over the incoming neutrino energy distribution 
According to current ideas* about energy production 
in the sun, about ? of the neutrinos from the sun have 
their origin in the reaction 

prp 
while the remaining 4 arise from electron capture in 
Be’. Of this latter group, 88% originate from the 
transition to the ground state of Li’ while 12% come 
from electron capture to the 477-kev excited state of 
Li’. Thus, the major portion of the neutrino flux from 
the sun consists of the continuous energy distribution 
from the p+ capture reaction (Emax=421 kev), and 
two essentially monoenergetic neutrino groups at 386 
and 863 kev. The intensities are the 
100 :6:44, respectively. 

The neutrino capture cross section as a function of 

incoming neutrino energy is given by 
E? (P./E.)F(Z,E,.) (h/mey 
o = 4rd xn— — —§ 
E,? 


~ 


find log ft 


presence 


>d+v+e* 


kev in ratio 


gx(R) (me 


* A. de-Shalit and M. Goldhaber, Phys. Rev. 92, 1211 
E. Burbidge, G. R. Burbidge, W. A. Fowler, and F 
Revs. Modern Phys. 29, 547 (1957 


1953 
Hoyle 


kk 


BRANCH O} : 873 
Here \x« 1s the dex ay constant for the K capture process 
in sec, E, is the energy (in units of mc*) of the neutrino 
emitted in the K capture process, FE, is the energy 
(in units of mc*) of the outgoing electron, p, is the 
electron momentum (in units of mc), gx is the radial 
wave function for the K electron, F(Z,E,) is the Fermi 
function, and S is the statistical weight factor in the 
neutrino capture reaction 

When this cross section is averaged over the in- 
coming neutrino energy distribution, we find ¢=1.2 
x 10-** cm’. If we assume an integrated neutrino flux 
from the sun equal to ~10"'/cm? sec, this cross section 
implies a rate of production of Sr*™™ equal to ~1 per 
min in 10° tons of normal rubidium. 

One may alternatively adopt the attitude that the 
neutrino flux in our environment is unknown, and that 
it is worthwhile to set an upper limit on its value by 
attempting to observe this reaction on a small scale. 
We have performed this simple experiment by counting 
on a well-shielded 3-in. X3-in. NaI(TI) scintillation 
counter the Sr fraction chemically separated from 30 
grams of rubidium fluoride, searching for the 388-kev 
y ray in the Sr*’™ decay. Our experimental upper limit 
on the number of 388-kev photons emerging from the 
Sr fraction leads us, again assuming an average cross 
1.2X10~** cm?*, to an upper limit for the 
number of neutrinos with energies appreciably above 
the threshold for the Rb* reaction, which is = 2.2 
x 10#'/cm? sec. 

Recently possible experiments on 


section @ 


of 


charge conservation were dis- 


the limits 


breakdown of electric 


cussed.‘ It may be worth noting that the experiment 


described here also sets a lower limit on the lifetime for 
possible nonconservation of electric charge of nucleons.® 
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*G. Feinberg and M. Goldhaber, Proc. Natl. Acad. Sci. U. S 
45, 1301 (1959) 

* Suppose that a neutron in Rb*’ changes spontaneously into 
a proton by emitting, for example, a neutrino pair. Since, unlike in 
ordinary 8 decay, no electron mass is involved, this process’ can 
lead to Sr®™ with an energy release of 396 kev, which is shared 
between the neutrinos. Our failure to observe the Sr®™ isomeric 
transition in the sample separated from RbF sets a lower limit on 
the mean life for this process at r> 1.8 10"* yr, if we assume that 


only a single neutron in Rb" can contribute to this process. 
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rhe range and relative rates of energy loss in Al and Au have been measure 


products from thermal-neutron-induced fission of U™* 


product of fi 1 

workers’ energy-loss data. The relation of range (R 
of the form R=&kb Jor R=KE 
products of any mass 
for products of high yield. The values 
We have estimated kinetic energies 


to energy (/ 


Range-velocity relat 


ion and the median heavy product have been obtained fron 


or velocity 


We have assumed that these functional f 
rhe constants K and A were determined from values o 
of these constants have been extrapolat 
heretofore unmeasured, from the ranges « 


We have interpreted certain radiochemical observations in terms of the aver 
perpendicular to the original velocity. The value of this component in Au has | 


one-fifth the total range 


INTRODUCTION 


KNOWLEDGE of the recoil properties of fission 

products is of value for understanding the fission 
process and the stopping of fission produc ts in matter. 
Many studies of the fission process have been made by 
observing the recoil properties of the fission products.'~"! 
An adequate evaluation of the experimental results 
requires information about the relation of range to 
energy and the deviations from straight-line motion. 
Chis information is still fragmentary. In order to 
our knowledge of matters, we 
measured the range and relative energy loss in Al and 


improve these have 
Au of five products from the thermal neutron fission 
of U™*. We also report here information about the 
scattering of these fission products in Al and Au 

In previous work the recoil properties of fission 
products have been observed by several techniques 
4“ and angular 
with 


The range," energy,” rate of energy loss," 
distribution® measured 
Chese experiments require intense fission 


have been well-colli- 


mated recoils 
sources or must be limited to work with gross fission 
products. Measurements with large angular acceptance 
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npublished 


have given information on the range,'~*:'®.'® the velocity 
of the fissile nucleus,?~* and 
angular distribution.? Weaker 


the latter type of experiment 


certain features of the 
sources may be used for 
However, the interpre- 
tation of these experiments requires information about 
the form of the angular d ution and the nature of 
the stopping process 

From the 
where! we have 
Al and Au as a function of 
recoiling fission product. Tl 


the ranges of the median light 


measurement and else 


construct the range in 
number of the 

define quite 
accurately 


products. (By “median product 


and heavy 
it fragment 
that is the median of all the lig ssion products or all 
the heavy fission products normalize the available 
energy-loss data for median light an ivy products 
Phis ibination information 
provides range-velocity curves for t] lian light and 
heavy products. Similar cur ire proposed for all 
fission produc ts. Fi 


gies of produc ts ol 


to the range values 
ener 


EXPERIMENTAL PROCEDURE 


We have made radiochem 
range of Sr®, Ag, Cd'®, I 
neutron fission of | by the 
technique originated by Douthett ar npleton.' The 
target diagram is showr r. 1 hin layer of U* 


was sprayed on 0.00025-i1 foi he ma Va 


per unit area was determi! 
radiation per unit area several catcl 
foils (Al and Au) were stacked as shown in Fig. 1 


clamped between two piect rdboard. The target 


nad 
, alidi 
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RECOIL PROPERTIES 
assembly was irradiated in the thermal column of the 
LPTR reactor at Livermore for several days with a 
flux of about 5X10" neutrons/cm? sec. 

Commercially rolled Al (99.5% Al) foils of about 
(),00025 inch were wiped with a lint-free tissue and cut 
into squares of 10.26 cm? in area with a stainless steel 
template. A very smooth central region of about 36 in.’ 
was found in all Al sheets. All squares cut from this 
central region of a given Al sheet had weights uniform 
within at least 0.5%. Commercially available Au foil 
was not so uniform, and therefore more uniform Au 
foils were prepared by evaporation. Commercial Au 
foil was used for all catchers except 1B (Fig. 1) because 
the thickness of these foils was not critical for the range 
measurement. 

After irradiation, the foils were separated and dis- 
solved in HCl and H,O,. The target layer was included 
with the catcher designated 1A. Iodine carrier was 
always present during the dissolution if iodine was to 
be separated. Standard radiochemical procedures were 
used.'* Chemical yields were determined by weighing 
before counting and checked by another analysis after 
counting. These two analyses had an average deviation 
of about 1%. Counting was done with 6 proportional 
counters or with an integral y counter. All samples of 
the same element from a given experiment were counted 
simultaneously on several 8 counters in rotating fashion, 
in order to determine the relative activities as accu- 
rately as possible. The chemical yields were so similar 
(usually constant to 10%) that counting-efficiency cor- 
rections were in general negligible. The y radiation from 
I'*' and Ba™ was also counted on a Nal scintillation 
detector sensitive to all photons with energy greater 
than about 60 kev. 


ANALYSIS OF EXPERIMENTAL RESULTS 


In this section a number of experimental observations 
are presented. In Part A the observations are used to 
deduce range values in Al, and the effect of the target 


Tasie I. 


Number 
2A 
Al 
1.92 


34 
Al 
1.92 


Fission 
produc t 

sr™ 0.0264 
0.0215 


0.2287 
0.2378 
0.2264 
6.2083 
0.1882 
0.2099 


Sr” 


Ag 


0 


0) 
0 
0 


OF FI 


xperiments with Al catchers. Fraction 


substance, 


1A +tgt 


Al 


1.923 


0.2501 
2400 
0.2816 
2908 
3258 
2849 


* These samples were lost 
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therefore the total 


The Fission Product 


activit 


0.1990 
0.1779 
0.1703 
0.1602 


0 
0 
0 
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$3 
33 
34 


was 
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Fic. 1 
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Diagram of the fe 
the 
for clarity of the ar 
In Tables 
the catcher foils 


il stack. A thin layer of fissile material 
14. Space between the 
luring the irradiation the 


d IIT are given the types and 


supported or sur ol atcher 


foils is onl 


awing 
Il ar 


foils were in contact 


thc kne sses of 


layer is discussed. In Part B evidence is presented which 
indicates that the recoil paths of the products in Au 
deviate considerably from a straight line. Range values 
in Au are obtained with certain assumptions concerning 
the nature of the scattering. Finally, in Part C we report 
experimental quantities pertinent to the 
stopping power of Al and Au 


relative 


A. Range Measurements in Al 


Che experimental observations for those experiments 
in which only Al catchers were used are presented in 
Table I. Column 1 gives the fission product studied, and 
column 2 the experiment number. Columns 3-8 give 
for each catcher foil the designation, the thickness, and 
the fraction of the total atoms in question that stopped 
in that foil. The last column gives the mass of U™* per 
unit area of the fissile layer. 

In these experiments the fissile nucleus is essentially 
at rest and the angular distribution of the products is 
isotropic. Let F, denote the fraction of the recoils of a 
specific product that pass through a catcher of thickness 
t from a thin target of thickness W. Then 


where 1/R denotes the average reciprocal range of the 


product in the catching foil. The derivation of this 
equation (see Appendix) requires the approximation 


cW 
(1) 


R 2R 


of activity observed for the various catchers 


Catchers 
thickness 
1B 
Al 
1.923 


mg/cm? 
2B 
Al 


1.92 


mg/cm?) 
3B Um 
Al 
1.92 


in the 
target 


0.2396 0.2318 0.0234 
0.2414 a " 
0.2739 0.2181 

0.2873 0.2136 

0.2971 0.1828 

0.2915 0.2139 

0.2983 0.1967 

0.3128 0.1750 

0.3284 0.1665 

0.3342 0.1617 


0.062 
0.122 
0.045 
0.122 
0.368 
0.045 
0.122 
0.368 
0.062 
0.122 


44 
49 


37 
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0.2 0.3 


WwW (mg/em* u***) 


Fraction of activity passing through |.92 mg/cm Al 


Fic. 2. Least-squares fit to linear dependence of F; on W, the 


mass of U™ per unit area of the target layer. The ratio of initial 
rate of velocity loss in the target to that in Al was determined 
for Ag™, I, and Ba™. A: Ag, c=1.5 (least squares). B: I 
c=1.4 (least squares). C: Ba™, c=1.5 


that the rate of velocity loss in the target layer, 
(dV /dx), be proportional to the rate of velocitv loss 


in the catcher foil, (dV /dR 
dV dv 
dx dR 


This is possibly not a good approximation for those 
recoils which are appreciably slowed down in the target. 
Therefore only F, values with &>cW have been used 
to deduce range values 

In order to obtain range values from the observed 
quantities given in Table I, the value of c must be 
determined. From Eq. (1) it is clear that 


OF, 
aw/, 4R 


The value of (0F,/d0W’), was determined for Ba’, I'*', 
and Ag" by a least-squares fit to the data of Table I 
(see Fig. 2). Values of c and R for these products were 
obtained from Eqs. (1 that 
resulted were essentially three 
products. Thus the assumption is made that c is inde- 
pendent of fission product and the average value of 1.4; 
(mg of Al/mg of | in the was used for all 
range determinations 


and (3). The values of « 


the same for these 


target 


The composition ol the target layer Is expected to 
be U;Oxs. A crude estimate of ¢ 
assumption that dV/dR 


with the 
where M 
denotes the mass number of the stopping material. The 
value of c so estimated is about 4 (mg of Al/mg of U™® 
in the target); this is about one-third the observed value. 


made 
M~—? (cm'®/mg sec 


may be 


\ similar effect was observed by Douthett and Temple- 


ton, who suggested that inhomogeneities in the target 
layer might increase the effective target thickness.'! The 
matter in the 


} 


presence of water molecules or foreign 
target would also tend to increase the 
but it is difficult to « 
the estimated and observed values 

Table [ ive been analyzed by 
ranges in Al. The ranges are 
The first column gives the fission 


magnitude of 


xplall large difference betwee 

The observations in 
means of Eq. (1 
listed in Table I. 


product and the last the experiment 


to give 
number. Columns 
2-4 give the range values resulting from the fraction of 
the total activity observed in the catcher or catchers 
designated 


B. Range Measurements in Au and the 
Problem of Scattering 


The experimental observations for t] 
in which both Al and Au catcher foi 
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fission product observed. Colun R give 
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Column 9 gives an estimate of the fraction of th 
ac tivity retained by the 
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sa good approxin 


obse rveqd 


measured values of 
There is poor reproducibi 
cW/2R, which may 

effects or ‘“‘rub-off” of 

1B foil. In any case Eq 

limit to the activity retained | 


lavers were so thin in ] 


ras_e II. Result 
values (mg/cm? A 


various catchers." 


Fission 
produc t 


Sr® 
ad 
Ag 
Agi! 
Ag! 
]!! 
[a 
ps 
Ba" 
Ba'® 


®* These values were 
taking c=1.4 « 

> The values fr : 
calculating the average r 
requirement 


than the straggling per 


n Experi 





; 
4 


RECOIL PROPERTIE 


Ss 


TABLE LIT. Experiments with Au and Al catchers 





Catcher, thickness (mg/cm*), 
Experiment 5 
1B 
4.876 
Au 


0 1645 


34 
1.626 
Al 


0.1020 
0.0384 
0.0200 
0.0218 
“0.002 


2A 
1.626 
Al 


0.2110 
0.2263 
0.2320 
0.2331 
0.2261 


1A +tgt 
1.626 
Al 

0.2258 
0.2662 
0.2715 
0.2824 
0.3074 


| issior 
produc t 


Sr® 
Agili d 
Cd's 
[isi d 
Ba'* 0.2556 
Experiment 6 
1B 
4.953 
Au 


3A 
1.626 
Al 


0.1026 
0.0377 
0.0213 
<0.0006 


2A 
1.626 
Al 


1A +tgt 
1.626 
Al 


0.2301 
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If each fission product traveled along a straight path 
we would expect the sum of the fractions observed in 
the A foils to be one-half the total activity increased 
by 4Fw. However, from the first nine columns in 
Table III we note that in each case the foils designated 
by A have a larger fraction of the total activity than 
one-half plus 4Fw. We attribute this excess activity 
to backscattering from the Au into the Al, and designate 
the net fraction backscattered by Fy. The values of F, 
are given in the final column of Table III. 

Bohr has presented a qualitative theory of the 
stopping of fission fragments."* The theory predicts that 
the major mechanism of energy loss at the end of the 
range is nuclear collisions, whereas the initial energy 
degradation is mainly by ionization. In the ionization 
region very smal! angular deflections and small range 
straggling are expected. However, in the nuclear- 
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Fraction of activity observed in the various catchers 
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stopping region, larger deflections and the major con 
tribution to the range straggling are expected. Fission- 
fragment tracks in photographic emulsion™ and cloud 
chambers” bear out the theory with respect to angular 
deflections. The recoiling product is thus expected to 
move straight initially and to suffer deflections as it 
th Let us define the 


approaches the end of the 
vectors p as the average component of range along the 


range. 
original direction of motion and q as the average com- 
ponent of the range perpendicular to the original direc- 
tion of motion. We assume that the effect is as if each 
fission product recoils a distance p and then moves a 
distance q. (See the Appendix.) 

Equation (1) does not take account of the angular 
deflection. This effect can be included by allowing q to 


be equally probable at all azimuthal angles. In the 


Luis Muga, Lawrence Radiation Laboratory, 1959 (private 
communication ) 
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where ai/’ay denote the fraction of the ac tivity passing 
through an Au catcher of thickness / into an Al catcher, 
and ¢’ is the effective catcher thickness, (+ }cW 

The require the 
assumption that the recoil path coincides with p and q 
Only the effect 
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derivation of Eq. (5) does not 
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IV. The first two columns of Table IV give the particular 
fission product and the experiment number. Column 3 
gives the range in Al from Eq. (1); column 4 gives the 
quantity (¢/R)au— (¢/R)ai from Eq. (5); and column 5 
gives the range in Au from experiments 5 and 6 using 
Eq. (6), and from experiment 8 using Eq. (1 

The values of |(¢g/R)au—(¢/R)ai| estimated from 
Eq. (5) and the measured quantity F; are quite large. 
In addition to the F, values from experiments 5 and 6 
there are two other experimental observations con- 
sistent with large values of R)au. The first is the F, 
value of 0.017, observed for Sr® in 
compared with 0.034 experiments 5 
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obtained from Eq. (25) (see the Appendix) are larger 
than those listed. For example, if (g/R)au=5(g/R)ai 
the range values [from Eq. (25) ] are about 5% greater 
than those obtained from Eq. (6). The measurement of 
the range of Ba™ in experiment 8 compared to experi- 
ments 5 and 6 gives an estimate of the error due to this 
effect. The range value for Ba’ as determined from 
experiment 8 and Eq. (1) is about 4% greater than the 
values from experiments 5 and 6 and Eq. (6). Therefore 
we estimate that errors in Ra, from Eq. (6) are about 

1% to +4%. 

The average range values determined in this work 
are given in Table V. The number of products studied 
in this work and in earlier experiments elsewhere is 
certainly not very large. However, it is possible to 
construct a somewhat fragmentary range-mass curve. 
The ratios of range values reported by Finkle and co- 
workers'* are much more accurate than the absolute 
values. We have therefore normalized those measure- 


ras_e VI. Quantities pertinent to relative stopping 
power of Au and Al. 


Fission 


RRai U 


mg/cm?) Mev 


RR, 


nucleon }* 


Experiment Ts 
number mg/cm?)Au 


roduct 
5 7 51 0.723 

) 51 0.723 

79 1.093 
31 0.563 
31 0.563 
25 0.530 
22 0.804 
27 0.484 
26 0.481 
1.17 0.458 
1.16 0.455 
2.07 0.708 
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to RRa 


were taken from Eq 


ments to ours and have drawn a smooth curve in Fig. 3. 
This curve allows a fairly accurate interpolation to 
mass numbers near those of the products studied in 
this work. We consider that the range of the median 
light and heavy fission products can be taken from this 
curve with an accuracy of approximately 1.5%. Also 
in Fig. 3 we have shown the kinetic energy data as a 
function of mass number of the fission product.” 

The ratio of range in Al to range in Au appears to 
be slightly dependent on the mass of the product, as 
shown in Fig. 4. 


C. Relative Stopping Effectiveness of Au and Al 


From the radiochemical data one can evaluate the 
ratio of range in Al to range in Au and the relative rates 
of velocity loss in Al and Au. Let us denote by Fausa: 
the fraction of the recoils of a given product which 
pass through both an Au foil (of thickness t,,) and an 
Al foil (of thickness ¢4;). If the fission products are 
emitted isotropically, as is the case in these experiments, 
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Fic. 4. The ratio of 
range in Al to range in 
Au. The limits of error 
for these ratios are 
about —4% to +1% 
These errors are largely 
systematic, therefore 
the dependence on A 
is believed to be more 
accurate 
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A | 1 —cos Se 


nax (7) 


Fau+at 
The @max Value derived from this measurement of 
Fxusat represents the angle made by a fission product 
that penetrates a thickness of Au given by 
T ay =tay/ COS max 


and has a residual range in Al given by 


RR, fa1/ COS, 


ax 


Thus a thickness of Au given by fay has a stopping 
effect equivalent toa thickness of Al given by Rai— RRai. 
Also a product that has a residual range in Al of RRai 
would have a residual range in Au of Ray— Tau. 

In Table VI we have listed the measured quantities 
pertinent to relative stopping effectiveness of Al and Au. 
The first two columns give the fission product and ex- 


periment number. Columns 3 and 4 give the measured 
quantities T,, and RRa). In the last column is given 
the velocity corresponding to the value of RRa. This 
velocity estimated from the empirical range- 
velocity parameters for Al that are presented in the 
next section [Eq. (8) and Fig. 14}. 

From the data given in Tables V and VI we can 
sketch the velocity dependence of the ratio of range in 


was 
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Velocity ( Mev/nucleon ) 

Fic. 5. Velocity dependence of the ratio of range in Al to range 
in Au. The symbols are as follows: Sr™ O; Ag (]; Cd¥™§ A; 
I™ ©; Ba 7; At™-half circles. The At™ measurements are from 
reference 22. The error estimates are mainly from uncertainties in 
Ry. which are systematic 
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hic. 6. Velocity dependence of the ratio of the rate of velocity 
or energy) loss in Au to that in Al [(AV/AR)au/(AV/AR al] 
Che symbols are as follows: Sr® ys Ag™ [ ° Cd's A; [13 
Ba™ 7; At™-half circles. The At™ measurements are from ref 


erence 22 
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Al to range in Au RRai/(Rag— Tay) or Rai/Ray. This 
dependence is plotted in Fig. 5. That velocity was 
taken which corresponds to the value of RRa). Similar 
behavior for all products is indicated in Fig. 5. As the 


velocity is decreased to about 0.7 (Mev/nucleon)! the 
ratio of range in Al to range in Au seems to be almost 
constant. Further decrease in the velocity results in a 


sharp increase in this ratio. Also included in Fig. 5 are 
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two values” of Rai/Ray for At™. The velocity of the 
At™ atoms is much less than that of the fission products 
reported in this work, but the range ratio is quite con- 
sistent with the trend of these values 

Another way of comparing the stopping in Al and Au 
is to sketch the ratio of the quantity AV /AR for Al to 
that for Au as a function of velocity. These ratios are 
shown in Fig. 6. From the values of R, JT, and RR we 
have calculated the thickness of Al which is equivalent 
to a certain thickness of Au. For instance, in the initial] 
degradation a thickness Ra;— RRa) is equivalent to Tau. 
If two measurements of 7,4, and RR) were made, then 
a thickness of Al given by the difference of RRa: values 
is equivalent to a thickness of Au given by the difference 
of Ta, values. For simplicity we have plotted these 
ratios of Al thickness to equivalent Au_ thickness 
[(AV AR)au/(AV/AR)ai| at a velocity which is the 
average of the the 
velocity in the region in question. For example, the 
ratio Rai— RRa) gee is plotted ata velocity which is 
the average of the velocity corresponding to Ra; and 


velocity at entrance and final 


that corresponding to RRa). The range-velocity rela 
tionships presented in the next section were used [Eq 
(8) and Fig. 14]. 

For all products the ratio (AV/AR)au/(AV/AR)ai 
appears to show similar behavior. In those cases (Sr®, 
Ca™* Ba" 
there is a minimum in (AI 


surements were made 
AR)au/(AV/AR)ai at a 


icon 


in which three me 


velocity of about 0.6 (Mev 
A comparison of these measurements with theory 
requires a detailed treatment of electronic stopping at 


low velocities. Also required is a knowledge of nuclear 


re 
stopping for cases in which the mass of the stopping 


atoms is somewhat gre than the mass of the recoils. 
We are unaware of a theory that adequately treats 
these aspects of the stopping proce 


RANGE-ENERGY CURVES 


Energy-loss measurements": have been made for 
the median light and median heavy fission products 
from  thermal-neutron-induced fission of U™®, .The 
masses of the median light and median heavy products 
(94.7 and 138.8) were obtained from the initial veloci- 
ties and the relationships Vyg/Vz=Mz/My and 
M,t+M y= 233.5 Al and Au for produ: ts of 
these masses were taken from the smooth curves shown 
in Figs. 3 and 4. Also the corresponding ranges in air 


obtained from referer he 


Ranges in 


range values 
corrected for 
kinetic ne rt the products 


can be 
for Pu** fission products in 
the small difference in 
from the fission of Pu 

The energy-loss or velocity 


been normalized to the total range ,and the results 
are summarized in Table VII and Figs. 7-10. The first 
two columns in Table VII give the ind corre 

sponding velocity of . the and heavy 
products; the next two columns the absorber thickness 
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and corresponding residual rang: 
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asurements of Ta, and RRa; 
ate ranges in Au and the cor- 
These estimates were made as 
follows. For each measurement of Faysa; the quantities 
RRai/Ra; and Tau/Ray were calculated and plotted in 
Fig. 11 against the mass of the fission product. From 
this graph we have interpolated to the median light 
and heavy fission products. Thus we have determined 
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Fic. 8. Range-velocity curves in air for the median light (open 
points) and heavy (closed points) fission products. The range for 
points designated by a is from reference 11 (corrected from Pu™ 
to U™* fission). The velocity-loss data are from reference 14 
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residual range in Al. The velocity corresponding to this 
residual range in Al has been estimated from the range- 
velocity data in Al as given in the first part of Table 
VII and in Fig. 7. Figures 7-9 show the range in Al, 
air, and Au asa function of velocity. Figure 7 also shows 
that the range-velocity information for Al from Table 
VI is consistent with measurements of another type, 
the range of Tb'” from nuclear reactions induced by 
heavy ions.” For Al and air an equation of the form 


R=kV—-A 
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9. Range-velocity curves in Au for the median light 
open points) and heavy (closed points) fission products. The 
squares are from this work (Fig. 11 and Fig. 7), the triangles from 
reference 13, the circles from reference 14, and the diamond from 
reference 15 and Fig. 7. The range for the points designated by 
a is from this work 
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Fic, 10. Log range-log energy curves for the median heavy 
fission product (a) and me light product (b). The smooth 
curves were drawn by A function of the form R= KE®* gives 
an adequate fit for the initial part of the range with the indicated 
value of a. Closed points are from radiochemical measurements 
of the range. Open circles are from reference 14; triangles are 
from reference 13. The total range in Ni ( 6) was estimated in 
a crude way as described in the text. Thus the curve for Ni ( 
should be taken as only a rough approximation 
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energy-loss data in Al from Leachman and Schmitt.” 
The agreement between the radiochemical measure- 
ments and Fulmer’s is satisfactory for the heavy frag- 
ment, but rather poor for the light fragment. We 
consider the radiochemical measurements to be more 
accurate and have thus weighted them more heavily in 
drawing the smooth curves in Figs. 9 and 10. Also, a 
smaller discrepancy exists between the radiochemical 
results and time-of-flight measurements.for 3.29 mg/cm? 
Au absorber (the triangles which correspond to a rangé 
of 7.1 mg/cm? Au for the light fragment and 4.7 mg/cm? 
Au for the heavy fragment). The radiochemical results 
indicate that the range-energy curves in Al and Au are 
very nearly proportional to each other for the initial 
part of the range, but the proportionality does not hold 
at low velocities (see Fig. 5). 


Estimation of Kinetic Energies from 
Range Measurements 


Range measurements which employ radiochemical 


techniques. enable the experimenter to make observa- 


Fic. 13. The constant Agi, 
in the relation Ry,i;=fai: 
V — Agir calculated from the 
initial energy (reference 12 
and the total range (refer 
ence 11). The value of &,;, 
was taken to be 5.441074 
+ 2.253 [ velocity in units of 
Mev/nucleon)? and range 
in mg/cm? air ] 
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tions with excellent mass resolution. This is a very 
important feature when one is interested in the proper- 
ties of products with very low yield. In Fig. 3 it is seen 
that range measurements from U™® fission have been 
made in Al for the products Ag™ and Cd", for which 
there is no direct measurement of the kinetic energy. 
Similarly for Pu, range data are available for the 
products Br¥, Pd"?, In"’, and Eu’, for which no 
kinetic energy measurements have been made." In Fig. 
12 the kinetic energy measurements for Pu” fission” 
are shown along with the range data." The similarity 
of the dependence of range and energy on mass as seen 
in Figs. 3 and 12 are indicative of a regular dependence 
of the range-energy relationships on the mass of the 
fission product. 

We assume that Eqs. (8) and (9) may be generalized 
to all fission products. Each of these equations has two 
parameters. We have estimated one parameter from 
the range-energy curves for the median light and heavy 
products. The other parameter was determined from 
range and the initial energy measurements. 
The values of & were assumed to be linear functions of 
nass and were interpolated from the median light and 
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A values were calculated 
and the initial energies.” 
Similarly, a was taken to be 3 in every case and K was 
calculated. The 4 and K are shown as a 
function of mass in Figs. 13-15. If we assume that these 


Then, the 


Fig. 3 


heavy produc ts. 
from the ranges in 
parame ters 


parameters are smooth functions of mass we can extar- 
polate and interpolate to the 
Thus 


estimate kinetic 


regions of low fission 


yields from the range measurements we can 


energies. Energy estimates from the 
two functional forms [ Eqs. (8) and (9) | agree to about 
0.5 Mev except for Br™ in the fission of Pu®. In this 
case a kinetic energy of 105 Mev was estimated from 
Eq. (9) and 110 Mev from Eq. (8). This difference 
reflects uncertainty in the extrapolation of the range- 
energy parameters 

16 as a function of 
>and Pu”. As was proposed by 
Katcoff, Miskel, and Stanley" there appears to be less 
kinetic energy released in symmetric fission than in 
slightly asymmetric The sum of the kinetic 
energies of the symmetric products is about 30 Mev 
less than that of the slightly asymmetric products for 
fission of U*5, and about 20 Mev less for Pu”. This 
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Fic. 15. The constant K in the relation R= K FE}, calculated from 
the initial energy in Mev (reference 12) and the total range (in 
mg/cm?). @ range data this “) range data from 
reference 16 normalized to this work range data from reference 
15. © range data from reference 11 


from work 
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Fic. 16. The kinetic energy of the fission products. The solid 

curves are taken from reference 12, and the points from range 

measurements and Eqs. (8) and (9). The circles are for Pu™ 

fission and were obtained from range measurements of reference 

11. The squares are for U™* and were obtained from range measure 
ments of this work 


effect may be the result of an irregularity in the range- 
energy parameters, ve consider it unlikely that 
there is an irregularity of this magnitude. In spon- 
taneous fission of Cf*® little or no kinetic energy deficit 
is observed in two out of three investigations.4-*° 

This deficit in kinetic energy must be accounted for 
in some way. Several possibilities exist : 


but 


(a) The total energy release before 8 decay is less for 
symmetric fission. 

(6) The symmetric fission products are formed with 
unusually high excitation energies. 

(c) Additional particles or photons are emitted at the 
instant of symmetric fission. 


Current estimates of atomic masses can be used to 
investigate point (a).2* In order to explain a 20-Mev 
effect, violent charge asymmetries must accompany 
Points (6) and 


or photon emission to 


fission events that are mass-symmetric. 
(c) require enhanced particle 
fission 


accompany symmetric Experimental investi- 
gations of symmetri 


this matter. 


as yet not definitive on 


Let us examine the possibility that a particles emitted 
in fission may give rise to this effect. Dr. Wladyslaw 
Swiatecki has made some interesting observations on 
this subject, and many ideas in this discussion are due 


3W. E. Stein and S. I 
(1958) 

“J.C. D. Milton and J. S 

267. A. Miskel and H. \ 
(1960) 

% A. G. W. Cameron, 
Report CRP-690, 1957 


Whetstone, Jr., Phys. Rev. 110, 476 
Fraser, Phys. Rev. 111, 877 (1958). 
Marsh, Bull. Am. Phys. Soc. 5, 33 


Atomic 
unpublished 


Energy of Canada Limited 


AND M. GAZDIK 
to him. The most probable kinetic energy of the a 
particles is about 15 Mev and the separation energy of 
an a particle from a symmetric fission product is about 
7 Mev. Thus, if @ emission accompanies symmetric 
fission, about 22 Mev of energy could be accounted for. 
The total yi ld of @ particles is several tenths of one 
percent ; therefore, an appreciable kinetic energy deficit 
could be observed only for products of yield less than 
about 0.1%. It is interesting that the mass region of the 
observed kineti hollow corresponds rather 
closely to the region of fission yields less than about 
0.1%. 
The 
accompanied by a-particle emission) must be quite 
different from binary fission if a emission is to account 


ene rey 


mass distribution for “alpha-fission”’ (fission 


for the kinetic energy deficit. Mass asymmetry is pos- 
sible, but a 
required. Ionization chamber measurements indicate n 

shape of the kinetic energy 
This 
result implies identical mass distributions for alpha- 
the 


1 
mucn 


smaller peak-to-trough ratio is 
detectable difference in the 
spectrum from alpha-fission and binary fission.” 
fission and binary fission, and is evidence against 
importance of alpha-fission near-symmetri 
divisions. Photographic emulsion studies give a different 
result. 

A correlation of the 


1 


measurements of track 


mass 


existing photographic-emulsion 


length in those events accom 
has been prepared by Swiatecki 
The number of events is plotted 
| dense track (L; 
tracks 


panied by @ emission** 
as show n in Fig. 17 


1 of one 


engtl 


against the ratio of the 


P : . 
to the or th ng ie two det S¢ 


sum 


of events 


Number 
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Al of the median light fragment, RA, or Ru, ov 
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the distribution of R,/(R 
metry about L,/(1,+L, 


ler +h 
gths « 
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Correlation Swiatecki 
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sum of the lengths 


The absci 


th 
» tne 


the maximun 
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RECOIL PROPERTIES 
.+Lz). In this plot, symmetry about an L,/(L,+L, 
is required, and each measured event appears twice. 

» emission were equally probable for all the fission 
events the peaks of this histogram should correspond 
to the track lengths of median light and heavy fission 
products. The poor resolution of the track-length 
measurements should result in an excess of L,/(1;+L:2) 
ratios both less than and greater than that correspond- 
ing to median light and heavy products. If it is assumed 
that the track length in emulsion is proportional to the 
range in Al, the arrow corresponds to the L,/(L1,+L2) 
of median light and heavy fission products. Apparently 
there is an enhanced probability for tracks of more 
nearly equal length than the ranges of median light and 
heavy products. This correlation seems to suggest dif 
ferent fission-yield distributions for alpha-fission and 
binary fission. 

A similar study of a-particle emission in the spon- 
taneous fission of Cf*** has been carried out by Dr. Luis 
Muga and Dr. Stanley G. Thompson (Lawrence Radi- 
ation Laboratory) using photegraphic emulsions. A 
more complete discussion of all the experiments per- 
tinent to this question is being prepared by these 
workers.”? 

The experimental information is certainly very 
meager, and no definite conclusion can be drawn. More 
detailed experimental investigations of this subject are 
required. 
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APPENDIX 


The equations used to analyze the experimental ob- 
servations are presented in this section. First we derive 
a simple relationship, Eq. (1), for calculating the range 
from experiments in which the catcher foils are of the 
same material. Then we consider the situation in which 
catcher foils of different materials are used. The differ- 
ent scattering properties of the two materials are 
included in the derivation of Eqs. (5) and (6). 

For fission induced by thermal-neutron irradiation 
the fissile nucleus is essentially at rest and the angular 
distribution is isotropic. Thus F;, the fraction of the 
activity from a thin target of thickness W that passes 
through a catcher of thickness ¢, is given as 


1 ad Smax 
F,=— f dx [ 2x sin6d6 (10) 
4rW . 


OF FISSION 


PRODUC 


ee guetta —y 


w t 
Target layer Recoil catcher 


Poth of 
fission 
product 


Fic. 18. Vector diagram of the recoiling fission product. The 
X axis is chosen to be normal to the surface of the target layer 
The X=¢ plane represents the interface between catcher 1 and 
catcher 2. If all catcher foils are of the same material, scattering 
phenomena need not be considered and the upper diagram (A) 
is appropriate [see Eqs. (10) and (11)]. The lower diagram (B) 
indicates the recoil path of a particular product from an infinitely 
thin fissile layer in the YZ plane. The Z axis is chosen to be in the 
plane defined by the X axis and the initial recoil direction }. The 
angle ¢ is defined by the XZ plane and the component of the 


range g perpendicular to the original recoil path 


The symbol x denotes the distance in the fissile target 
layer of the fission event from the surface of the catcher 
in question. The angle 6 is defined by the normal to the 
target layer and the direction of recoil. The limit of 
integration @m.x is determined by the residual range R’ 
of the product as it emerges from the target layer [see 
Fig. 18(A) }: 

COS6 max 


t/R’. (11) 


If the target layer is thin with respect to the range of 
the product, we may approximate the rate of velocity 
loss in the target layer (—dV/dx) as proportional to the 
rate of velocity loss in the catcher (dV/dR): 


dV 


dV 
dx dR 


c (2) 


The symbol R refers to the range of the product in the 
material used as a catcher foil. Now, we have 
t/R’ = (t+cx)/R, (12) 


and 


F,=4(1—1/R—cW/2R), (1) 


F,=4(1—f/R), 





SO 


where 
t+ be WW 14 
In this development we have treated X as a unique 
quantity. It is clear that if there is a distribution of R 
values the average value of F; is the observed quantity 
and the use of Eq. (1) yields the average value of the 
reciprocal of the range. This statement is correct only 
if all values of R are greater than ¢+cW or, for prac- 
tical purposes, if R—/‘—cW is greater than the range 
straggling. 
If different dif- 
ferences in scattering prope rties may give rise to devi- 
ations from Eq (1 


materials are used as catcher foils, 
Che foregoing analysis does not 
take account of angular deflection. We assume that the 
recoiling product moves and suffers 


end of the 


traight initially 
deflections as it the 
hown in Fig. 18 


pone nt of range 


approaches range, as 
8B). The vector p is the average com 
ilong the original direction of motion 
and q is the average component of the range perpen- 
dicular to the original direction of motion. Then we have 


R p+4q, (15 


R= (p’+¢)'= pl1+ (q/p)? 


The vector q may be directed with equal probability 
at all 


16 


azimuthal angles ¢ measured with respect to the 
plane of p and the normal to the target laye r [X, Z plane 
in Fig. 18(B) } 

Let us consider an infinitely thin target layer on the 
YZ plane, and let 6 be the angle between pand the normal 
to the YZ plane. Then for the fraction F,’ 
that backscatter from one 
but final values of X are 


of the recoils 
atcher foil we have @< 2/2 


negative: 


” 


d¢ [ sin6dé, 


r 


lg 
arc sin = : (19 
R 2x R 


If the catching materials are identical on either side of 


the target layer, then the net fraction backscattered, 


F), is 


sub cripts, ther 


zero, but if the materials differ as designated by 


lt we 
materials j 


assume the range-energy reli 


and j are simply proportional 


ND M 


lraction 
thir kness 


her of material 


can derive 
activity, ,F 
material 7 


we 
that passes through a 


with {> q 


The symbol ;F.S; denot: e fraction of the recoils that 
are forescattered from 
sBS, designates the fra 


from material 7 1 


aterial 7, and 


where 


where a is f ( nd @p; is the component 
residual range 
velocity. To a 

replaced by p be 

recous which pe! 

material 7 
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The threshold energy of the T*(p,n)He® reaction has been precisely measured with a 2-meter radius 


electrostatic analyzer, calibrated by absolute methods. A clean tritiated zirconium target, protected from 
tie yer 
vacuum-system contaminants, was bombarded by protons having energy inhomogeneities as low as 0.02° 


The result, obtained by an extrapolation of 


net neutron counts)!, gives a threshold value of 1019.7+0.5 


kev, a reaction Q value of —764.3+4-0.4 kev, and a neutron-hydrogen mass difference of 782.9+-0.4 kev 


INTRODUCTION 


HE most precise method at present for measuring 

the neutron-hydrogen mass difference is the com- 
bination of the energy at the tritium beta-decay end- 
point and the energy at threshold of the T*(p,n)He* 
reaction. 

The end-point energy for tritium has been measured 
by several workers,!' the most recent measurement being 
that of Porter.2 His value, presumed to be the most 
precise available to date, is 18.61+0.02 kev. This is in 
agreement with previous values. The 
‘T*(p,n)He® reaction threshold has been measured by 
Taschek et al.’ and by Bonner and Butler.‘ Their values 
are, respectively, 1019+1 kev and 1020.3+1.5 kev. 
Both of these measurements were made relative to the 
old absolute nuclear voltage scale established by Herb 
et al.* On this voltage scale a strong resonance in the 
Al(p,y) reaction is given as 993.3 kev, and a strong 
resonance in the F(p,ay) reaction is given as 873.5 kev. 
Recent work** indicates that the energy scale of Herb 
el al. is probably too high by about 1 kev in the region 
of 1 Mev. 

The measurement of Taschek ef al. was made with a 
small electrostatic analyzer, having a relatively large 
voltage ripple on the plates, and exhibiting temperature 
shifts which induced changes in the calibration the order 
of 2 kev. The measurement of Bonner and Butler* was 
made with a magnetic analyzer which was not equipped 
with nuclear magnetic resonance field-measuring appar- 


good most 


* Present address: De La Salle College, Bacolod City, Philippine 
Islands 

1 For references to measurements of the tritium beta end point 
see F. Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1 
1959) 

?F. T. Porter, Bull. Am. Phys. Soc. 4, 278 (1959 

*R. F. Taschek, H. V. Argo, A. Hemmendinger, and G. A Jarvis 
Phys. Rev. 76, 325 (1949) 

*T. W. Bonner and J. W. Butler, Phys. Rev. 83, 1091 
*R. G. Herb, S. C. Snowdon, and O. Sala, Phys. Rev 
1949 
*R 
1959 
7F. Bumiller, H. H 
cta 29, 83 (1956 
*F. Bumiller, J. Miller, and 
234 (1956 


1951) 
75, 246 


O. Bondelid and C. A. Kennedy, Phys. Rev. 115, 1601 


Staub, and H. E. Weaver, Helv. Phys 


A 


H. H. Staub, Helv. Phys. Acta 


"y 


atus. The calibration energies as well as the reaction 
threshold energy were determined by making magnet 
current measurements 

Clearly, a new measurement using modern techniques 
is warranted. 

EXPERIMENTAL PROCEDURE 

The protons were supplied by the NRL 5-Mv Van 
de Graaff Accelerator, and analyzed by a 2-meter radius 
electrostatic analyzer® capable of 0.01% resolution and 
an absolute uncertainty in the energy measurement of 
+0.05%. The target a tritiated zirconium disk 
backed by tungsten, obtained from the Los Alamos 
Scientific Laboratory by the Radiation Division of 
NRL. The target was “thick” for the purposes of the 
present experiment. The proton beam was limited to 
about 0.2 wa in order to preclude heating the target to 
the point of driving off significant amounts of tritium. 
slow neutron detec- 


was 


The neutrons were detected by a “ 
tor’ which consists of three BF " proportional counters 
inserted into a disk of paraffin 54 in. in diameter by 1} 
in. thick. The axes of the counter tubes are perpendicular 
to the axis of the disk, which was coaxial with the proton 
beam. The distance between the target and the detector 
was varied from 2 cm to 25 cm, with 15 cm being the 
The enclosed by a tube at 
liquid-nitrogen temperature in order to prevent the 
formation of contaminant films on the target,® and thus 


usual distance target was 


prevent displacement of the observed position of the 
neutron threshold 
RESULTS AND DISCUSSION 

[he neutron counts as a function of proton bom- 
barding energy are shown by the circles in Fig. 1. Since 
the neutron counting rate curve is concave upwards, it 
is not a straightforward matter to extrapolate to the 
abscissa, and thus determine precisely the position of 
the reaction threshold. It has become customary to 
make such a linear extrapolation to determine neutron 
thresholds, but it is not clear that this is a proper 
procedure, for the following reasons 

* J. W. Butler, K. L. Dunni 
106, 1224 (1957 


ng 
g 


and R. O. Bondelid, Phys. Rev 
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1. Neutron yield near the threshold of the T 


pn)He® 
reaction. Note 


displacement of abscissa from zero 


When a neutron threshold is well removed from a 
resonance in the compound nucleus, the normal be- 
havior of the neutron cross section near threshold is for 
neutron absorption to be proportional to 1/v (where v 
is the neutron velocity in the center-of-mass system), 
and neutron emi be proportional to v. This is 
the well-known 1/v law, and is epitomized by the low- 
energy neutron absorption by B". Since v is proportional 
to (energy)', it is expected that the neutron emission 
near threshold be proportional to 

turn 


) which is in 


ion to 


would (neutron 


proportional to the (bom- 
threshold energy)* or (AE)!. 
These statements hold only for s-wave neutrons. But 
normally, s-wave neutrons are the only ones of interest 


energy 


barding energy minu 


near a threshold, because the centrifugal barrier greatly 
attenuates the intensity of other than s-wave neutrons. 
For a “thick” target, and constant cross section, the 
neutron yield from a reaction is expected to be propor- 
tional to A“. Thus, if a neutron detector subtends a 
solid angle at the target larger than the cone containing 
all of the neutrons,‘ and if the detector sensitivity is 
constant for the somewhat differing neutron energies in 
the cone, the exper ted counting rate, taking into account 
both effects discussed above, should be proportional to 
AEF)! for a thick target. Therefore it would be expec ted 
that the counting rate vs bombarding energy curve is 
concave upward 
Consequently it is to be expected that plotting (net 
counts)! as a function of bombarding energy would 
produce a linear curve, and therefore an extrapolation 
to the abscissa would be unambiguous, thus giving a 
precise value for the reaction threshold energy. This 
curve is represented by the crosses in Fig. 1. The value 
of the threshold energy this way is 
1019.7+0.5 kev. The determination of this 
threshold energy has | with an absolute calibra- 
tion of the electrostati: On the 
scale the Al(p,y) resonance (noted previously) occurs at 
992.0 kev. If the previous measurements of the T*(p,m)- 
He’ threshold energy are normalized to this same scale, 
the results would be 1017.6+1.0 kev for the measure- 
ment of Taschek ef al.2 and 1018.9+1.5 kev for that of 


determined in 
lone 


nalyzer same absolute 


‘ss - EI LLAR 


Bonner and Butler.4 Thus, when the measurements are 
compared on a relative basis, with the uncertainties in 


the absolute scale ren 


oved, Ut! igreement with the 
former value is not so good, while it is still 
with the latter value. 

In order to check for possible sources 
present measurement, 
Experimental runs were m 
different spots on the 


satisfact Ty 


f error in the 
the following were taken. 


ide for of 


several 
target to determine whether or 
not the threshold energy was depends nt on the exact 
spot. An older Los Alamos target was used on another 
run. Another target, a new one made by the Oak Ridge 
National Laboratory, was used on still another run. 
The detector distances were varied from about 2 cm to 
Runs were 
analyzer resolutions, 
target holders were used, one containing significantly 
more fabrication material than the other. None of the 
situation or techni 

caused a shift in threshold position of more than 0.1 kev, 
which was the limit of repeatability. 

One final check on the leanliness of the 
made 


as follows. One 
thoroughly cleaned carborundun 


made with 
0.05 and 


25 cm. different beam 


two 


0.02% Two different 


above changes in experimental 


target 
rets was honed with a 


Was 


1 stone to remove a thin 
surface layer and any contaminant 


layers, if any. The 
stone was previously unused and had never been oiled 
Before the honing operation, the stone 
nitric acid for about 30 min and in a combination of 
nitric and perchloric acids for about 1 hr and thoroughly 
washed with distilled water (about 15 washings). The 
honing was done under a well-ventilated hood, with 
rubber gloves on the operator’s hands, 


was boiled ini 


and other normal 
precautions to avoid excessive contamination of the 
operator, and of the target holder. The hone, tweezers, 
and other hand tools used in yperation were dis- 
carded according to plan becaus pected excessive 
tritium contamination. Again, t! 
shift in the threshold value 
In order to determine whether or not 


t} 


was no significant 


the different 
type detector and geometry Alamos 


results, these 


e Los 


use d 


measurements significantly affected the 


conditions were repeated as part of the present experi- 
ment. A Los Alamos type “‘long counter”’ was placed 141 
cm from the target rhe solid angle cone 
subtended at the target by t! I cl 


and data taken 
yr was small com- 
P “J ++} } . ne y Tr } ) sit y 

pared with the cone contain Ll neutrons 


at an 
meroy ceveral | _— ' } 1. Therefor 
energy several Kev above I id neretore 
not expected that the cou 
tional to (AF)!. Acti ng rate curve 


be expected to be somewha nca downward 


i 


» It is 
would be propor- 
would 
This 
downward concavity was « 
if a reasonably small energy is cl ; 
extrapolation gives essentially the same value 
threshold energy as determir 


for the 
her methods 


NEUTRON-HYDROGEN MASS DIFFERENCE 


By combining the Q value measurement 


present experiment with that for tl eta 


from the 
decay of 





MEASUREMENT OF 
tritium (assuming zero rest mass for the neutrino), the 
neutron-hydrogen mass difference is obtained immedi- 
ately. The Q value for the T*(p,n)He’ reaction, calcu- 
lated from the threshold bombarding energy measured 
in the present experiment, is — 764.3+0.4 kev. This then 
combined with the tritium beta decay end-point 
energy, 18.61+0.02 kev,” yielding the neutron-hydrogen 
mass difference of 782.9+0.4 kev. This value is in good 
agreement with the previously accepted value of 
Taschek et al.,? 7823-2 kev, and with the value given by 
Bonner and Butler, 783.2+2.0 kev. 


VAN DE GRAAFF CALIBRATION POINT 


Che absolute measurement of the T*(p,) He’ reaction 
threshold gives a primary energy standard calibration 
point at 1019.7+0.5 kev for Van de Graaff accelerators. 
If this value is used, the same procedure for determining 
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THRESHOLD ENERGY S89 
the threshold position should be used as is used in the 
present experiment. A target of tritium at least 5 kev 
thick should be used. The neutron detector should sub- 
tend at the target a solid angle corresponding to a cone 
of half-angle at least 15°, and preferably about 30° in 
order to avoid any critical alignment problems. The 
background neutron counting rate, if appreciable, 
should be subtracted from the total neutron counting 
rate, and the (net neutron counts)! plotted as a function 
of bombarding energy. The intersection with the 
abscissa or energy coordinate of a linear extrapolation 
of this curve should be designated as the reaction 
threshold. It is advisable, for precise calibration, to 
provide a method which will prevent buildup of contam- 
ination on the surface of the target. Care should be 
taken to avoid heating the target to the point of driving 
off the tritium. 
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Absolute Determination of the O''(d,n)F'’ Threshold Energy 
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The threshold energy of the O'*(d,n) F!” reaction has been measured in an absolute manner with a 2-meter 
radius electrostatic analyzer. The value, obtained from the intercept of the plot of (net neutron counts)! 
as a function of bombarding energy, is 1829.2+-0.6 kev. This threshold energy gives a reaction Q value of 
— 1.6246+-0.0005 Mev, a F"’ mass of 17.007 499 040.000 003 2 amu, and a mass excess of 6.9828+-0.0030 


Mev. 


INTRODUCTION 


ROTON bombarding energies for a number of 
neutron thresholds and gamma-ray resonances 
have been measured by absolute methods. These abso- 
lute and precise values are then used as calibration 
points for bombarding-particle energy measurements of 
other induced nuclear reactions. Within the knowledge 
of the authors, there exist no previous precise absolute 
energy measurements on other-than-proton-induced 
nuclear reactions, except for one absolute measurement 
of a He’-induced reaction." 

The calibration of an energy-selecting instrument by 
means of proton-induced reactions is frequently incon- 
venient and relatively inaccurate when particles other 
than protons are used because a change of ion source gas 
is required. Furthermore, for magnetic analyzers, which 
are momentum sensitive, the magnetic fields required 
for deuterons or heavier particles correspond to protons 
of much higher energies. Therefore, for a given particle 
accelerator, the maximum-energy proton available 
corresponds to the same magnetic field as a much-lower- 
energy deuteron or heavier particle. Thus it is necessary 
either to extrapolate over a wide range (which for non- 

1K. L. Dunning, J. W. Butler, and R. O. Bondelid, Phys. Rev. 
110, 1076 (1958). 


linear instruments such as magnetic analyzers in- 
troduces relatively large uncertainties) or to utilize 
heavier proton beams, such as the H,* beam. The latter 
procedure introduces other uncertainties.” 

It is therefore highly desirable that absolute energy 
measurements be made on some nuclear reactions in- 
duced by particles other than protons. The present 
experiment is an absolute measurement of the (d,m) 
threshold energy for the target nucleus O"*, 
deuteron-induced resonances are not sufficiently sharp 


Since 


to permit precise measurements of the resonance energy, 
(dn) thresholds offer the only means of precise com- 
parison of deuteron energies 

The target nucleus O"* is convenient for use in calibra- 
tions because targets of high purity and stability can be 
easily prepared, and oxygen is very often a contaminant 
material on other targets. Furthermore, the O'* beams 
in heavy-particle linear accelerators, cyclotrons, and 
Van de Graaff accelerators can be calibrated from the 
D?(O'*,n) threshold energy, whose value can be calcu- 
lated from the O'*(d,n) threshold. The kinematics of 
the two reactions make it highly desirable that the 
O'*(d,n) threshold be measured very accurately, since 


*R. O. Bondelid, J. W. Butler, and C. A. Kennedy, Bull. Am 
Phys. Soc. 2, 381 (1957); and unpublished data 





890 BONDELID 

the absolute uncertainty in this measurement is greatly 
magnified when the D?(0'*,”) threshold is calculated 
from it 


EXPERIMENTAL PROCEDURE 
upplied by the NRL 5-Mv Van 


de Graaff Accelerator, and their energy was 
by a 2-meter radius electrostatic analyzer’ adjusted to 
give 0.05% beam energy resolution. The absolute un- 


certainty from the analyzer in the energy measurement 


The deuterons were 


measured 


is t 0.03% (probable error 4 
The target wa protected irom vacuum-system con- 


taminants by an enclosing surface kept at liquid- 
rhe target, about 20 kev thick 


to incoming 1.8-Mev deuterons, was 


nitrogen temperature 
prepared by elec- 
trodeposition of metallic Ca onto a platinum disk, 
0.010-in 


by oxidation of the Ca in a 


thick, in an ethyl alcohol solution, followed 
n electric furnace at 2400°I 
in an oxygen atmosphere 

The neutron detector consists of three proportional! 


disk of 


paraffin 5.5 in. in d umeter by 1.5 in. thick.® The face of 


counters, containing B'’] embedded in a 


the detector was about 1 in. from the target 


RESULTS AND DISCUSSION 


1 illustrate the 
analyzer potentiometer setting. For reasons 


Che circles in Fig neutron counts vs 


electrostatic 
given in another communication,® the threshold enc rgy 


is determined by the intercept when the net neutron 


counts (observed minus background) to the 


counts 
two-thirds power are plotted as a function of bombard 
ing energy.’ The resulting curve (the crosses in Fig. 1 


assumed to be a straight line, was then determined by 


application of the method of least squares. The interce pt 
thus j 
1829.2 kev 


is the root-mean squa 


obtained corresponds to a deuteron energy of 


rhe uncertainty in the intercept, +0.4 kev, 
re of the residuals found from the 
calculated for the background 


straight line calculated tor the yield above 


horizontal straight line 
and the 
threshold. This uncertainty in the intercept is taken to 
be a probable error and when combined with the prob- 
able error introduced by the uncertainty in the electro- 
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* Previou 
obtained with the tw ter electrostatic analyzer quote a prot 
able error of + in the absolut nergy determination. The 


reductior t 
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ting results 
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manufactur y the held rporation, Dayton, Ohio 
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and C. A. Kenr 


s and minus 
ble that the 
j , 

pues oniv to 


poses, it 


thir 


is desi 
Draic sigt as power 


value 
mains unchanged 


AND KEN 


+ 0.03%, a total 


static analyzer parameters gives 
probable error of +0.6 kev 

The present result, 1829.2+0.6 kev, is to be compared 
with previous values of 1836+3 kev by Bonner and 
Butler® and 1830+4 kev by Marion, 
Bonner.’ These been 


authors in the light of 


and 
orrected by the re- 


srugger, 
values have 
spective determina- 


recent 


tions?:*! of resonan hold calibrating 
+3 and 1832+4 
kev, respectively. T] il n in satisfactory 
1829.2+0.6 kev, 
Phis is to be 


of extrapolation 


reac tions, to vield new 


» 1 with th 
agreement witn ft 


even though both a omewhat higher 
expected when tl 
to determine the t! hold va aken into account. 
ed a linear extra- 


ntercept, while 1 


The two previous experime 
polation in the detert 


the present experiment power extrat 
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iain ii wena 

threshold energ 


neutron cou 


hic. 1 
action. The 
of the (net 
depender t backgrounds have 
neutron counts (circles 


If a 
counts of Fig. 1 is 
is 1832 kev, in ex 
values. 


tion is used. neutron 
e obtained 
he previous 

The measured threshold energy of 1829.2+0.6 kev 
gives a O value of — 1.6246+0.0005 Mev and a F"’ mass 
of 17.007 499 0+0.000 003 2 amu. based on the 
table of Mattauch ef al The 
therefore 6.9828+0.0030 Mev 


mass 


*T. W. Bonner and 

* J. B. Marion, R 
100, 46 (1955 

”F. Bumiller, J 
29, 234 (1956 

uK. W. Jone 
Richards, Phys 

2 J. Mattau 

Naturforsch 





PHYSICAL REVIEW VOLUME 


120 


NUMBER 3 


NOVEMBER 1, 1960 


Asymmetry in the Elastic Scattering of Polarized Protons by Deuterium*t 


Str wart M. MArcow1tTz 


The Enrico Fermi Institute jor Nuclear Studies and Physics Department, The U niversity 


of Chicago, Chicago, Illinots 


Received June 3, 1960 


Asymmetries in the elastic scattering of polarized protons by deuterium have 


at proton center-of-mass angles from 47.9° to 115 
—0.502+0.058 at 59°, —0.583+0.081 at 68°, 
+0.059 at 97°, —0.309+0.073 at 105°, and 


The inferred polarizations are 
0.141+0.056 at 
+-0.174+0.059 at 115 
approximation these results may serve as a test of nucleon-nucleon scattering phase shifts or 


been measured at 419 Mev 
0.092+-0.058 at 47.9 

0.122+0.111 at 90°, —0.150 
It is suggested that using the impulse 


77.8°, 


, with proton 


proton scattering data, may be used to obtain 7=0 nucleon-nucleon phase shifts 


1. INTRODUCTION 


T has been suggested’ that the polarization of 
nucleons elastically scattered by deuterons can be 
used as a test of nucleon-nucleon (V-N) scattering 
phase shifts. The polarization of protons elastically 
scattered by deuterium (p-d) may be used instead of 
neutron-proton (m-p) polarization to obtain a best set 
of V-N phase shifts. The p-d polarization P(6) as a 
function of p-d center-of-mass angle @ is given in the 
impulse approximation? by 
16 


—{2 ReA,*(A;+4As5)}, 
97 (6) 


P(@) = 


where 
1 (6) = (16/9){ | Ay|?+ | As}? 
+4() As) 2+} Ag! 2+ i Ag) *-+ | Ag}? 
and 
As= (Ay??+A,?")S(q). 


q is the magnitude of the momentum transfer ; 


S(q)= fw r) explidq-r |dr. 


V(r) is the deuteron wave function. The A, are coef- 
ficients in the .V-.V scattering matrix 
m=X\+Ao(@1 +e, 


-n’+ a, K’)(e,-K’) 
+r4(o1- p’) (oo: p’) +As(oi-m’)(a2-m’), (5) 
} , , ; 
where the orthogonal unit vectors n’, p’, and K’ are 
given by 
k’ —k,’ 


WP ip deneian 
k’ —k,’ 


kk’ ke +h 


- ; — , and 
ko’ Xk’ ky’ +k’ 


K,’ and k’ are the initial and final momenta of the 
incident nucleon and @;, @, the spins of the incident 


* This research was supported by a joint program of the Office 
of Naval Research and the U. S. Atomic Energy Commission. 

+ A thesis submitted to the Department of Physics, the Uni 
versity of Chicago, in partial fulfillment of the requirements for 
the Ph.D. degree 

' L. Castillejo and L. S. Singh, Nuovo cimento 11, 131 (1959). 

> (;. F. Chew, Phys. Rev. 80, 196 (1950); 84, 710, 1057 (1951 


and target nucleons, respectively. The A; depend on the 
p-d center-of-mass momentum k and scattering angle 8, 
and the A; depend on the corresponding N-N variables 
k’ and 6’, such that the momentum transfer q is the 
same in both cases. This leads to the kinematic require- 
ments 

k’= 3k, sin(6’/2)=4 sin(@/2), (7) 
and K, p, and n are along K’, p’, and n’, respectively. 
Combining Eqs. (1) through (7), it is seen that P(@) 
is independent of the detailed deuteron wave function. 
Phe detailed dependence of the A; on the V-N phase 
shifts is shown in the Appendix. 

Given a complete set of NV-.V phase shifts,*~* the 
polarization of protons elastically scattered from deu- 
terium can be computed and can be compared with the 
experimentally determined polarization. An alternative 
is to use the experimentally determined p-d polarization 
and a set of proton-proton (p-p) phase shifts’ to obtain 
a set of equations in which the /=0 phase shifts appear 
as variables. Then in principle, these equations could 
be solved for the /=0 phase shifts. It should be noted 
that the kinematic requirements of this analysis do not 
permit the computation of the polarization beyond an 
angle of 97° in the center-of-mass system. However, the 
impulse approximation is not expected to be valid at 
very large angles. At present, there are no experimentally 
determined high-energy /=0 phase shifts. Attempts 
have been made to measure the n-p scattering at 310 
Mev’ and at 350 Mev.* At 310 Mev, a polarized proton 
beam was scattered by a liquid deuterium target and 
the high-energy neutrons were observed. It was assumed 
that the polarization from the bound neutron in deu- 
terium is equivalent to the polarization from a free 
neutron. This has been subsequently shown not to be 


*J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 291 (1957 
J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 1337 (1957) 
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the case. At 350 Mev the n-p scattering was done 
directly. However, serious difficulties with the neutron 
beam are evident. Agreement has been claimed between 

these 
phase-shift 
in obtaining 


two results but neither have been subjected to 
inherent difficulties involved 


high intensity, 


ans ily sis. The 
monoenergetic, highly 
polarized neutron beams coupled with the difficulty in 
lity of focusing, and intrinsic inef- 
detecting neutrons indicate that the p-d 
polarization may be the best to obtain the 7=0 
shifts. The measurement of the p-d 
polarization has been attempted previously."° However, 
beam , the 
difficulty in separation of elastic from inelastic events, 
and the large made the angular and 
polarization statistics poor (Fig. 11). A measurement 
of the high-energy elastic p-d polarization is, therefore, 


desirable. At V-N 


monitoring, impossib 
ficiencies 
way 


phase elastic 


low intensity (~1000 protons/inch? sec 


dete tor size 


present there are no satisfactory 


Plan view of the experimental setup. Cyclotron, C; 
internal beryllium target for polarizing the beam, BF; extraction 
channel, CH, which pts only protons scattered at a small 
angle to the . air gap for inserting 
absorber nergy, A; ionization chamber 

onitor, 7; deuterium target, D; 
trometer magnet, M; counter telescope helium-filled poly- 
ethylene ag to reduce r sci ing Ifom the direct beam, Hi > 
the distance from the target center to a pointer index mounted on 
the spectrometer (164 inches), R; the chord length between the 
beam center and the pointer, L; the s« g angle, 6. Right and 
left directions are ir 


agnets, VU 


S| EC 


atterir 


»R. J. N. Ph % 4 
» J. Marshall, 
Rev. 95, 1020 
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phase shifts available at 
them when they do become a 


420 Mev ready test for 
railable will be very useful 


2. EXPERIMENTAL ARRANGEMENT (FIG. 1 


In the experiment described here 61.5+1.5)% 
polarized 419+3.5 Mev proton beam!" of 
2x10’ protons second extracted from the U 


of Chicago synchrocyclotron (( 


intensity 
niversity 
was used. The beam 
monitor 
cainial by a 
The scattered partic les passed 
through a vertically deflectin 
(M) which could be rotated a 

spectrometer, the scattered 

ruples counter telescope (7 

Most of the 


pipes. 


passed through an ionization cham (1) 
after being 
deuterium target (D). 


focused and was liquid 


spectrometer” 
out the target. After the 
rticles entered a quad- 


magneti 


y 
g 
} 


where they were counted 
path was through 6-inch diameter vacuum 
‘Ided from the direct beam 
line and beam stop by concrete shielding blocks (S) 
Lead was stacked around the 
further reduce the background. 
diameter polyethylene bag (HE) filled w 
placed in the after the 
target to reduce background 
in the air. 


The counters were shi¢ 


counter 
20 foot 


tele SK ope to 
2-foot 


ith helium was 


long, 
beam line liquid deuterium 
from the beam scattering 


3. BEAM 
The beam was obt 


450-Mev protons 


ained by elastically scattering 
internally from a beryllium target 
(BE) at an angle 13.5° to the left. The beam 
was then extracted through a magnetic CH). 
Focusing was achieved by a set of qu strong 
focusing magnets (O 

The mean energy of the 
) 


of about 

channel 
idrupole 
was determined from 
For thi meas 


beam 
two 


Fig 
wet 


a Bragg curve 
scintillation 


urement, 
counters used as 


tween the 


LT were 
monitors. Copper absorbers were placed be 
counters and an ionizati he charge, in 


ryleott 
DIO ed 


nber 
arbitrary units per incid igainst the 


thickness of absorber gives the Bragg curve. The point 
which is 82%"* of the peak height corresponds to the 
unrectified mean range (R* The mean range R 

given by (R—R*)/R=Z/6400. R* was 129.4 g/cm? of 
copper. R is then 130 g/cm’, which gives a mean beam 
energy" of 419 Mev. The ad of the beam 
was determined from thi tum profile of the 
beam 1m was monitored by two 


energy spre 
mome! 
Fig. 3). The 
scintillation counte in incidence 
mentum magnetic 
spectrometer. The number of otons with a 


dire I 
and was mo 
analyzec y | ng through the 
givel 
momentum was counted for a fixed number of incident 
protons by means of a triple I ‘nce tele 
the exit of the magnet 
and hence the 


cope at 
> magnet current, 


momentum, the momentum profile of 


"R.H 
published 
2 A.V. Crewe, Rev. Sci. Ins 
3 R. Mather and E 
4M. Rich and R. Made 
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March, Chicag rnal report 


Segre. 





ELASTIC SCATTERING 
the beam was obtained. The beam momentum profile 
has a full width at half maximum of 2.7%. The magnet 
and counter telescope were known to have a resolution 
of 1.4% in momentum. The beam then had a momen- 
tum spread of 2.3% or an energy spread of 1.6%). The 
beam energy was, therefore, 419+3.5 Mev. 


4. BEAM MONITOR 


rhe ionization chamber which was used as a monitor 
in the experiment is known to be accurate to 2%. The 
charge was integrated by a vibrating-reed electrometer 
and was observed on a multiple-range Brown recorder. 
\ switching circuit connected to the Brown recorder 
controlled the scalars so that they counted automatically 
for a fixed number of incident protons. 


5. BEAM POLARIZATION 
beam polarization (/;) was accurately deter 
in a previous cyclotron run'® from the asym 


The 


mined 
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Fic. 2. Bragg curve. The mean rectified range R is obtained 
from R* (82% of the maximum) by (R—R*)/R=2Z/6400. The 
mean energy was 419 Mev 


metry (€) in a second scattering from a beryllium target 
at angles ranging from 11° to 15°. The asymmetry was 
shown to be constant over this range. The techniques 
used in measuring asymmetries to determine the beam 
polarization at that time are the same as those which 
were used in the present experiment : 


e= P,P.= (L—R)/(L+R). & 


P, is the polarization in the second scattering. 1 and R 
are the intensities of protons scattered to the left and 
right, respectively, in arbitrary units. In the measure- 
ment of the beam polarization, P:)= P2, and «=P. P; 
averaged over numerous measurements was (61.5 
+1.5)%. There are grooved marks in the cyclotron 
vacuum tank which permit the magnetic channel to be 
removed and installed again in exactly the same 
position at later times. The beryllium target is fixed 


* R. H. March, University of Chicago Report 
1960), (to be published 
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Fig. 3. Beam momentum profile. After taking into account the 
1.4% resolution of the magnet and counter telescope the beam 
energy spread is 7 Mev 


the 
beam spread accepted by the magnetic channel is very 


permanently to magnetic channel. The angular 


small. It is well known that the polarization is essen- 
tially constant over a large range of angles'® including 
It can then 


be confidently said that the polarization in this experi- 


those accepted by the magnetic channel 


ment was the same as in the previous run. A very rough 
measurement at the end of the present run gave a 
polarization of approximately the same magnitude. 
Knowing the polarization 
P.) in 


inferred from the asymmetry (e 


P,) in the first scattering, 
a second s attering can be 
P,P 


the polarization 


6. BEAM CENTER 


The beam line was first roughly determined by 
photographs. The magnetic spectrometer was set ap- 
proximately on the beam line. The magnet position was 
measured by means of a pointer mounted on the 
magnet near the This pointer was 164 inches 
from the target position (R 1). The direct 


bear, reduced in intensity, monitored by two scin- 


floor 


see Fig 


tillation counters in coincidence, was allowed to pass 
through the magnetic spectrometer and register in a 
triples counter telescope. The number of counts for a 
fixed number of incident protons was measured as a 
function of magnet current. The momentum profile of 
the beam is such a curve. Setting the magnet at a 
current corresponding to the peak of the beam mo- 

‘HG 
96, 1081 


je Carvalho, J. Marshall, and I 


1954 
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mentum profile, the magnet was shifted in position in 
}-inch steps. The number of counts, for the same 
number of incident protons, at the peak momentum of 
the beam, measured at each position, gives the beam 
position profile (Fig. 4). The curve has a full width at 
half maximum of 3 inches. This indicates that the beam 
was larger than the effective aperture of the magnet 
which accounts for the fact that the beam position 
From the beam 


profile the beam center was detern ined lo } inch \ 


profile is not flat topped position 
beam photo after the liquid deuterium target showed 


1 


the beam as a spol 1 inches in diameter 


7. ANGLE MEASUREMENTS 


Angies were obtained by measuring the chord lengt} 
(L) (see Fig 1) from the beam center to the pointer on 
Knowing the distance R 


iagnet, the angle (6 


the magnet from the target 


to the pointer on was calcu 
lated: L/2=RK si / 
AL/2R=As 


angles could be me: 


could be measured to } inc} 
From this it is seen that 
sured to 0.09 The 


ion introduced another 0.09 


t-inch uncer 
tainty in the beam pos 
Angles were then determined to 0.12 The angular 
aperture of the entrance slit of the magnet was 0.75 


} 


Accuracy in angie measurements i id add d importance 


because of the rapid change of the al elasti 
p-d cross section’ with angle 


8. LIQUID DEUTERIUM TARGET (FIG. 5 


The liquid deuterium target was made by modifying 
an already existing liquid hydrogen targs so that 


deuterium gas could be liquified in it. The actual target 


(T) was an upright Mylar cylinder 4} inches high, 
3% inches in diameter, 
liquid deuterium thickness was about 1.4 g/cm?*. The 
vacuum tank (J) had a 12-mil 

Both the entering and scat 


this window. Inside the 


th brass top and botton. The 


surrounding 
aluminum window (A/ 


tered beam had to pass throug! 


vacuum tank, the target 
1 


was also surrounded by 
shield (MR This heat 
With the aid of 


through the vacuum jacket, the 


mil gold-plated Mylar he 


shield was transparent to visible light 


| 
a Lucite light pipe (/ 


target could be illuminated and the liquid level in the 


target could be observed visually through the 2{-inch 


square, Mylar, direct beam exit window. The liquifi 


} 


cation chamber (Dz) above the target was also designed 


liquid deuterium during 
Phe lie 
out of the target by a applying a smal 
the target Unfortunately, the 


the experiment 


to be used as a reservoir for the 


empty target measurements 


juid could be forced 

| gas pressure at 
the liquid surface in 
deuterium lines became plugged early in 
and the target could not be emptied until the end of 


the experiment. Since empty target subtractions could 


17 A. V. Crewe, B Pale) llethun, S. M. Marcowitz, and 
L. G. Pondrom, Phy 461 (1959 

8 R. C. Arnold i t 
ternal report 


eU. ! Krus and R *hys. Re 116, 1008 (1959 


ago Ss I ¢ otror 


bic. 4. Bear 
to 0.25 inch 
degree 
not be made, 
and base line 
eliminate the 
be discussed later 
as that used in reference 
evident that 
than the 2% 


contamination will be d 


| , 
Val 
Et ] 
quoted 


9. COUNTER TELESCOPE 


The counter teles ope 


6-inch long plastic scint 


the hydroger 


ms Wlil 

was the same 
experimentally 
Was worse 


e efiect of this 


FIG. 6 


O(a consisted of four 


counters placed at the 


magnet exit. These are called 1, 2, 3, and 4, respectively. 


Counters 1, 2, and 4 were 


1P21 photomult 

added. Counter 3 was | 

photomultiplier tu 

the 6810A pul 

pende ntly Ha 

coincidence pu 

pulse-height 

defining count 

beam. Counter 

Counter 3 was 1 

2, and 3 were used 

1} inches wide by i 

in anticoincidence with 

sorber tray permitted 

between counters 3 ar 

resolution of the coinci 
The geometry was 

plateaus for counters 


efficiency measurement 


ooked at, 
iplier tubes, l 


looked 


end on, by two 
f which were 
n, by two 6810A 


€ pulses 
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essentially 100% efficient. Used in anticoincidence 
counter 4 was shown to be 99% efficient. A well-defined 
plateau was obtained for counter 1 which indicated that 
it too was 100% efficient. After the proper voltage and 
delay settings had been determined and set, the selec- 
tion of particles was done as follows. The magnetic 
spectrometer separated out charged particles of a 
particular momentum. Enough absorber to stop deu 
terons of this momentum, but not enough to stop the 
corresponding protons, was placed between counters 3 
and 4. Two scalars [ Fig. 6(b) ] were used, one to count 
1234 coincidences and another tocount 123 coincidences. 
\ 1234 coincidence was the signature of a deuteron. 
Both deuterons and protons gave 123 coincidences so 
that proton counts were obtained from 123 — 1234. In 
addition, 123 coincidences were introduced by cosmik 
The telescope was inclined at 60° with the hori 
zontal. Since the counting times were frequently long, 
this amounted to a rather large correction. This back 
ground was measured to be 1.50.1 counts per minute 
Protons lost between counters 3 and 4 by nuclear inter 
scattering, etc., may give some very 
background to the deuterons and at the same time 
reduce the number of protons. No correction has been 
for this effect. Base line determinations, 


rays 


actions, small 


made which 











iG. 5. Liquid deuterium target. 
was 14 g/cm? in thickness in 
Deuterium gas was liquified in 
be isolated from the target by ar 
reservoir was a cylinder concentric with the liquid hydrogen reser 
voir (H:) by which low ter apt rature was maintained. The target 
itself was kept at liquid hydrogen temperature by means of a heat 
strap (S$). The system was ahi lded from thermal radiation by a 
radiation shield (R) which at the target level was 0.5-mil gold- 
plated Mylar (MR). The radiation shield was in thermal contact 
vith a liquid ae reservoir (Nz). This whole system was in 
uum jacket ) which at beam height was a 12-mil aluminun 
window (AL). T ‘4 liquid level could be observed visually b 
illuminating the — ay a Lucite light pipe (L) and lookir 
a Mylar wir t shown) 


The liquid deuteriun 
a cylindrical Mylar container 
a reservoir (D-) which couk 
emote valve (V). The 


1 target 


deuterium 


through 


ID 


- inp ) 

OF TOO 
ABSORBER-— 
a? 





(b) 
r telescope. (b) Electronics 
will be other real back- 
deuterons. This was 
observed and nearly eliminated by pulse-height analysis. 
Half of the number-3 counter pulse was fed into a 
20 musec linear gate.” The gating pulse was a 1234 
coincidence, which is the signature of a deuteron. The 
output pulse of the gate was fed into an Atomic linear 
amplifier (ALA). The output of the linear amplifier was 
fed into a 50-channel pulse-height analyzer® (PHA). 
The pulse-height analyzer was externally triggered by 
the discriminator output of the linear amplifier. A 
typical plot of the number of 1234 gated pulses against 
channel in the pulse-height analyzer is given in Fig. 7 
Pulse-height analysis indicates that the residual deu- 
teron background is really 


1 


tne empty 


described later, showed some 


ground contamination in the 


deuterons, probably from 
target. For some angles the deuteron had 
sufficiently large a range that it could not be stopped in 


L. Garwin, Rev. Sci. Instr. 30, 373 
L. Garwin and A. Penfold 
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en x 
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* 


HA CHANNEL 


PHA deuteron selection for 1234 gated pulses 


any absorber which we were able to provide. In these 
cases, 123 coincidences were used to identify deuterons 
instead of 1234’s. A typical plot of the number of 123 
gated pulses against channel in the pulse-height analyzer 
in such a case is given in Fig. 8. 


10. SEPARATION OF ELASTIC AND 


INELASTIC EVENTS 


fhe separation of elastic from inelastic events was 
accomplished by means of the magnetic spectrometer. 
Since the deuterons are from purely elastic scattering 
and the counting statistics for deuterons are better 
than for protons, the recoil deuterons, or both protons 
and deuterons, were used whenever possible. A plot of 
the number of deuterons against momentum (Fig. 9) 
over a p-d peak is expected to be symmetric. Each 
point on the curve represents the sum of the counts in 
channels in which deuterons appear in the pulse-height 
analyzer (Figs. 7 and 8), for a given magnet current 
setting (momentum), for a fixed number of incident 
beam protons. A base line was established to eliminate 
the effect of the background 
(Fig. 10) the scattering has an inelastic component and 


In the case of protons, 


the plot of number of protons against momentum is not 
symmetric. By symmetrizing the peak, the elastic 
component can be found. The area under these curves 


is a measure of the p-d elastic scattering intensity 
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11. ERRORS 


The errors quoted are statistical. Base lines were 


| 
determined, where a sufficient numb were 


The 


juare 


r of points 
igt ine 


Lip ilTe 


least si 


available, by a 
error on the base line was taken a root-mean-si 


deviation from the straig! 


12. EXPERIMENTAL LIMITATIONS 


In Fig. 11 some kinematics appropriate to 420-Mev 


p-d scattering have been plotted. At laboratory angles 


greater than 65° the momentum of the deuterons is such 


that their range is too small to g yugh the counter 


telescope. This corresponds to proton center-of-mass 


angles less than 47.9°. Therefore, for smaller angles 


protons must be used. Elastically scattered protons at 


also have momentum such that 


angles larger than 141 


their range is too small to go tt rough the counter 
to center-of-mass angles 


Ab ve 1150 Me Vie 


magnet 


telescope. This corresponds 
greater than 160‘ 
of the 


prevents 


momentum, the 


coils become hazardously 
measure 
ma” 


protons of center-o! 


ment 


than the 


| 
I its 


separati 
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Fic. 9. Typical deuteron peak. The base lines shown are least as ao , 
’ , . : 7 Fic. 10. Typical proton peak. The base lines shown are from 
squares fits to a straight line of the base-line points. The large bedowed “oul a : Th h k : sailed 
asymmetry can be seen from the difference in peak heights for %Y¢T@8* of the base-line points. That the peaks are asymmetric 
deuterons scattered to the right from those scattered to the left due to the inelastic component is easily seen. The dotted lines 
: g i ‘indicate the low-momentum part of the symmetrized peaks. The 
asymmetry at this angle is small as can be seen from the similarity 
: of the peak heights 
use of elastically scattered protons at large laboratory 
angles is restricted for two reasons: 

The 135° maximum center-of-mass angle which can 
be reached with deuterons is, therefore, the experi- 
mental limit. In the experiment described here, the 
liquid deuterium, which was the same as was used in 

(2) The inelastic component in the scattering becomes __ reference 10, was badly contaminated with hydrogen. 
worse at large angles. 


1) The intensity is very small due to the coupling of 
the already small cross section with the unfavorable 
solid angle conversion. 


The energy spread of the beam produced large mo- 


Tasie I. Experimental results. The measured asymmetries and inferred polarizations are given for proton center-of-mass angles 0 
and laboratory angles 6. The particle detected and its electronic signature are also given. The order in which measurements were made 
is indicated. The use of the PHA (Yes) or scalars (No) for registering the results is also indicated 


Lab Chrono- Gate 
Proton c.m. angle Asymmetry Polarizatior angle Particle logical pulse or 
A «= P,P; P, 4 detected order signal 


47.9 0.056+0.032 0.092+0.058 65° V 1234 
59 0.309+0 031 0.502+0.058 59.1 i Il 1234 
0.358+0.048 0.583+0.08 1 54.5 VII 1234 


0.100+0.037 |, 50° d I 1234 


( 056 
0.058+0.056 1.141£0.05 50° 123 


~0.075-4.0.067 -0.12240.111 $9.1° , 11 123 

0.06940.53 ) 68° V 123 
0.1: 5 

0.105-4.0.039. eeeeeeed 40° 123 

0.190-4.0.042 0.309-+40.073 36° ; v1 123 

+0.107+0.032 +-0.174+0.059 31° IV 123 
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é l li { Che kinematics for elastic 

p-pand p-d ing are pl 1 represents the highest current 

that the gnet can safe 2 is the smallest angle at which 

the p in { an be separated from the p-p peak from the large 

3 is the smallest momentum for which 

counter telescope. 4 is the 

smallest momentum for Ipr ce etrate the counter 

Che large in t omponent actually prevented the 
use of protons tor ali | 


hydrogen contaminatior 
the deuteron could per 
uld per 


teles« ope 


mentum peak widths. Therefore, in regions where they 
were ¢ lose in mome ntum, the larger p-p peaks swamped 


the smaller elastic prot 


in p-d peaks. This prevented the 


use of elastically ttered protons from p d collisions 
78°. The angular 
is been stated previously, could 
Plans 


measurements in the near 


less than 


center-of-mass angles 
region below 47.9”, as |} 
not be overlapped by deuteron measurements 
are being made to do these 
The measurements in the 
therefore, limited to from 


center-ol-mass system 


future with purer deuterium 
present 


$7.9° to 135 


experiment were, 


in the 


13. RESULTS 


Lhe elastic p-d scattering intensity at each angle was 
I veasured first on one side of the beam and then on the 
9 and 10 


equation S for protons and by 


other (Figs The asymmetry e is given by 


R—L)/(L+R 9) 


for deuterons, since the proton and deuteron go in 
opposite directions in the center-of-mass system. The 
results are given in Table I. A plot of the elastic p-d 
polarization as a function of center-of-mass angle is 
given in Fig. 12. The 340-Mev points of reference 10 are 
of the curve out to 90° 


as is predicted by the 300-Mev 


ilso plotted 


rhe general shape 


center of mass is the same 
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Fic. 12. Elastic p-d 
340-Mev points of refere 
nental 419-Mev point 
eve. The dashed line is 


angles at which the polarizati 


phase shifts 
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was unexpected. Sir 
zero at 180°, 
maximum between 110 


is expected, though not yet 1 ired, between 20° and 


there is 


ization 
maximum 
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430°, Anv choice of Z Viey \ \ } ise } if Ss must 


when used in the calc p-d polariza 


tion give (1) a zero near inimum near 
65°, (3) a small negative n 
80° and 95°, and (4 
thereafter. The 
tion measured in this 

maximum between 20 

of the J=0 n-p phase shif hen a satisfactory set 
IT=1 N-N phase shifts is made available. The 
1) through (4) mentioned al ire rather 


res juirements lor 


newhere between 


nagnit 


points 


strong 


Plans are being made t 
to lower angles and to n 
300 Mev rec 


tion in the 
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APPENDIX 


Letting 
di, =3}(B+G+A 1(G+2H—B—N), 


the A; are given for the p-p case by” 


‘8 Note added in pr 
2S C. Wright, Phys. k 


\4=4(G—-2H—B 
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where P;'=dP,/d cos@’, P; is the Legendre polynomial of order 
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n, is the Coulomb phase shift. a; ,.%e?*"= e? ®u— e*"; 6); is the triplet phase shift” of orbital momentum / and tot: 
angular momentum 7. a;,o%e*'™ is the corresponding quantity for singlet states with phase shift 6. 
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Measurement of the O''(n,p)N'® Cross Section at 14.7 Mev 
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The O'*(n,p)N** 


cross section has been measured for 14.7-Mev neutrons 


1960 


\ recoil proton telescope was 


used to measure the neutron flux. Oxygen was incorporated in a liquid scintillator which was irradiated in 
the flux. The absolute activity of the resulting N'* was measured by 42 beta counting the solution with two 
photomultipliers in coincidence. A value of 39.2+1.6 mb was obtained for the cross section 


INTRODUCTION 
A‘ ‘TIVATION cross sections for 14-Mev neutrons 


are usually measured by counting the beta- 
particle activity of the resulting daughter nuclei. Meas 
urements of the absolute neutron flux accurate to thre« 
percent can be obtained by use of recoil proton tele- 
scopes! or associated particle counters.” All the published 
cross-section values have standard errors of at least five 
percent. The principal contribution to the final error 
arises from the determination of the beta counting 
efficiency. Probably the most reliable efficiencies are 
achieved with 49 proportional counters ; however, quan- 
tities of one milligram or less must be used so that the 
beta absorption in the sample will be small and the 
efficiency very nearly one. In the present experiment 
tr scintillation counting is employed, and the beta- 
counting efficiency is accurately determined for gram 
quantities. 

Previous measurements’ of the absolute value of the 
()'*(n,p) cross section for a monoenergetic flux have 
published errors of 30-50%. As this reaction causes 
the principal radioactivity in the coolant of water- 
moderated reactors, an effort has been made to improve 
the precision. 

The neutron generator available was a small acceler- 
ator with ion source grounded and target at — 100 kev, 
capable of operating as a pulsed source only. This 
source had a yield of about 10° neutrons per second at 
its normal duty cycle. 


DETERMINATION OF DETECTION EFFICIENCY 
FOR N** ACTIVITY 


N'* has the following beta-ray decay branches 


Maximum beta energy 
of branch (Mev) 


10.40 


Branch percent 


26+2 
4.26 69+2 
3.29 4.9+0.4 
1.53 1.0+0.2 
As the beta-ray energies are quite high, N"* is a favor- 
'S. J. Bame, E. Haddad 
Rev. Sci. Instr. 28, 997 
2H. H. Barschall, L 
Phys. 24, 1 (1953) 
+E. B. Paul and R. L. Clarke, Can. J. Phys. 31, 267 
‘H.C. Martin, Phys. Rev. 93, 493 (1954) 
*D. E. Alburger, A. Gallmann, and D 
Rev. 116, 939 (1959 


J. E. Perry, Jr., and R. K. Smith 


1957 
Rosen, and R. F. Taschek, Revs. Modern 
1953 


H. Wilkinson 


able case for 4% counting. In our experiments, the 
oxygen was incorporated in a liquid scintillator having 
this composition 


Dioxane 
Naphthalene 
PPO 
POPOP 


383g (375 ml) 
37.5g 

3.0g 

0.010g 


rhis mixture is 32.9% oxygen by weight. 

rhe only suitable holder that has no objectionable 
radioactivity from an irradiation in a 14-Mev flux is a 
hydrocarbon plastic. None of the plastics tried proved 
satisfactory because of solubility or transparency prob- 
lems. Accordingly, we decided to irradiate the liquid 
in a stainless steel container. The liquid is then poured 
into a vycor cell between two matched EMI 6097S 
photomultipliers and is counted in coincidence. A cali- 
bration cell was filled with the solution plus Tl and 
served as a standard in adjusting amplifier and photo 
multiplier voltages. Tl is free of gamma rays and has 
a maximum beta energy of 0.764 Mev. The endpoint 
of its beta spectrum was used to calibrate a 100-channel 
pulse-height analyzer and the discriminators of the co- 
incidence analyzer (Fig. 1). Most of the phototube 
pulses caused saturation pulses in the nonoverloading 
linear amplifiers at the gain settings used in the acti- 
vation measurements. Calibrated attenuators were in- 
serted between the preamplifiers and amplifiers so that 
the end point of the thallium spectrum was not satur- 
ated. For most measurements, each beta-channel dis- 
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criminator was set to count betas of energy greater 
than 20 kev, based on the thallium calibration. Because 
of possible poisoning of the liquid by the thallium and 
the nonlinearity of liquid scintillators in the low-energy 
range, this cutoff may not be precise. 

The beta channels were put in coincidence to eliminate 
individual photomultiplier noise and normally 0.25- 
microsecond resolution was employed. The phototubes 
were placed in a light-tight box which had a compart- 
ment beneath the assemblage for dry ice. Vycor cells, 
3.9 cm in interior diameter and either 2 or 4 cm in 
width, were placed in optical contact with the phototube 
faces. Several irradiations of the solution were made in 
the highest flux obtainable with the source, and pulse- 
height spectra were obtained for both cells. Assuming 
the number of pulses per channel below 20 kev is the 
same as the number per channel between 20 and 30 
kev, 0.50) of the pulse s fall below 20 kev for both cells, 
or the beta efficiency is 99.5% 

Gamma rays follow the beta decays in all but 
10.4-Mev beta branch. As each gamma is practically 
simultaneous with the preceding beta, no double count- 


the 


ing occurs and efficiency of counting disintegrations is 
increased slightly. 

A sodium iodide detector 2 in. in diameter and 1.0 in. 
thick mounted on a Dumont 6292 photomultiplier was 
placed adjacent to the cell to count gammas from the 
N'® decay 


The principal gammas have an energy of 
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Neutron flux measurement and monitoring 


6.14 Mev and are associated with the 
branch. Assuming only one dis 
a single efficiency, ez, in the cell and ; 


the Nal detector, the beta efficiency is given by 


4.26-Mev beta 
} branch having 


tegratiol 


single efficiency in 


where Cp, is 
is the gamma detector rat: 
decreases for disintegratio1 


ta efficiency 


boundaries 


20-kev energy loss is requir gamma det 
weights portions of the 
heavily than the 
estimated. The cells 
and counted for repetitir 


to boundaries 
interior | 
were 
5 seconds off. Since the 
first interval contains n 
the remaining intervals 
subtraction. The Nal 
from source neutrons 
used for background to 
becomes apparent after 
beta channels were put 
channel, and a resolution of one microsecond was used 


The two 


> gamma 


for the coincidence count mall in efficiency 
of 99.1% was obtained and for t! irge cell, 99.3% 
from the accumulation of 


$y. O. El 
1959 





i¢ CROSS 
coincidence background is small and the main error 
irises from the Nal background. Other processes, such 
as bremsstrahlung from energetic beta rays, may con- 
tribute t Nal counting rate. These change the 
gamma efficiency and the relative contribution of the 
different beta branches to the beta efficiency. Since the 
ystematic errors give a result lower than the true 
cell efficiency, the results may be regarded as lower 
bounds to the efficiency. Accordingly, an efficiency of 
99.5°, was adopted for both cells at the 20-kev level 
and the error should be less than 0.5%. 


» the 


MEASUREMENT OF NEUTRON FLUX 


The neutron flux was determined at the position of 
cell irradiation by use of a simplified proton recoil tele- 
scope of the Los Alamos design.’ The tables given by 
Bame ei al.' were used to obtain the telescope efficiency 
following a method by Johnson.* The tabulation makes 
use of the known n-p scattering cross section, the radi- 
ator composition, and the solid angle of the totally 
absorbing detector. Figure 2 is a sketch of the experi- 
mental arrangement used to calibrate the BF; long 
counter which was utilized as a flux monitor during 
the cell irradiation. A second BF; long counter, not 
shown, located at a greater distance from the target 
was used as an auxiliary monitor. 

The source of neutrons was a pulsed neutron gener- 
ator in which deuterons from an ion source at ground 
potential impinged on a 0.010-in. X 1.0-in. diameter T-Zr 
target at —100 kv. The target had a thickness of less 
than 120 yg/cm* zirconium which corresponds to a 
deuteron energy loss of 19 kev. The mean energy of 
the resulting neutron beam is 14.7 Mev and the spread 
+0.1 Mev. There is a vacuum insulating gap of 1.5 in. 
between the stainless steel end plate and the target. 
\ 0.071-in. Pb sheet was attached to the end plate to 
prevent low-energy x rays originating in the generator 
structure from reaching the telescope. 

The recoil telescope was positioned on the target axis 
at a distance forward of target such that the poly- 
ethylene radiator was located at the midpoint of the 
intended cell irradiation. The long counter monitor 
shown in Fig. 2 was positioned approximately 119 cm 
from the target center at right angles to the target axis. 
The auxiliary long counter was positioned approxi- 
mately 232 cm from the target at 115 degrees to the 
beam direction. 

Calibration of the monitor long counter was accom- 
plished with the neutron generator producing 5-micro- 
second neutron bursts at a repetition rate of 800 per 
second. The narrow burst width and high repetition 
rate were utilized with this generator in order to mini- 
mize pulse pile-up in the telescope preamplifier. The 
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Fic. 3. Simplified telescope flux measurement 

proton recoil spectrum obtained with the aid of a 100- 
channel pulse-height analyzer is shown in Fig. 3. Since 
the telescope is constructed so that either the poly 
ethylene radiator or its nickel backing can be positioned 
to face the CsI scintillation detector, the background 
radiation may be determined and subtracted from the 
obtained spectrum, A variation in the telescope pulse- 
height discriminator level between 30 and 50% of the 
maximum pulse height did not affect the ratio of tele- 
long counter counts after background 


scope to 


subtraction. 


PROCEDURE 


The stainless steel cell containing the dioxane solution 
to be irradiated was positioned on the target axis so 
that its midpoint coincided with the midpoint of the 
telescope polyethylene radiator used in the flux cali- 
bration. Each irradiation lasted 30 seconds during which 
the event recorder was used to obtain the differential 
time distribution of the long counter monitor counts. 
This distribution is necessary in order to account prop- 
erly for the N** activation and decay during the irradia- 
tion because of the variation in the neutron yield from 
the generator used in this experiment. A timed oscillo- 
graph was used to record every 400th count from the 
long counter monitor. 

Following irradiation, the stainless steel cell was 
quickly transported to the 4x beta counting instrumen- 
tation as shown in Fig. 1. Here the dioxane solution 
was poured into an empty Vycor cell already in place 
between the photomultipliers which were housed in the 
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light-tight box. After the box lid was secured, the photo- 
multiplier high-voltage was turned on and beta counting 
was initiated. A switching system provided an accurate 
measure of both the irradiation time and the interval 
between the end of irradiation and onset of counting. 
The coincidence pulse output of the beta counting 
system was counted by a multichannel time analyzer 
with four second channel widths. Background was meas- 
ured after the N'® activity was negligible. Usually two 
half-lives elapsed before counting commenced. 


ATTENUATION OF NEUTRONS IN CELL MATERIALS 
AND GEOMETRIC CORRECTIONS 


solution ir- 
radiations had a 20-cm curvature in the long (9.36-cm) 
dimension but the was rectangular, 
4.720.64 cm for the small cell and 4.721.10 cm 
for the large cell. As the 14.7-Mev neutron flux traverses 
the solution, it is attenuated and somewhat degraded 
in energy. The N'® a tivity as a function of depth for 
a spherical cell is given by 


The stainless steel holders used in the 


cross section 


A=(K/r*)e-*"-"9)” (2) 


where ro is the inner radius of the solution. Actually 
the attentuation factor should be measured with an 
oxygen detector; however, the Cu™(n,2m)Cu™ cross 
section has a threshold and energy response similar to 
oxygen, and “‘poor” geometry cross sections measured 
with it for 14-Mev neutrons® can be used. These cross 


sections agree well with measurements using proton 
recoil detectors biased at 12.6 Mev. 

The following atom densities and cross sections were 
used for the scintillator: 


Atom density 
Element cm 


Cross section 


barns) 
5.48 X 10” 


3.02 108 
1.28 x 108 


0.54 
0.76 
0.87 


Hydrogen 

Carbon 

Oxygen 

a= YN,o; =0.637 cm™ 


actual volume of the 
holders and division by the unshielded activity at 20 cm 
gives a reduction factor of 0.982 for the small holder 
and (0.962 for the large holder. 

The long-counter calibrations were made with 0.180- 
cm lead in front of the telescope, reducing the flux 
1.5% and the 0.16-cm thick stainless steel wall reduced 
the flux in the holders 1.9%. 


Integration of Eq 2) over the 


RESULTS AND DISCUSSION 


Four sets of measurements of the induced N'® activ- 
ities at 20 cm from the target were made for each cell. 
The large cell held about 48 g of solution and the small 
cell 24 g. Normally around 40 000 counts were recorded 
on the long-counter tape during the thirty-second ir- 
radiation. As the flux was not constant, the contribution 
to the N’* activity from one-second intervals was cal- 


*D. D. Phillips, R. W 
88, 600 (1952 


Davis, and E. R. Graves, Phvs. Rev 


\W STOOKSBERRY 


h the published 


was used in 


culated. The decays were consistent wit 
half-life of 7.352+0.009 seconds,® w! 

reducing the data. The small cell yiel 
39.05 mb and the large 


led a value of 
39.35 mb for the O'*(n,p 
cross section. For each ll ti lata has a relative a 
curacy of about one percent from the N" 
statistics 

The final i ard error ba 1 on the 


individual error 


counting 


following 


(1) Absolute accuracy of recoil 


proton 
teles« ope 


(2) Reproducibility of telescope to long- 


} 


counter ratios with different targets 
(3) Counting statistics 
(4) Efficiency of beta count 
(5) Errors in attenuation factor 


These yield a final standard error of 4.1%. As a result, 
the data from both cells yield a value of 39.2+1.6 mb 
for the O'®(n,p) cross section at 14.7 Mev. 

Previous values of the cross section are 49+25 mb 
by Paul and Clarke Mev, and 89+30 mb at 
14.0 Mev by Martin.‘ The latter resi 


measurement of the beta yield from 


ilt is from a relative 


in irradiated CuO 
sample, and no correction was made for the difference 
2.9 Mev) 
is compared with the 


in self-absorption of the positrons 6 max 
from the resulting Cu‘ ' 
higher energy betas from N"* in the thir 
As a check on the method, the Cu™(n,2n 
measured. 


targets, a thick 


activity 
sample. 

cross section 
Because of the attrition of the thin 
[-Zr target was used. Difficulty 
experienced in finding a good scintillator loaded with 
copper. A mixture of 201 g dioxane, 14 g napthalene, 
1 g PPO, and 0.967 g Cu(NO;)2.°3H,0 in 5 g H,O gives 
about half the pulse height of the original solution for 
the 624-kev beta line from Cs. C 
and the 0.51-Mev annihilation radiation may be em- 
ployed in the beta-gamma coincidence techni jue. [wo 


was 


was 
9 
e 
$ a positron emitter 


measurements of the beta efficiency gave values of 
ep=0.99 and i 
approximately 30 kev 
which should have 
At this concentration, it was 
radiations at 10 cm witl 
were reduced using a half- 
value was determined from a copper 
foil which was counted in a tional counter. 
The solution irradiations gave consistent results. After 
suitable geometric correcti made, two measure- 
518 mb for the total 


cross section has 


¢ 
>1.0 for beta discriminator settings of 


An efficiet 


in error Of iess th 


cy of 0.99 was ad ypted 
in two percent. 

cessary to make ir- 

holder. The data 

f 9.80+0.02 min. This 


Irradiation of! 


ments gave an average 
activation cross section. The 


value 
n,2n 
a value of 5+1 mb at 14 Mev and the 
emitter has a half-life of 10 min 


resulting positron 


5 part of the total 
As a result, ¢cy+2ex =518 mb 
or of 1.043 is used 


530 mb. TI 


activation cross section, 


and gcy= 508 mb. If a correction fa 


for K capture," the value becom is value 


S. Yasumi, J. Phys. So 





O'*(n,p)N'® 


has a standard error within five percent but refers to 
an effective energy of about 14.6 Mev since a thick 
target was used. The solution used was chemically 
analyzed to determine the copper concentration. Based 
on weights of the ingredients, the copper concentration 
was 4.1% lower. Because of the observed tendency of 
the copper salt to lose weight upon weighing, the con- 
centration from the chemical analysis was used. Other 
measured values of the cross section are 510 mb (+7%) 
by Forbes at 14.1 Mev," 482 mb (+15%) by Paul and 
Clarke at 14.5 Mev,’ and 556 mb (45%) by Yasumi 
at 14.1 Mev.’® Only the latter value includes,the K- 
capture correction factor of 1.043. 

With a steady 14-Mev source and grounded target, 
the neutron flux can be easily measured to a 2% if 
both a recoil proton telescope and associated particle 
counter are employed. The remaining errors are small 
and can be reduced to less than 1.0% (total) with a 


sufficiently strong source. As a result, activation cross 


"'S. G. Forbes, Phys. Rev. 88, 1309 (1952) 
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CROSS SECTION 
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sections accurate to 2-3% can be attained with the 
present technique. 

Note added in proof. J. M. Ferguson and W. E. 
Thompson, Phys. Rev. 118, 228 (1960), have obtained 
a value of 507+45 mb for the Cu(n,2n) cross section at 
14.74 Mev. A 2.0% correction was made for K capture. 


ACKNOWLEDGMENTS 


Che authors gratefully acknowledge the consultation 
of Professor G. T. Reynolds, who suggested the dioxane 
solution and other liquid scintillators, and who with 
the aid of Professor H. Pohl investigated copper-bearing 
solutions and supplied several plastic scintillators con- 
taining oxygen, not used in the experiment proper. The 
authors wish to express their sincere appreciation to 
Dr. S. J. Bame for supplying the necessary detailed 
information needed for construction of the simplified 
proton rec oil teles¢ ope. 

The assistance of E. A. Hooper and W. J. McDonald 
in the performance of the experiment, is also gratefully 
acknowledged. 


NUMBER 3 ,OVEMBER 1, 1960 


Comparison of Po” Alpha-Particle Energy with the Li’(~,n)Be' Reaction 
Threshold Energy* 


C. P. Browne, J. A. Gatey, J. R. Erskine, anv K. L. Warsu 
Department of Physics, University of Notre Dame, Notre Dame, Indiana 


(Received June 17, 1960 


Recent absolute measurements of the Po?" alpha-particle energy disagree with the older value used as the 
standard for many nuclear reaction energy measurements. A new comparison with the Li’(p,m) Be’ reaction 
threshold energy was made using the Notre Dame electrostatic accelerator and broad-range spectrograph 
Four separate methods of comparison were used. In the first three the threshold was run and then protons 
re scattered from appropriate targets so that the scattered group was recorded on the 
spectrograph plate near the alpha group from a source placed at the target position 


1 deuterons we 
First, the spectrograph 
and, second, the beam analyzer were used to compare particle momenta. Third, with both fields held constant 
after the threshold was run with the molecular beam, deuterons were scattered of the same 
Bp as the alphas. In the fourth method several reaction energies that are precisely known in terms of the 
Li?(p,n) Be’ reaction threshold energy were measured in terms of the Po?” alpha-particle energy. These were 
the Mg*(d,d’) Mg™* reaction to the first excited state of Mg™ and the N"(d,p)N"™ reaction leading to three 
excited states of N. The four measurements agree and give 5.3086+0.003 Mev for Po*® alpha-particle 
energy based on 1.8811 Mev for the Li’(p,) Be’ reaction threshold energy 


giving particles 


I. INTRODUCTION 


] HE discrepancies between nuclear mass values ob- 
tained by mass spectroscopy and those derived 
1 nuclear reaction ene rgies are usually di 


for nuclear re 
vever, two widely used 


solute determination of each. Recent absolute deter- 
minations of the Po?" alpha-particle energy,?* however, 
indicate that the previously accepted value of this en- 
ergy,’ 5.2988 Mev, is low. Because of the importance 
of the Po” alpha-particle energy to much of the pre- 


cussed in 


iron 


terms of single energy standard 
action energies. There are, hi 
standards: the Li’(p,n)Be’ 
ergy and the energy of alpha particles emitted by Po*"’. 
As will be discussed below, an earlier comparison of 


these two energies' was consistent with the early ab- 


en- ? E. R. Collins, C. D. McKenzie, and C. A. Ramm, Proc. Roy 
Soc. (London) A216, 216 (1953) 

*F. A. White, F. M. Rourke, J. C. Sheffield 
J. R. Huizenga, Phys. Rev. 109, 437 (1958) 

‘See for example E. N. Strait, D. M. Van Patter, W. W 
Buechner, and A. Sperduto, Phys. Rev. 81, 747 (1951); S. F. 
Zimmerman, thesis, Massachusetts Institute of Technology, 
1955 (unpublished); S. Hinds and R. Middleton, Proc Phys. Sox 
1951 London) 74, 196 (1959) 


reaction threshold 


R. P. Schuman, 
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Tas_e I. Li’(p,n)Be’ reaction threshold energy 


Un- 
Value certainty 
Mev kev) 


Method of 


measurement 


Electrostati 
analyzer® 
Rf velocity 
determinatior | 
Electrostatic 4 alpha-par 
analyzer 7.6804 Mev4 
Electrostatic \u'§ gamma-ray energ 


$11.770+0.036 kev 
© gamma-ray energy 


1332.5+0.3 kev« 


analyzers" 
rostati Lo 
analyzers® 
Electrostatic 
analyzer Absolute 
Average 


ork 


cision work done in low-energy nuclear physics and in 


particular because of its use in the calibration of the 
now widely used broad-range spectrograph,® it is im- 
portant to recompare the Po*'® alpha-particle energy 
with the Li’(~,) Be’ reaction threshold energy. 

The Li’(p,n)Be’ reaction threshold energy has been 
measured with considerable precision in several lab- 
oratories using various methods ’ Some of these are 
absolute and some are based on other absolute 
measurements Table I 
The 1.8811+0,0005 
energy 


energy 
summarizes these results. 
value Mev is adopted for this 


The various previous determinations of the Po?! 
ilpha parti le ene rey are listed in Table IT. In compiling 
this table, 


rigidity (Bp), 


where a measurement gave the magnetic 


the kinetic energy corresponding to this 
value of Bp has been taken from the tables of Enge.” 
[It should be noted that the higher value of 1.8822 Mev 
used by Sturm and Johnson! for the threshold energy 
led to 5.298+0.005 Mev for the energy of Po? alpha 

C.F 
1956 

*R. G. Hert vdo ur i "I Rev. 75, 246 
1949 

TR. O. Be ‘ *h tev. 115 
1959 

*W. E. Schou ; ings, and : } Rev. 76 
502 (194° 

*K. W. Jones, I 
Richards, Phys. Rev 

»D. E. Muller, H oyt in, and J 
Phys. Rev. 88, 775 5 

1G. Lindstron gr ‘ A] 
89 1303 (1953 

2G. H. Briggs, Revs. Modern Phys. 26, 1 
3H. A. Enge, “Table of Charged 
Magnetic Field Strer 
The cor 
Cohe 


Browne and W. W. Buechner, Rev. Sci. Instr. 27, 899 


1001 


and H. J 
W. M. DuMond, 


uurger, Phys. Rev. 
1954) 

Particle 
es Orbit Radius 
|.W.M 
1953 


Energies versus 
printed in Norway 


DuMond and F. R 


gths tin 
stants used are those given i 


Revs. Modern Phys. 25, 70¢ 
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particles, thus appearing to confirm the results of the 
early absolute measurements” '® and supporting the 
value previously used for nuclear-reaction-energy meas- 
urements.‘ If the presently adopted value for the thresh- 
old energy is used, the Sturm and Johnson measurement 
yields 5.295 Mev as shown in Table II. As late as 1954 
the value suggested by Briggs in a review article’ was 
5.3006+0.0026 Mev. The absolute measurement of 
magnetic rigidity by Collins, McKenzie, and Ramm? 
and the absolute voltage determination of White ef al.’ 
give values for the Po*'’ alpha-particle energy as much 
as 0.18% above the older values and outside the stated 
errors. 

In the present work, the use of 
graph in conjunction with accelerator 
allowed not only a direct comparison of the Po’ alpha 
particle energy with the Li reaction threshold 
energy but also an indirect comparison through a few 
well-determined O values. These are listed in Table ITI 
The value for the Mg” excitation energy 
1.3700+0.0005 Mev whi is the 
direct measurements®:'* of the Mg**(p,p’) Mg** reaction 
energy based on the Li’(~,) Be’ reaction threshold en- 
ergy. The three Q values listed for the N" d,p Ni* 
reaction’ are f 


1 broad-range spectro 


an electrostati 


pn) Be 


used here is 
average of the two 


some of the vy few that have been 


measured against the lithium threshold with sufficient 


for a comparison of energy 


accuracy to be useful! 
standards 

It should be 
first state of Mg” 
obtaining the two values, listed ir ible I, for the 


based 


noted that the mm energy or the 


is one ota nergies us¢ 


ium threshold 


Pase Il. P 


4S. Rosenbl 
1932); S 
1933) 
16 W. B. Lewis and B. V 
A145, 235 (1934 
1D). J. Donoghue, K. W. Jones 
Richards, Phys. Rev. 89, 824 (1953 
R. A. Douglas, J. W r ; 
E. A. Silverstein, Phys. Re 


Rosé nt 





Pe* r-PARTICLE ENERGY 
measurements. As the intent of the present experiments 
is to provide a consistent nuclear energy scale, whether 
based on the Li’(p,) Be’ threshold or on the Po”® alpha 
energy, the direct comparison of the alpha-particle 
energy alone with the gamma-ray energy scale will not 
be made 


Il. APPARATUS 


Because the beam analyzer and spectrograph used 
in these measurements are new and have not been de 
scribed before, a brief discussion of the important fea- 
tures is given here. A schematic drawing of the equip- 
is shown in Fig. 1. The positive ion beam from 
the electrostatic accelerator passes through a beam an- 


ment 


alyzer, then through an electrostatic quadrupole lens 
not used in this experiment) and finally into the target 
chamber of a broad-range spectrograph 

The beam analyzer has a uniform magnetic field 
through a gap of } inch. The pole pieces are shaped so 
that the beam on entering and leaving is perpendicular 
to the field boundary when deflected through angles 
of 30, 45, 60, 90, or — 30 degrees. This gives focusing 
in the plane of the gap only, which is desirable where 
the beam to be used at a considerable distance from the 
image point. The shape of the target room required 
that the spectrograph target chamber be mounted such 
that the 30-degree deflection is used. To obtain the 
desired resolution with a practical object slit width, a 
trajectory radius of 61.5 cm is used. For 30-degree 
deflection an object and image distance of 224 cm is 
required. A field of 10 500 gauss then permits deflection 
of 5-Mev He* 

All iron is Armco magnetic iron, twice annealed and 
carefully machined. Current for the magnet is provided 
by a well-regulated supply. The error signal for the 
regulator is obtained by comparing the voltage across 
a standard resistor carrying the magnet current with 
the voltage across a helipot connected to a reference 
battery. A proton resonance fluxmeter measures the 
magnetic field. 


ions. 


Entrance and exit slits with micrometer adjustments 


ABLE III. O values used for energy reference 


Value* Uncertaint 
ilated energy) Mev kev 
f 1.37-Mev lk 

3697" 

{ 1.37-Mev 
1.3703 
» 7.31-Mevr 
1.308 
» 7.58-Mev 
1.045¢ 
32-Mey 
0.2964 


* All listed Q values are based on 1.8811 Mev for the Li 
reshold energy 

See reference 9 

See reference 16 


See reference 17 


p.m) Be’ reaction 


FLUXMETER 
PROBES 


»R APH 


™ Fr quaonuP out 


LENS 
BEAM SPOT SLIT 
TARGET 


LONG 
COUNTER 


aimeter 


Fic. 1. Schematic diagram of apparatus. The path of the beam 
from accelerator to target is shown. An outline of the pole piece, 
only, of the analyzer magnet is showr 


are placed at the foci of the analyzer. Most work is 
done with 4-mm slits which give an energy resolution 
of 0.08%. The difference in beam current onto the two 
exit slits provides a signal for stabilizing the accelerator 
voltage. 

Upon entering the target chamber the beam passes 
through a 4X3-mm slit placed 4 cm in front of the 
target. The beam spot on the target outlined by this 
slit forms the object for the spectrograph. The jaws of 
this slit are insulated and metered to allow centering 
of the beam on the opening, using the electrostatic de- 
flection between the accelerator and beam analyzer. A 
second slit, slightly larger than this “object” slit, so 
that it “‘scrapes’” the beam, reduces the number of 
particles reaching the target after scattering from the 
edges of the object slit. 

The broad-range magnetic spectrograph is very sim- 
ilar to the one previously described,® the principle 
differences being (1) an improved target chamber that 
allows rotation under vacuum, (2) placing of the magnet 
coils on only one side of the gap which allows rotation 
of the spectrograph back to 142 degrees and (3) a 
double-width camera box and plate holder with two 
sets of nuclear track plates side by side so that eight 
exposures may be made with one loading of plates. 
A calibration curve relating plate position to trajectory 
radius was obtained by placing the alpha-particle group 
from Po*® at various points along the plate using a 
series of magnetic fields. The shape of this calibration 
curve obtained with various fields was checked at con- 
stant field by scattering a beam of fixed energy from 
targets of different masses, thus putting a series of 
groups of known energy ratios along the plate. The 
shape of the curve was found to be constant, within 
the accuracy of the measurements, over the range of 
fields used, provided the field was brought up from zero 
each time. Differential hysteresis effects were, however, 
observed and are discussed below 

To give the scattering angle, a scale was laid out 
along the perimeter of the base on which the spectro- 
graph rotates. This was done by mounting a transit 
on the spectrograph with the axes of transit and spectro- 
graph coincident, sighting the transit at a mark about 
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30 ft away, and reading its angle scale as the spectro- 
graph was rotated. The zero of the angle scale was found 
by allowing the beam to come through the spectrograph 
gap with field off. A needle was placed at the center 
of the target chamber (on the axis of rotation) and the 
spectrograph moved until the shadow of this needle 
cast by the beam coincided with the shadow of a second 
needle placed in the middle of the gap. Scattering angles 
were checked by observing the ratio of the energies of 
deutrons scattered from gold and from lithium. Angles 
are known to within +0.03 degree 


Ill. GENERAL METHODS 


This section contains methods applying to all of the 
measurements. Specific methods for each measurement 
are given in the next section. For threshold determina- 
tions lithium targets, prepared by evaporating natural 
lithium Formvar or thick 
backings, were placed in the target 
broad-range 


tantalum 
chamber of the 
runs the 


metal onto thin 
spectrograph. For most targets 
thin backings mounted on the regular 
target holder in the middle of the chamber. In all cases 
the target chamber wall between target and detector 
was a 0.010-inch thick steel strip. To check any effect 
of scattering from the thicker aluminum portions of 


on the were 


the target chamber a run was made with a 1-inch thick 
aluminum slab interposed between target and detector. 
pn) Be 
affect the 
1e threshold energy: 
(1) the solid angle subtended by the neutron detector, 
(2) the Li’ target thickness, and (3) input proton beam 
energy spread is due 
to finite slit energy defining analyzer, 
Doppler shift due to thermal motion of the target atoms, 
and, in the case of a H,* 
motion of the molecule 


There are several variables present in a Li 
threshold energy determination which may 
shape of the yield curve and hence t} 


The input beam energy spread 
widths in the 


thresholds taken with 
in the H 


molecular center of mass. 


beam, 
about the 
From threshold to a few kev 


protons 


above threshold the total cross se tion, toa good ap- 


proximation, varies as the 


threshold 


square root of the energy 
For a thick target, with 4x 
detector geometry, up to the input energy where protons 


above the 


traversing the entire target are just reduced in energy 
to the threshold energy, the , power dependence of 
thin-target yield on proton energy above threshold be- 
comes approximately a } power dependence. A sym- 
metrical input beam spread will affect the shape of 
this yield curve only where a plot of yield versus proton 
energy has a large second derivative. This is the case 
only at threshold so that once the input proton energy 
threshold by the half-width of the 
spread, the effect am energy 
vield curve is negligible. 

It follows then that a which may be 


extrapolated to zero yield to obtain a threshold energy 


is above energy 


of input be spread on the 


1 
yield curve 


BH. W 
Gibbons, and H. Marshak, 


Newson, R. M. Williamson, 
Phys. Rev 


K. W. Jones, J. H 
108, 1294 (1957) 
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with minimum ambi 


tector that will 


guity may be taken with (1) a de- 
accept the entire neutron 
incident proton energies which are above 
more than the target thickness and (2) a 
thickness is several 
in the incident proton beam. | 
yield curve has essentially 

energy 
and below the point of i 


cone up to 
threshold by 
target whose 
times greater than the energy spread 
nder these conditions the 
nce on proton 

ergy spread 
occurs at the 
energy where protons traversing ntire 
just reduced in energy t ( In the pres- 
ent experiment a check on the effect of the solid angle 
subtended by the detector was made in a 
in which the target was at i 


r above the « usp caus 


target are 
thresho d ene rey 
series of runs 
listances from the 
run 
counter 


used as a detector. In one 


the target was in immediate 
The yield curves did not differ majority - 
yield curves obtained with the geometry shown in Fig. 
The minimum target thickne about 8- te 
energy loss for protons of threshold energy which is at 
least four times the incident energy spread 
The practice in running thresholds with the 


beam was to change the beam a1 


shielded long counter 
proximi the 


from the 


on yave 


atomk 
alyzer anerg resonance 
fluxmeter frequency in steps of 1 0.27 kev) 
value. A 


kilo yi le 
and then to bring the field to the 
yield curve 


per unit integral of 


resonance 


then consisted of a plot of scaler counts 


beam intensity us frequency. 
This frequency is proport il to momentum, but over 
the small ranges 

After corre ting the J ield 


extrapolation of the region between the cusp 


‘ier aay if irl inearly with ene rgy 


for ba a linear 
and the 
thickness 


Chis frequency 


kground, 


point of inflection corré Spo! dir 
was taken to be the thresh 
then corresponded 
tered at the threshold ener 
After the threshold had 
were substituted for the 
scattered from them allowed t 
Bombardment was 


target 
beam energy distribution cen 


targets 
partic les 
vectrograph. 
continued 
give enough particles i ctrograph 
plate to be easily counted and yet give good statistical 
accuracy. 

The target 
diameter silver wire on 
posited was clamped to t! 
exact position of the bean An exposure 
was then made to record the alpha particles. T} 


tions of the 


}-mm 


de- 


holder Ww now removy and a 


1 been 


e posi- 


beam spot source wire 
were measured wit! lative to 
a fiducial mark on the 


target 
chamber allowed the i 


spot 


same | 


position each tin position was 


checked several times both by observing the darkened 


nd by lamping a bit of nuclear track 
plate to the target holde r, irradiating with the 
developing and observi 
taking one run in which the 


the silver of the source 


area on targets a 
beam, 

made by 
ttered from 


wire itsel 





Po?'!® a-PARTICLE ENERGY 

Freshly made polonium sources were always used 
because it is observed that the polonium slowly diffuses 
into the silver so that after a few days the alpha partic les 
have an increased spread in energy and the group on 
the nuclear track plate no longer has a sharp, well- 
defined high-energy edge. To prepare a source, a length 
of pure silver wire is cleaned with alcohol or acetone, 
then with hydrochloric acid, and then with distilled 
water, and placed in a solution of polonium chloride 
plus hydrochloric acid for a period of three to thirty 
minutes, depending on the activity of polonium solution 
and the source strength desired. The wire is removed 
from the solution, being careful that no droplets remain 
on it, air dried and clamped on the target holder. 

rhe combination of bombarding energy, target, angle 
of observation, and spectrograph field was chosen so 
that the group of alpha particles from the polonium lay 
near the group of elastically scattered particles on the 
spectrograph plate. In some cases the groups actually 
overlapped. This caused no difficulty in counting be- 
cause track lengths of the two types of particle are quite 
different. Knowledge of the spectrograph calibration 


trajectory radius vs position on plate) was needed only 


to find the small relative difference in trajectory radius 
between the two particle groups. This entails knowing 
only the shape of the calibration curve over small dis- 
tances, not the absolute calibration. 

In most cases groups from more than one target 
element appeared on the plate for each exposure. By 
using the spectrograph calibration curve as many de- 
terminations as target elements could be made of the 
bombarding energy. In all cases one of the elements 
was carbon. This provided a check on surface layers 
which might accumulate on the target because any 
such layer would be carbon itself. The use of fresh 
target spots and the short exposures needed for good 
elastically scattered groups avoided the contamination 
problem on the targets used for scattering. 

In determining the position of a particle group on 
the plate, standard procedure for the broad-range spec- 
trograph was used; that is, the point on the straight 
high-energy edge of the group at 4 of peak height was 
used. This point has been shown to be quite insensitive 
to changes in target (or source) thickness. Other factors 
influencing group shape such as object size, magnifica- 
tion, and aberration were always the same for the two 
groups so that as far as these are concerned any point 
on the group could be used in determining the distance 
between closely spaced groups. 

For ease in calculation the usual procedure was to 
ise the calibration curve for the spectrograph that had 
been derived from polonium alpha groups, with the 
old value for the alpha energy. The energy of a given 
scattered group was found on this standard, the bom- 
barding energy calculated and compared with the bom- 
energy based on the Li’(p,s)Be’ threshold 
The percentage difference found was applied 


barding 


energy 
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to the assumed alpha energy and thus a new value for 
the alpha energy, based on the threshold, was found. 
As pointed out above, the result does not depend on 
knowing the absolute calibration of the spectrograph. 


IV. SPECIFIC EXPERIMENTAL METHODS 


I'he methods described in the last section apply to 
all four of the independent procedures, now to be 
described, for comparing the alpha-particle energy with 


the threshold energy. 


A. Changing Spectrograph Field 


The first method used for comparing the threshold 
energy with the alpha-particle energy required changing 
the spectrograph magnetic field. A lithium target was 
put in place, the threshold run with the proton beam, 
and then, with the input energy held essentially at the 
threshold value, (beam analyzer field constant) a thin 
gold target was substituted for the lithium. Protons 
scattered at 90 degrees to the beam were recorded on 
the spectrograph plate. The polonium source was then 
substituted for the gold target and the spectrograph 
field changed to put the alpha group at the same position 
as the proton group. Gold was used for the scatterer 
to minimize the change needed in the spectrograph field 
and to eliminate any uncertainty in scattering angle as 
an important consideration. In many runs protons 
scattered from other elements, including the lithium 
itself, were also recorded on the same plate with the 
same field settings. The positions of these groups were 
also used in the calculations. 

A field change of a factor of 1.68 was required to 
superimpose the alpha group and the proton group 
scattered from gold. It was found that the energy ratio 
obtained depended on which group was recorded first, 
that is, on whether the spectrograph field was increased 
or decreased in going from one setting to the other. 
Clearly there is a differential hysteresis in the magnet 
so that the field along the particle trajectory does not 
have a linear relation to the field at the fluxmeter probe. 
Different parts of the spectrograph focal surface were 
used for recording the groups in the hope that the 
differential hysteresis might be less for, say, trajectories 
lying near the probe. The effect was observed in all 
cases, however, and amounted to about 0.2% in energy. 
A mean of an equal number of runs with increased and 
with decreased fields was taken for the result using 
this first method but less weight is placed on this value 
than on the results of the last two methods to be de- 
scribed because one does not expect the differential 
hysteresis effects to be linear 


B. Changing Beam Analyzer Field 


rhe differential hysteresis effect made it desirable to 
use a method for comparing the energies that would 
allow the spectrograph field to be kept constant through- 
out the measurements. To do this a particle group was 
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needed which has the same magnetic rigidity as the 
polonium alphas and which has an energy of known 
ratio to the threshold. One way is to run the threshold 
with the proton beam and then to accelerate deuterons 
of an energy such that, when scattered from a suitable 
target at a certain angle, they have the magnetic rigidity 
of the alphas. The beam analyzing magnet may be used 
to compare the energy of the protons used for the 
threshold and the deuterons used for scattering. 

When this method was tried it was again found that 
the result depended on whether the beam analyzer field 
was increased or decreased in going from one setting 
to the other. Again an average of “field up” and “‘field 
down” runs was taken. The result agreed with that of 
the first method but is also given less weight than the 
results of the following methods 


C. Using Fixed Fields With Molecular Beam 


To eliminate the uncertainty introduced by differ- 
ential hysteresis, a comparison method was used that 
required no measurement of field ratios because both 
analyzer and spectrograph fields were held essentially 
experiment. The lithium 
threshold was run using the molecular hydrogen beam, 
then the accelerator ion source was switched to deute- 


constant throughout the 


rium and the deuterons scattered from appropriate target 
materials at the proper angles to give scattered particles 
of the same magnetic rigidity as the polonium alpha- 
particle. As in the first two methods, the target was 
then replaced by the source and the alpha group super- 
imposed on the deuteron group on the spectrograph 
plate. In principle the only quantities entering the cal- 
culation in this case are the masses of hydrogen ion, 
proton, deuteron, alpha-particle and target nucleus, and 


the s attering angle. In tice the 


pra 
not exactly coincide on the plate 


two groups did 
scattering 
the beam 
analyzer. Hence, the dispersions of the analyzer and 


was not done with exactly the threshold field in 
spectrograph enter but are known well enough so that 
over the small range used a negligible uncertainty is 
introduced. Again in this is vital that the 
source wire be beam spot position 
Several target 
to give checks on scattering angle and possible target 
surface layers 


ne tl od 
exactly at the 


nuclei and scattering angles were used, 


D. Measurement of Q-values 


In comparing the alp! le energies measured in 
different laboratories a 
choice of the point on the 


that is taken to represe1 


1-parti 
source dis repancy is the 

nergy distribution 

’ particle energy 
from a source of zero thickness larly discrepancies 
may arise, though perhaps to a lesser degree, in choosing 
the “true threshold” from the observed yield of neutrons 
versus bombarding energy. Since the primary reason 
for the present measurements was to compare the energy 
standards used by different laboratories in determining 
nuclear energies, it was decided to measure precisely 


some reaction energies against the polonium alpha 


} 


energy by the standard methods used by owners of 
broad-range spectrographs results 
with those obtained by laboratories using the lithium 
threshold standard. Thus the standards would be com- 
pared in the manner in which they are actually used. 
As stated in the Introduction, only a few nuclear Q 


and compare the 


values are suitable for this purpose 


In the present measurement of the Mg**(d,d’) Mg?** 


} 


reaction both the elastically scattered and inelastically 
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scattered deuterons fell on the spectrograph plate with 
a given field setting. Deuterons elastically scattered 
from Li’ at 90 degrees or from B" at 120 degrees had 
nearly the same energy as the inelastic group from Mg” 
Thus all magnetic fields could be kept constant and 
the ratio of energies of elastic to inelastic groups was 
found not only from the calibration curve but from 
known mass ratios and scattering angles. 

The N'(d,p)N'* QO values were measured with the 
standard operating procedure for the spectrograph. 
One usual source of error, however, was not present 
because in every case the group of deuterons elastically 
scattered from N™ occurred on the same exposure with 
the protons from the reaction. Thus the bombarding 
energy and output energy were found with one field 
setting of the spectrograph. The calibration curve was 
used in converting group position on the plate to particle 
momentum. Seven runs were made so that slight fluctu- 
ations in calibration should average out. 


V. RESULTS 


Examples of threshold determinations with the atomic 
and molecular beams are shown in Fig. 2. Here neutron 
yield is plotted against the fluxmeter frequency of the 
beam analyzing magnet. The yield deviates from a 
straight line at the point expected for the target thick- 
ness used. The solid angle subtended by the counter 
in most runs should cause a deviation from linearity 
at about the same place. The “cusp” observed at thresh- 
old was considerably smaller in most cases than that 
expected from the geometrical resolution of the analyzer. 
This suggests that the energy stabilization of the accel- 
erator was good enough to keep the beam centered on 
the exit slits of the analyzer most of the time so that 
the actual energy spread was less than that allowed 
by the geometry of the analyzer. If the stabilizer was 
manually overriden to cause the beam to stay mostly 
on one slit or the other, the threshold was seen to shift 
but by an amount less than the resolution. An attempt 
was made in all runs to allow the machine to find a 
stable equilibrium in energy and to leave the beam 
focussing and steering controls untouched during the 
threshold determination and subsequent scattering. En- 
ergy variations between threshold and scattering runs 
were felt to be less than the analyzer resolution. A 

ck of the effect of resolution was made in two series 
of runs in which resolutions of 0.04, 0.08, and 0.16% 
were successively used, in each case a threshold and 
then a scattering being taken.'** No consistent effect 
was found. The observed differences lay within the 
resolutions and appeared to be random. 

Figure 3 shows an example of alpha, deuteron, and 
proton groups (superimposed) on one exposure. The 
sources and targets used in these measurements were 


188 Note added in proof. An additional run was made with the 
spectrograph object slit also reduced to } mm. The upper edge of 
the slit remained at the position of the upper edge of the source 
wire. No change was found in the measured energy ratios 
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Fic. 3. Plot showing superposition of proton, deuteron, and 
alpha-particle groups on the spectrograph plate. The solid circles 
represent the number of alpha particles, open circles the number 
of deuterons, and the triangles the number of protons. The short 
horizontal bar at 4 height of high-energy edges shows the point 
used to represent the group position 


moderately thick in the sense that they were thick 
compared to the theoretical resolution of the spectro- 
graph. Polonium sources used for calibrating broad- 
range spectrographs have invariably been of this type 
for regions of the focal surface near the 90-degree tra- 
jectory. Scattered particle groups also have energy 
spreads that are in general more than the theoretical 
resolution because of spread in energy of the input 
beam and (usually) target thickness. The groups shown 
in Fig. 3 were gotten using Methods A and B described 
above but illustrate the type of data obtained in all 
methods. 

It was thought that the fact that the source wire 
was round whereas the target spot was flat might cause 
an error so a test was made with a round source and 
one for which the front half of the wire was milled 
away to produce a flat surface. No change in energy 
was found. 

Results from all runs are listed in Table IV according 
to the methods described For the first two 
methods the averages of “‘field up” and “field down” 
runs are shown and the mean of these carried to the 
last column which lists averages for each method. At 
the bottom of the last column the grand weighted aver- 
age for all methods is given. This is 5.3086+0.003 Mev. 
All numbers are based on a value of 1.8811 Mev for 
the Li’(p,) Be’ threshold. The result of this experiment 
gives the ratio of these two energies as 2.8221+0.0015. 
The errors shown in Table IV are discussed in the next 
section. 


above. 


VI. ERRORS 


Sources of error include uncertainties in extrapolating 
the neutron yield to obtain the threshold frequency, 
differences in position of beam spot and polonium 
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Paste IV 


Method* 


A. Atomic threshold, 
change spectrograph 
field 

Field up 


Field down 


Atomic threshold, 
change analyzer field 
Field up 
Field down 
Molecular threshold, 
field constant 


N¥ d,p)N'™** b 


Mg (d,d’)Mg%* 


® See text for description of metho« 


ls Ato D 
Each entry is the weighted average of the three O values used 


source, uncertainty in scattering angle, measurements 
of group position on the plate and conversion of group 
position to energy, field drifts during exposure, and sur- 
face layers on targets and sources. The estimated uncer- 
tainty for each of these and the corresponding error in 
the polonium alpha energy is listed in Table V with an 
indication of the comparison methods to which it ap- 
plies. The error in threshold includes, as well as statis- 
tical factors, the uncertainty from resolution effects and 
deviation of the near threshold from the 
assumed linear curve. When the molecular beam is used, 
there is broadening of the energy distribution caused 
by molecular vibrations 


true vield 


his has the same effect as 
decreasing the resolution of the beam analyzer and thus 
should cause a larger cusp in the yield curvenear 
threshold. With the molecular beam, however, back- 
grounds were higher and statistical fluctuations larger 
so it was difficult to observe this effect. As shown in 
the table, a larger uncertainty was assigned to molecular 
thresholds than to atomic thresholds. 

As noted in the section on methods, many checks 


raBLe V. Summary of representative errors 


“rror in 
Poe 
alpha 

energy 


kev) 


Ap} plies 


Source of error method* 


Error 


lhreshold 
Atomic 
Molec ular 
Source positic 
Scattering angle 
Group position 
Field drift 
Differential hysteresis 
Energy drift between 
threshold and scattering +0.08% 40 A.B. 
Calibration curve 30 


+0.01% (0.2 kev) +05 A,B 
+ (0.02% (0.8 kev +1.1 

-0.03 mm +0.3 A,B, 
+003 degree +09 A,B, 
t+0.1 mm +0.5 A,B, 
0.01% 0.5 * 
t0.1% +50 A,B 


® See text for descript 


ERSKINE, 
Energy of Po*” alphas based on Li’ 


Results from individual runs (Mev 


AND WARSH 


p,n)Be’ threshold = 1.8811 Mev 


Average 


4030 


3149 


3990 +0.005 


3076+0.005 


5.3102+0.003 
5.3085+0.003 


3077 +0.003 
5.3086+0.003 


for comparison 


were made on the beam Spot position relative to the 
source wire, and as each exposure for an alpha group 
involved an independent measurement of source posi- 
tion the net error is small and random. Checks on the 
scattering angle have been discussed. The entry in the 
table is the largest uncertainty involved in any of the 
\ and B is 


T and is 


etiect 


methods. The error assigned to thods 


almost the entire differential hysteresis 
essentially a limit of error. 


Surface layers on the lithium target would cause too 
high a threshold frequency to be found and a layer on 
the polonium wire would decrease the alpha-particle 
for the 


} 


energy. Both would result in too low alue 
1+ 


ana 


alpha energy. Fresh sources 


arget spots were used 
ighest value yet found 


for each run and the result is the 
for the polonium-alpha energy so it seems quite unlikely 
from this source. 
A surface layer on the target used for scattering or for 


that an appreciable error occurred 


reactions would give too high a value for the alpha energy. 
Again fresh target spots were used for each run and, 
as mentioned earlier, carbon was usually one of the 
targets. Build-up of surface layers would have been seen 
through disagreement of input 


energy calculated from 
the groups scattered from carbon and from those scat- 
tered from other elements. No 
seen and thus the effect of surface 


such dis repancy was 
| iyers Was ¢ onsidere d 
negligible. 

The major uncertainties are, for Methods A and B, 
the differential hysteresis ange in energy 


within the resolution) between threshold and scat- 
ind for Method 


These un- 


tering; for Method C, the 


D, uncertainties in the calibration curve 


certainties cause different errors in each of the Q-value 

measurements so the table entry is only an example 
The over-all error of 3 kev given for the final result 

is not obtained by a straightforward propagation of 


errors but is intended to be a limit of error. The total 
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spread in the averages of the five measurements is 
only 2.6 kev, so the +3-kev limit of error is generous 


VII. DISCUSSION 


Agreement of the five essentially independent meth- 
ods of comparing the threshold with the alpha energy 
gives one considerable confidence in the present result 
in spite of the disagreement with earlier work. The 
result is in essential agreement with the latest previous 
work, that of White et al.* In this connection it might 
be noted that these authors used the position of the 
peak of the alpha-particle group to give the particle 
energy, whereas they state that the width of the ion 
group used for comparison was considerably smaller 
than the width of the alpha group shown. This would 
indicate that the alpha group width was determined by 
source thickness and not analyzer resolution. In this 
case, some point on the high-energy edge (such as the 
} height of the distributions) rather than peak height 
position should be used to represent the group energy 
If a triangular distribution is assumed for their ion 
group and 3 heights used, the polonium energy appears 
to be perhaps 1 kev higher than the value given. It is 
then in rather good agreement with the present result. 

Most of the earlier work was of necessity done with 
much stronger sources than presently used. The attend- 
ant energy spread means that considerable uncertainties 
are introduced in choosing the point on the distribution 
which represents the particle energy for a monoenergetic 
source. With the spectrograph only a comparison of 
group positions is required and the question of which 
point represents the energy of the group is avoided. 
The question does arise in the threshold measurement. 
That is, does the extrapolated point correspond to the 
mean energy of the input beam? This question has the 
same effect for all methods used in the present experi- 
ment. It has been discussed at length in the section on 
methods. Here again the point should be emphasized 
that the present experiment seeks to compare the 
nominal Li’ (p,n)Be’ threshold and Po 
as actually used for energy standards. 

In the earlier comparison of the two energies' rather 
thick sources and rather old sources were used and these 
were washed with solvents which may have deposited 
more surface layers than they removed. 

A resumé of the various determinations of the polon- 
ium alpha-particle energy is given in Fig. 4. In com- 
paring the present result with absolute measurements 
one must keep in mind the value assumed for the 
Li’(p,) Be’ threshold energy. If this energy is actually 
lower than the value used here, say 1.8808 Mev, as 
has been suggested” the present result will be lowered 


alpha energies 


® This suggested average includes recent results of G. C. 
Phillips and H. Staub which have been privately communicated 
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Fic. 4. Comparison of various determinations of the energy of 
alpha particles from Po™®. The label on each line representing a 
measurement gives the authors initials, year of publication, and 
energy standard used. See text for references. The results of the 
five measurements in the present work are shown by vertical lines 
above and below the line representing the average. They are 
labelled to correspond with the listing in Table IV. As stated in 
the text, it is felt that the determination of White et al. (labelled 
W.R.S.S.H.) should be raised about 1 kev. 


to 5.3078+0.003 Mev. If the latest two previous de- 
terminations?’ are averaged with this number, counting 
it as five independent measurements and adjusting the 
result of White ef al. as above, the result is 5.3071 
Mev." This is 0.17% higher than the value used to 
calibrate the broad-range spectrographs used for so 
many nuclear reaction energy measurements. All values 
based on the older number should apparently be raised 
by about 0.17%. 

It is of interest to re-examine the long-standing dis- 
crepancy between mass-spectrometer data and nuclear 
reaction data” in the light of this new value for polonium 
alpha-particle energy. Most of the precise nuclear reac- 
tion values for nuclei heavier than O"* are based on the 
old polonium number, whereas many of the most pre- 
cise values for nuclei lighter than O'* are based on the 
Li’ (p,m) Be’ threshold, directly or indirectly. The new 
polonium alpha energy will raise the masses above O'* 
while making little difference in those below. This 
should tend to reduce the discrepancy with the mass 
spectrometer values 


1" Note added in proof. A new absolute measurement by A 
Rytz gives 5.3048+-0.0006 Mev. At the McMaster Conference on 
Nuclidic Masses it was suggested that a value of 1.8807 Mev be 
used for the Li’(p,")Be’ threshold energy. The present work then 
gives 5.3075+0.0015 (probable error) Mev. The average of this, 
the Rytz value, the Collins ef al. result and the adjusted result of 
White ¢ al., is 5.3056. It was suggested at the Conference that 
this number be used as a calibration standard 

*® See for example T. T. Scolman, K. S. Quisenberry, and A. O 
Nier, Phys. Rev. 102, 1076 (1956) 
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The reactions O'*(i,a)N*’, O** t,p)O", and O'*(t,p)0O” have been studied 
magnetic spectrometer. The measured energy levels of N*’ up to 4.3 Mev are at 


3.132, 3.212 


3.925, 4.457, and 5.084 Mev. The measured energy levels of 0” up to 4.6 Mev are at 1.682, 4.091, a 
Standard deviations of 15 to 25 kev have been assigned to these excitation ene 
was determined to be 3.872+0.015 Mev, which leads to a mass for N 
amu. The Q value for O'* (t,p)O” was determined to be 3.0862+0.015 Mev 


Mev 
O (La N 


20.010 430+0.000 017 amu 
for each level 


INTRODUCTION 


HE nuclear energy levels of N'’, O'%, and O* were 

studied by observing the spectra of protons and 
alpha particles produced by the reactions O'*(t,a)N", 
O'M(tp)O', and O'%(t,p)0”. Gas targets of normal 
oxygen and oxygen enriched in O'* were bombarded with 
2.6-Mev_ tritons 
observed with 


Eeme rging ( harged 
a 16-in., 


partic les were 
180° double-focussing magnetic 
spectrometer. 

The mass and ene rgy levels of N'? below 4.2 Mev have 
previously been measured by Littlejohn’ with the re- 
action B'(Li’,p)N'. There been considerable 
theoretical interest in the mass-18 nuclei, shell model 
calculations 


has 


having been carried out by several 


workers.?* The ground state and first two excited states 
of O'8 have been studied with various reactions.‘ Be- 
tween an excitation energy of 3.9 and 6.8 Mev, one of 
us (N. J sly reported® seven energy levels 
observed with the reaction I La)O™, 

The nucleus 0” is of interest since it is the lightest 


isobaric spin T7=2 nucleus that has been studied and 


has previou 


because its mass and energy levels had not been meas- 
ured before the present experiment. A_ preliminary 
report of the ground-state mass and the position of one 


excited state of 0?" has been made.® 


EXPERIMENTAL PROCEDURE 


Much of the equipment used in this experiment has 
been described previously.’ Tritons, accelerated to a 
maximum energy of 2.68 Mev with a Van de Graaff 
accelerator, bombarded a gas target. Charged particles 
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Reaction cross sections at 30 


vith a 180 ouble-focussi 
1.374, 1.851, 1.906, 2.5% 


3.652, and 4.010 Mev. The measured energy levels of O"* up to 5.2 Mev are at 3.500, 3.639 
4.449 


rgies. The Q value { 
of 17.013 856+0.000 017 
which leads to a mass for 0” of 
i 2.6-Mev triton energy are preser 


lab angle an 


emerging at a laboratory angle of 30° were analyzed by 
means of a 16-in. radius, 180° double-focussi 
spectrometer 


ssing magneti 


trometer, under 

ited to be 350. The ob- 
served full width at half maximum of the parti le groups 
varied with particle energy. At 2 Mev, typical energy 
widths were 30 kev for protons and 50 kev for alphas, 
while at 6 Mev this figure was 48 kev for both protons 
and alphas. Observations of level widths were limited 
by experimental factors. No widths greater than th 
above limits wer: 


The momentum resolution of the spe 
typical conditions, was cale 


solid angle ol 
acceptance of the spectrometer was 0.0024 steradian 
the central angle of observation was 30 
mated error of +}° 

Particles passing through the spe 
tected at the focus CsI crystal 
DuMont 6292 photomultiplier tube, conventional ele 
tronics, and an 18-channel pulse-height analyzer 
particle groups observed were identified 


obse rved The usual 


with an est 
trometer were dé 


with a 0.018 cm 


and 
energies determined by the combination of mom 
analysis in the magnetic spectromet 
the pulse heights in the CsI : 
particles, which were of primary 1 


er and analysi 
Protons and alpha 
had nearly the 
same energy at the spectromet xit for a given spec 
trometer magnet current 
the C 


ne particle energy, 
the pulse heights in 
great for protons as for alp! 

the crystal. Therefore, 

clearly differentiated by 

An additional test of part 

observation of the decrea in pulse height for a given 
group when a thin aluminun 


aced over the 
face of the CsI crystal foil 


The energy ss in the foil was 
s than for 
a given spectrometer current 


considerably greater for alphi 
or deuterons at 
proc edure was necessary to diffe rer 
alphas since these particl 
pulse height. 

Background pulse s in tl intillation detector 
at the exit of the sper ed to two 
main sources: (1) gamma rays from the act 
from various triton-induced 


protons 
This 
leuterons from 


liffered only slightly i 


trometer « 
elerator, 


and asso iated 
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with the copious neutron flux, and (2) low-energy, 
multiply scattered tritons which passed through the 
magnetic spectrometer. Neutrons were produced both 
by triton reactions in the target and by T(¢,2n)He* 
reactions which occurred wherever the triton beam had 
impinged on a metal surface and built up a tritium 
target. Low-energy tritons were present at all spectrom 
eter current settings. Fortunately, these background 
voltage pulses were considerably smaller than proton, 
alpha, or deuteron pulses, except at the low-energy end 
of the spectrum. At about 52 amp for protons and 78 
amp for alphas and deuterons, the pulses of interest 
became nearly completely resolved from background 
pulses in the 18-channel analyzer. The situation im- 
proved rapidly with increasing energy, so that the back 
ground soon became negligible above these points. 
Considerable improvement in the background at the 
low-energy end of the spectra was attained by sub- 
stituting a thinner CsI crystal which reduced the size 
of the pulses due to gamma rays. 

The magnetic field in the spectrometer was measured 
on a relative basis with a null-type torsion fluxmeter, in 
which the torque of a spring was balanced by the torque 
of the field on a current-carrying coil.*:* The energy 
scale of the spectrometer was determined by measure- 
ments of the fluxmeter readings at the peak positions of 
particle groups from reactions of known Q value. Alpha 
particles from the reactions C(t,a)B" (ground state) 
and O'*(ta)N" (g.s., 6.33-, and 7.31-Mev states) and 
protons from the reactions O'*(t,p)O'* (g.s., and 1.98) 
were used in this way to calibrate the fluxmeter. Particle 
groups corresponding to the ground states of N'’ and 
©” were compared to the nearby group from the reac- 
tion C(t,a)B" (g.s.) for which a calculated Q value of 
3.857+0.001 Mev was used. The atomic masses used 
for calculations in this paper are those derived by 
Everling, Kénig, Mattauch, and Wapstra,’ based on 
the O'* standard. 

Fluxmeter readings corresponding to a given peak 
were dependent on the temperature of the spectrometer 
magnet, which increased by some 10°C during a typical 
run lasting 6 hours. For this reason magnet tempera- 
tures were regularly recorded and all fluxmeter readings 
were corrected for this effect 

The magnet current was regulated to +4 ma by an 
appropriate control circuit 

During the experiment, the bombarding particle beam 
T*) was fixed in energy by focussing the diatomic 

[.*) beam through an electrostatic analyzer and 
deriving a control signal from the emerging beam. The 
electrostatic analyzer was calibrated by observing the 
Li’(p,n) and T(p,n) thresholds with a “long counter,”’ 
using proton beams for control and target bombard- 
ment, and with appropriate solid LiF and Zr-T targets 

‘C.C 
1948) 

°F. Everling, L. A. Kénig, J 
Wapstra, Nuclear Phys. 15, 342 


Lauritsen and T. Lauritsen, Rev. Sci. Instr. 19, 916 


H. E 
1960) 


Mattauch, and A. H 
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replacing the gas target. The energy spread of the triton 
beam incident on the target was less than 3 kev. 

Thin pyrex glass windows” were used as the entrance 
and the 30° port foils in the gas target, which was nor- 
mally filled to a pressure of 40 mm Hg. These glass foils 
were typically 25 kev thick to 1.02-Mev protons. The 
triton beam left the target through an aluminum foil 
and passed into a Faraday cup for current integration 
Beam currents of 0.6 wa were commonly used. 

The target gases were normal oxygen and oxygen 
enriched to 25% O"8 and to 95% O}8")2 
for mass spectrometric analysis were taken at intervals 
during the course of the experiment. A typical isotopic 


Gas samples 


composition of the oxygen in the target gases was 
99.26%, O''—0.05%, O'*—0.68% ; 
oxygen enriched to 95% O'*: O'*—3.81%, O"' -0.89%, 
O'8—95.30%. Small amounts of hydrogen, carbon, nitro- 
gen, and argon were present as contaminants. The per- 


nor- 
mal oxygen: O'* 


centages of hydrogen, carbon, and nitrogen could be 
reduced markedly by passing the gas through a liquid ni- 
trogen cooled trap. This procedure was followed to en- 
sure that reactions with these contaminants were not 
mistaken as oxygen reactions. During energy measure- 
ments, however, the presence of carbon was desired in 
the target gas so that the peak due to C"(t,a)B" (g.s.) 
could be observed. Therefore the cold trap on the gas 
line was not employed for these runs. As an additional 
precaution, background runs were made with nitrogen 
or methane as target gases to determine the positions of 
contaminant peaks in the spectra 


RESULTS AND DISCUSSION 
General 


Typical particle spectra observed during the triton 
bombardment of oxygen targets are presented in Figs. 
1 and 2. Similar bombardments were made at a triton 
energy of 1.80 Mev; no significant differences were seen 
in the spectra. The peaks associated with reactions of 
primary interest in each spectrum are labelled by the 
excitation energies (in Mev) of the corresponding states 
of the residual nucleus. Other peaks are labelled more 
completely. 

The beam that was directed to the target by a 
steering magnet at the exit of the Van de Graaff acceler- 
ator was the singly charged mass-3 beam, primarily 
composed of T* ions. Small amounts of hydrogen and 
deuterium in the ion source gas contributed HD* and 
H;* components to this beam. Consequently, proton 
and deuteron peaks were observed which corresponded 
to the elastic scattering of these particles by the target 
nuclei. These scattering peaks are at 41 and 86 amp, 


A. Hemmendinger and A. P. Roensch, Rev. Sci. Instr. 26, 562 
1955 
“ The oxygen enriched to 25% O"” 
Nier, University of Minnesota 
2 The oxygen enriched to 98° O” was purchased from the 
Weizmann Institute of Science, Rehovoth, Israel 


was kindly furnished by A. O 
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peaks are due to the HD* and H;* 


The 


sections relative 


respectively magnitude of the scattering cross 
to reaction cross sections makes these 
peaks comparable in size to reaction peaks, although 
the HD* and H;* beam « omponents were small fractions 
of the total beam. The amounts of these beam contami- 
nants relative to the T* component could be varied by 
changing the rf ion source operating conditions. This 
was done to ensure that none of the peaks attributed to 
triton-induced reactions was actually induced by 
protons or deuterons 

The peak due to scattered tritons is indicated at 134 
amp. This peak was so large that it jammed the coun- 
ting equipment over approximately the energy range 
indicated. This region was investigated by decreasing 
the incident triton energy, which changed the position 
of the scattered triton peak more than that of the 
reaction peaks. It should be noted that the indicated 
energy scale applies only to protons and alpha particles. 

Another component originally present in the beam 
He* was formed by 8 decay of the tritium 
ion source gas. This beam contaminant was eliminated 
by passing the ion source gas through palladium. 


was (He 


The proton peak at 57 amp corresponds to the elastic 
scattering of tritons by hydrogen present in the target 
gases, the ejected protons emerging at 30° 


This peak, 
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energies 


as well as those indicated as C'(t,@) reactions, could be 


considerably reduced by passing the target gas through 
a liquid nitrogen-cooled trap 
The spectra were effectively searched for particle 
groups corresponding to reaction peaks down to 44 amp 
for protons (0.87 Mev at the 
62 amp for alpha particles 


the target). 


center of the target) and 
2.04 Mev at the center of 


N 

A typical alpha-particle spectrum observed with the 
O'’-enriched target is presented in Fig. 2. The energy 
levels of N'’ up to an excitat 4.3 Mev, as deter- 
mined by the present experin are given in Table I 
together with the results of Approximate 
included 
standard 
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deviations. 
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16. 2. Spectra of protons and alpha particles observed at 30 


(lab) with 2.60-Mev tritons incident on an O" (95°) enriched) 


target. Peaks associated with the reactions O"*(t,p)O” and O'*(t,a)N" are labelled by the excitation energies (in Mev) of the 
corresponding states of the residual nuclei. Other peaks are labelled more completely 


produced by 2.6-Mev tritons since protons of this energy 
passed completely through the CsI, with a subsequent 
decrease in pulse height. This ambiguity existed only 
in a narrow region around 116 amp. The measured Q 
value leads to a mass for N"’ of 17.013 856+0.000 017 
amu and a mass excess (M-A) of 12.902+0.016 Mev. 

The values determined by Littlejohn were 17.013 884 
0.000 06 amu and 12.92+0.06 Mev, respectively. The 
report by Littlejohn includes a discussion of previous 
determinations of the mass of N"’ and shell model pre- 
dictions of N" levels. 

The levels observed by Littlejohn at 1.89+0.08 and 
3.27+0.09 Mev excitation were each shown by the 
present experiment to be a doublet, of 55- and 80-kev 
separation, respectively. These peaks, marked 1.85 and 
1.91, and 3.13 and 3.21 in Fig. 2, were not completely 
resolved. The alpha groups are shown on an expanded 
scale in Fig. 3. The 1.89-Mev level was expected to be a 
doublet of about 230-kev separation on the basis of 
shell-model predictions' and Littlejohn could not rule 
out the possibility of it being a somewhat closer doublet. 

The peak at 90 amp consists of two groups of alpha 
particles, from O'*(ta)N" (2.54 Mev) and from 
O'*(t,a)N'® (6.33 Mev). The energies of the two groups 
were so close that no deviation from normal peak shape 


could be noticed. Based on the relative size of alpha 
peaks with the normal oxygen target and on the size of 
other alpha groups from O'*(/,@) with this target, a peak 
60 counts high would be expected for O'*(t,a)N"™ (6.33 
Mev). The observed peak, including both groups, was 
430 counts high, so that little error in energy deter- 


Taste I. Energy levels of N" and cross sections for O"*(ta)N" 
at 30° (lab) and 2.6-Mev triton energy. Absolute standard 
deviations in the cross sections are +30°% 


Present experiment 


Littlejohn* 
Excitation 
energy 
(Mev) 


Excitation 
energy 
Mev) 


Cross 
section 


mb/sr 


0 
1.374+0.018 
1.851+0.018 
1.906+0.018 
2.536+0.018 
b 
3.132+0.018 
3.212+0.018 
3.652+0.025 
4.010+0.025 
4.215+0.025 


3.6 
1.0 
0.32 
066 
0.61 
<0.012 
0.33 
0.83 
0.24 
0.17 
A) 06 


0 
1.3240.08 
1.29+0.08 
2.50+0.08 
2.82+0.08 
3.274009 
3.5740.09 
3.86+0.09 
4.18+0.09 


S. Littlejohn, Phys 


Not observed 
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scattered deuterons. 


2.54 Mev) would be ¢ xpected 


excitation corresponds to position in which we 
the peak due to This 
group was definitely identified as deuterons in our case, 


obse rved 


by measuring the decrease in pulse height when a thin 
aluminum foil was placed over the CsI detector. This 
was confirmed by virtually eliminating the HD* beam 
component by using appropriate rf ion source operating 
conditions, and noting the disappearance of the peak. 
The vit ld of alpha parti les (at 30° lab angle and 2.6 
Mev an ©!5(ta@)N" reaction 
corre sponding to a level at 2.82 Mev is less than 2% of 
the yield corresponding to the 2.536-Mev level 

Phe peak al 4.215-Mev 
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\ typical 


oxygen target 1s shown In Fig 1. The ene rgy levels of 


proton sper trum obs rved with a normal 


O'S up to an excitation of 5.2 Mev, as determined by the 
present experiment, are given in Table II together with 
the results of the 
FY (t,a)O' Approximat« cross sections for the various 
groups art Phe 
compared to that of the first excited state, for which an 
excitation energy of 1.982+0.004 Mev‘ was used 


Jarmie, obtained with reaction 


included ene rgies of the levels were 


lhe first excited state at 1.98 Mev has been observed 
by several investigators 
by Bach and Hough" and by Jarmie.® The former did 
355-Mev 


ported levels up to 6.8 Mev 


Phat at 3.55 Mev was reported 


not search above excitation; the latter re 


Ahnlund" searched to an 
excitation of 4.8 Mev, but observed only the ground- 


state 1.98-Mev peaks. Ribe'® reported groups 
PD. R. Bach and P. V. C Phys 
‘K. Ahnlund, Phys. Rev 1954 
1957 


F. L. Ribe, Phys. Rev 


and 


Hough 
96, 999 
106 


Rev. 102, 1341 (1956 
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and 


and 4-Mev 


corresponding to the ground and 1.98-Mev states, 
also a broad, unresolved group between 3- 
excitation. 

The peaks marked 3.64 and 4.46 in Fig. 1 correspond 
to previously unreported levels in O'*. The level at 
3.639 Mev was not observed by Jarmic with the reaction 
F'9(t,a)O"* 


section as a 


Possibly a minimum in the differential cross 
function of for this level coincided 


1) 


angle 
with the angle of observation 
The level at 4.457 Mev is in the 

was obscured by the O'*®(t.a)N g.s peak in the F'’ 
In the of ex 
Mev, no proton group was 


in that expe riment 
energy interval which 
range 


experiment itation energy 2 to 3.5 


observed in the present 
iter } “7, of the 


3.639-Nevy 


experiment with an intensity gre 
groups corre sponding to the 3.560 ind 
levels. 

The nucleus O0'* is of considerable theoreti 
Shell model calculations of the energy levels 
nuclei hav » been carried ¢ and by Elliott 
and Flowers.’ A review of 1 the ical 
O'® can be found in the study of tl ucleus by 
and Litherland 

The possibility ol a it it 
Litherland" 
rays observed with C 
prediction of Elliott, i 
level at 4.3 Mev 


situation for 
(;,0ve 


4.4 Mev was noted by 


Gove and their discussion of gamma 
They also reported a 


ommunication, of a 
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TABLE IT. Energy levels of ¢ 
at 30 lab) and 2.6-Mev tritor 
tions in the cross sections are 


Present experir 
Excitation 
energy 
Me V 


0 

hy 1.989+0.024 
3.560+0.015 7 3.504+0.034 
3.6394+0.015 2 ( 
3.925+0.015 ] $.929+0 040 
4.457+0.015 7¢ ‘ 
5.084+0.018 5.007 +0.040 


*N. Jarmie, Phys 
Observed, but 1 


Not 


SHE 


observed 


Gove ar 113, 1078 (1959 





At E,=2.60 Mev the proton peak corresponding to 
the levei at 4.091-Mev excitation was obscured by the 
proton peak due to H(t,p)T. This region of excitation 
was searched by decreasing the triton bombarding 
energy by 200 kev, which decreased the H(t,p) proton 
energy by about 110 kev and decreased the O'*(t,p)O* 

4.091 Mev) proton energy by about 190 kev, thus 
clearly separating the two peaks. The enriched target 
gas contained nearly 4% of O"*; four proton groups were 
identified as being due to O'*(1,p)O"* by comparing them 
with the spectrum obtained with the normal oxygen 
target. 

©”, with 8 protons and 12 neutrons, is the lightest 
T=2 nucleus which has been studied. Previous at- 
tempts’? to identify 0”, by observing its decay, were 
unsuccessful. After the present experiment had indi- 
cated that the reaction O'*(/,p)0” had an appreciable 
cross section at F,=2.6 Mev, the decay of O** was 
studied at this laboratory with a scintillation spectrom- 
eter.*” 


Talmi and Thieberger’’ calculated a binding energy 


for O” which corresponds to an (M-A) value of 11.37 
Mev, by assuming shell model wave functions with jj 
coupling and charge-independent two-body interactions. 
More recently,” they have carried out calculations for 
the dso shell in a more refined way and obtain (M-A) 
values of 9.67+0.42 or 9.80+0.55 for O®. Kerman and 


7S. Katcoff and J. Hudis, J. Inorg. & Nuclear Chem. 3, 253 
1956); S. Amiel and R. E. Segel, J. Inorg. & Nuclear Chem. 10, 
4 (1959 

18 G. Scharff-Goldhaber, A. Goodman, and M. G. Silbert, Phys 
Rev. Letters 4, 25 (1960 

1. Talmi and R. Thieberger, Phys .Rev. 103, 718 (1956) 

*® RK. Thieberger (private communication, 1959) 
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Pase III. Energy levels of O® and cross sections for O'* (t,p )O” 
at 30° (lab) and the indicated triton energy. Absolute standard 
deviations in the cross sections are +30°% 


Excitation energy Cross section 


Mev 


mb/sr 


0 0.85 
1.682+0.020 0.39 
4.091+0.025 0.061 
4.449+-0.025 0.070 


Brink” have considered deformed-well wave functions 
and two-body forces to obtain a binding energy for O° 
corresponding to (M-A) of 9.74 These recent 
theoretical predictions are in excellent agreement with 
the experimental value of 9.71 Mev 

Inspection of the positions of the first two excited 
states in neighboring even-even nuclei such as O'*, Ne”’, 
and Ne” leads to the expectation that the first excited 
state in O” should lie about 1.6 Mev above the ground 


Mev 


state and the second excited state a comparable distance 
above the first. The observed level at 1.68 Mev is in 
good agreement with this expectation. The second level 
is observed at 4.09 Mev 
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rhe atomic-beam magnetic-resonance technique has been used to measure atomic and nuclear quantities 


of the 129-day isotope Tm'” as follows: J=7/2, g,=1.14122+0.00015, J=1, |A 


B\ =1010+15 Mc/sec 


= 200+3 Mc/sec, and 


The values of J and gy are consistent with the ground-state assignment */ 


Values of the nuclear moments are calculated from the hyperfine-structure interaction constants A and B 
by use of a two-parameter radial wave function, in which one parameter is determined from comparison 
with Hartree functions and the other parameters from the experimental spin-orbit coupling constant. Un 


corrected values are obtained, as follows: |; 
moments of the same sign 


=(0.26+0.02 nm and 
The same wave function is used to calculate the relativistic and diamagnetic 


Q| =0.61+0.05 barn, with the two 


corrections to the atomic g value, and the result is in excellent agreement with the experiment 


INTRODUCTION 


HE work reported here is a part of a more general 
program for investigations of radioactive isotopes 
in the rare-earth region (lanthanides) by the method of 
atomic beams. This technique involves hyperfine- 
structure (hfs) measurements and therefore gives 
information about the nucleus as well as the electronic 
structure. For the isotope reported here the nuclear 
spin (J), the magnetic dipole and electric quadrupole 
interaction constants (A,B), the total electronic angular 
momentum (J), and the atomic g value (g,) have been 
measured.' From the hfs interaction constants approxi- 
mate values of the nuclear moments have been calcu- 
lated by use of an improved radial wave function. 
This isotope has also been investigated by beta 
spectroscopists,? and their spin assignment is in agree- 
ment with ours. 
The electronic ground state of thulium has been 
determined by optical methods,’ and is (with spectro- 
scopic notations) 4/"6s*, °F 7/2, which is consistent with 
our results. The atomic g value, however, has not been 
accurately measured before, and is found to differ 
significantly from the classical Landé value. Since the 
state above is essentially a single-electron state the 
admixture of other states is very small. However, for 
a heavy atom like thulium the relativistic and dia- 
magnetic effects become quite important. It is shown 
that when these effects are taken into account, as well 
as the anomalous moment of the electron, excellent 
agreement with the experimental g value is obtained. 
EXPERIMENTAL METHOD AND RESULTS 
The method employed in this experiment is the 
conventional atomic-beam flop-in technique, which 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission, the Office of Naval Research, the Air Force 
Office of Scientific Research, and the Swedish Atomic Energy 
Commission 

t On leave from the Institute of Physics, University of Uppsala, 
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?R. L. Graham, J. L 
30, 459 (1952) 

> W. F. Meggers, Revs. Modern Phys. 14, 96 (1942 


A. Nierenberg, Bull. Am 
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has been described in detail in several articles.‘ The 
principles are briefly the following. A beam of free 
atoms is allowed to pass through a homogeneous mag- 
netic field, and transitions are observed between dif- 
ferent hfs levels. Transitions within the same F state 
are followed up from the linear Zeeman region, where 
they, in principle, give the nuclear spin, into inter- 
mediate fields, where information about the hfs is 
obtained. More accurate determinations of the hfs 
separations can then be made by observations of direct 
transitions between different F states 

The 129-day isotope Tm'” was produced by irradi- 
ation of thulium metal in a neutron flux of 2x10" 
n/cm? sec for a few weeks in the pool-type reactor at 
the Lawrence Radiation Laboratory, Livermore. The 
metal piece was then put directly into the tantalum 
oven of the atomic beam apparatus® and heated up to 
about 600 to 800°C. A few hundred milligrams was 
bombarded each time, and this gave a stable beam for 
several days. The beam was collected on clean platinum 
foils, which were subsequently counted in a continuous- 
flow proportional counter 

The 


magnetic field H can be written® 


Hamiltonian for a free atom in an external 


K=hAI-J+hBO,,.—g suo) H — g;uol-H, (1) 
where 


3(1-J)?+ 3 (1-J)—1(4+1)J (J +1 


21(27—1)J(2J—1 


Octupole and higher order interactions are here 


omitted. The hfs energy levels are shown schematically 
in Fig. 1 for Tm'” (J=1, J=7/2), in which case there 
are three AF=O transitions (a, 8,y) and two AF=1 
transitions (6,e) observable with a flop-in arrangement 


‘J. R. Zacharias, Phys. Rev. 61, 270 (1942); L. Davis, D. E 
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The energy levels at zero field are, from Eq. (1), 
Wo2= (7/2)hA+(1/4)AB, 
Waj2= —hA— (5/7)AB, 
W s;2= — (9/2)hA + (15/28)AB. 


The relative positions of these levels are shown in Fig. 
2 as a function of the ratio B/A. The level order is 
normal in the region —4.667< B/A<2.8. The experi- 
mental ratio is —5.05, which means that the F=9/2 
and F=7/2 levels are inverted. Since this ratio is very 
close to one of the critical values, the two hfs separations 
become very different in magnitude (73 and 1960 
Mc/sec, respectively) and this gives the three AF=0 
transitions quite different behavior as the magnetic 
field increases. Figure 3 shows the frequency divided 
by uofl/h for these transitions. At low fields the fre- 
quencies are approximately given by 


v~g rucll h, 
where 
F(F+1)—7(7+1)+J(J+1) 


gr—=gs- 


2F (F+1) 


Therefore, in this diagram the curves start at the gr 
values and have a slope at the beginning corresponding 
to the second-order term. The alpha transition has no 
quadratic term and actually starts with a zero slope. 
Since the separation between F=9/2 and F=7/2 
(Av;) is so small, however, the higher-order terms 
become significant at a relatively low field. Also, for 
the beta transition the higher-order terms very soon 
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Fic. 1. Schematic hfs energy-level diagram for Tm'” 
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hic. 2. Relative positions of the energy levels at 
zero field versus the B/A ratio 


become predominant, and the total shift from the 
linearity turns negative. The gamma transition, on the 
other hand, is independent of Av, in the first approxi- 
mation and consequently has a much smaller relative 
shift. The points in Fig. 3 correspond to the experi- 
mental resonance frequencies, and the curves show the 
corresponding values calculated for the best fit of the 
three parameters A, B, and gy. 

The three AF=0 transitions have been followed up 
to about 300 gauss, and one of the A =1 transitions, 
5, has been observed at two low fields. The other AF= 1 
transition, ¢, occurs at an inconveniently high fre- 
quency (approx 1960 Mc/sec) and has not been iooked 
for. The resonance curves for each of the SF =O tran- 
sitions at the highest field are shown in Fig. 4 together 
with one curve for the AF=1 transition. The latter 
transition is of ¢ type (Am=0) and the resonance curve 
is therefore double-peaked. The resonance frequency 
corresponds to the center of the dip. In general, the 
uncertainty in the resonance frequency has been taken 
to be about +1/4 of the half-width of the resonance 
curve. 

The experimental data have been analyzed on the 
IBM 704 computer, with a program described else- 
where.’ A least-squares fit is made of the three parame- 
ters (A, B, and g,) and also a correction for the small 
gi term which appears in Eq. (1). The sign of the nuclear 
moment, however. has to be chosen in advance and can 
be determined only from comparison between the fits 
with opposite sign assumptions. 

Table I shows the data processed by the computer. 
This gives the resonance frequencies for the radioactive 
isotope and the corresponding magnetic field. The 
differences between the experimental and calculated 
frequencies are also included. A positive sign of the 
nuclear moment gives a smaller x? but the difference is 


7R. Marrus, W. A. Nierenberg, and J. Winocur, University of 
California Radiation Laboratory Report UCRL-9207 (to be 
published ) 





CABEZAS AND INDGRI 


In order to estimate (r~*) one needs some approximat« 
radial wave function. In most applications hydrogeni 
wave functions have been used, but these cannot be 


expected to be good approximations, except for electrons 


moving very close to the nucleus. Thi clearly demor 

strated by self-consistent ilculations 
With the wave function discus Appendix 

which is a modification of t} genic wave function 

to better agreement with SCF « 

atomic units (a.u 


0.40 


0.44 


This shows, as one would ¢ xpect, that t shape of the 


wave function is not critical when (r is determined 
from the experimental spin-orbit coupling constant 
Ridley® gives, for Tm**, 11.5 a.u., which should be 


slightly higher than for the neutral atom, since the 


removal of the outer electrons pushes the other electrons 
a little closer to the nucleus. The very crude hydrogeni 
formula for the spin-orbit coupling constant, 


Fic. 3. Resonance frequencies divided by yo///h for the 
AF =0 transiti ersus the magnetic field 
he Rya Lott 
not significant. This means that the moment is too 
small to allow a definite sign determination from this 


lrequently 
experiment. However, the relative sign of the dipole 


me whi 
and quadrupole moments can be uniquely determined 


from the sign of the BA ratio 
The final results are 
7/2, gy=1.14122+0.00015 
# 1 200+3 Mc/sec, 
B 1010+15 Mec/sec, 
We have here stated larger errors than obtained from 


the computer in order to include possible systematic 
errors 


units) 








CALCULATION OF THE NUCLEAR MOMENTS 


Since the electronic configuration of thulium consists 
of completely filled shells minus one electron, the re- 
lations between the hfs interaction constants and the 
nuclear moments are given by* 


L(l+1 ay* 
( Rya’g; r¢ ). 
1(7+1 r 
) 2] —| ay” 
R¢ ). 
ay j+1 ‘a 


where Ry is the Rydberg constant, @ the fine-structure 


arbitrary 


Sity 


Inten 


constant, and a» the first Bohr radius. The relativistic 
correction factors I and R are, for f elec trons, very 
close to unity and are here discarded 

*L. Davis, B. T. Feld, C. W. Zabel, and J. R. Zacharias, Phys 


Rev. 76, 1076 (1949 56, 41 (1960 
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With (r-*)= 10.5 a.u. we get, for the nuclear moments 
uncorrected values 


wr =0.26+0.02 nm, 

QO =0.61+0.05 barn, 
with the two moments of the same sign. The error in 
the magnetic moment is large enough to include dia- 


For the quadrupole moment, 
other hand, corrections of the Sternheimer 


magnet corrections. 
on the 
type,"” which have not been considered here, might 
make the corrected value fall outside the given limits. 

The hfs of the stable isotope Tm'® has been investi- 
gated optically by Lindenberger,'' and he gives for 


the magnetic moment 
uw ®= —0.20;+0.02 nm. 


Although he uses hydrogenic wave functions, he gets, 
surprisingly enough, consistent results from the hfs 
constants for the 4f and 6s electrons. With our value 
of (r~*) for the 4f electron, which we believe is more 
accurate, we obtain from his data 


ta -0.25 nm, 
which is outside the given limits of error 
CORRECTIONS TO THE ATOMIC g VALUE 


Since the ground state of thulium is essentially a 
single-electron state, the admixture of other states is 


Paste I. Data processed by the computer for Tm 


H v 
gauss ) Mc/sec) 


Vobs Veale 


(Mc/sec) Transition 


0.950 
1.700 
13.600 
26.100 
49.070 
123.000 
1.100 
2.125 
16.400 
31.350 
81.830 
136.150 
1.470 
22.310 
42.700 
113.745 
213.460 
231.715 
577.740 
404.970 
403.505 
72.855 
72.815 
192.010 


0.711(71) 
1.418(70) 
10.865 (39) 
20.754(59 
38.243 (50) 
93.043 (33) 
0.711(71) 
1.418(70) 
10.865 (39) 
20.754(59 
55.192(43) 
93.043 (33) 
0.711(71) 
10.865 (39) 
20.754(59) 
55.192 (43) 
159.545(24 
59.545 (24 
278.798 (20 
78.798 (20) 
298.380 (19) 
0.740(42 
2.818(42) 
93.043 (33) 
Fm) — (F',m’') 


9/2.1/2) + (9 


/ 


+0.066 
~0.002 
+0039 
~0.055 
—0 007 
~0.021 
+0.035 
+0.000 
+-0.020 
+0.061 
+0048 
—0.012 
+-0.008 
-0.019 
+0).024 
+-0.054 
—0.045 
~0.034 
+0030 
+0.017 
—0.011 
+0.002 
—0.003 
+-0.016 


0 ~ID Ue we 


Nm 


Nn. 
~ 
to 


1/2 


_ = 


ty 
— | 

wm 

i) 


( 
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wy 
—Ne 


Neb 
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i) 


2) 


Sternheimer, Phys. Rev. 86, 316 (1952); 95, 736 (1954 


H. Lindenberger, Z. Physik 141, 476 (1955) 


Dy 0} 


his O} 923 
very small. Furthermore, the electrostatic interaction 
can mix only states with the same S, L, and J and 
hence has no effect on the g value. An estimate of the 
the spin-orbit 
coupling shows that its effect is quite negligible com- 
pared with the experimental uncertainty. Therefore, 
all the measurable deviation from the classical Landé 
be due to (a) the anomalous magnetic 
relativistic and dia- 
magnetic effects. By relativistic effects we mean here 
the atomic 
moment and the external field, due to the velocity of 


configuration interaction caused by 


value must 


moment of the electron and (b) 
the change of the interaction between 
the electron, and the change of the spin-orbit coupling, 
due to the external field. These follow 
directly from the Dirac equation for a single electron, 
and are proportional to the kinetic energy T in the first 
approximation. The diamagnetic correction is caused 
by changes in the spin-other-orbit and orbit-orbit 
interactions, dye to the external field. This correction 
depends essentially on the electron density in the core. 

The relativistic correction to the magnetic moment 
of a single electron has been calculated by Breit’? and 
Margenau® and can be written 


corrections 


(j+}) 
6g, oe 


7 (4) 


i(j+1) 


All radia! integrals are here expressed in atomic units 
This correction is usually referred to as the Breit 
Margenau correction 

In their discussion of the Zeeman effect in atomic 
oxygen, Abragam and Van Vleck" have calculated the 
diamagnetic correction, assuming spherically symmetric 
electron density. From their expressions we get for the 
diamagnetic correction to the Zeeman energy for a 
single electron in the state (nlm,m,), 


6Z = —pohla*[ (m,+2m,)(V)—m,sin@U)], (5) 


where 


L(l+-1)—1+m/? 
(sin?) = 2 ; 
(21—1) (214-3) 
Here p(r’) is the radial density of all electrons, except 
the one we are taking the average for 
From Eqs. (4) 
for an f electron in the state ?F; 


and (5) we get the total correction 


63 


2G. Breit, Nature 122, 649 (1928) 

4H. Margenau, Phys. Rev. 57, 383 (1940) 

4 A. Abragam and J. H. Van Vieck, Phys. Rev. 92, 1448 (1953) 
More general treatments are given by K. Kembe and J. H. Van 
Vieck, Phys. Rev. 96, 66 (1954), and F. R. Innes and C. W 
Ufford, Phys. Rev. 11), 194 (1958 
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ras_e II, Corrections to atomic g value, as calculated with 
modified and unmodified hydrogenic functions. 


Hy drogeni 
wave 
function 


Modified hydrogeni« 
wave functions 


«=0.40 a=0.44 


1.14286 
+-0.00033 
~0.00126 
0.00066 


1.14127 


(x=Q) 


1.14286 
+-0.00033 
0.00166 
0.00084 0.00070 
1.14069 1.14115 
1.14122+0.00015 


1.14286 
+0,00033 
0.00134 


Landé value 

Schwinger correction 
Breit-Margenau correction 
Diamagnetic correction 
Theoretical value 
Experimental value 


With the wave function described in the Appendix and 
the electron density from the Thomas-Fermi model, 
we obtain the following values of the radial integrals: 
24.7, (U)= 
73.3, VU) 


x=0.40: (T 
x=0.44: (T) 


(Y)= 13.3 a.u.; 


(Y)=12.5 a.u. 


16.5, 
15.6, 


In table Il we have summarized all the corrections 
and for comparison have also given the corresponding 
values obtained with a hydrogenic wave function. 

It is seen that the agreement between the experi- 
mental and calculated g values is extremely good with 
« around 0.4, the value obtained by comparison with 
SCF wave functions (see Appendix). 

Since all wave functions used here are fitted to the 
experimental spin-orbit coupling constant with the 
same potential, the difference in result is entirely due 
to the difference in shape. The experimental deviation 
from the Landé value together with the spin-orbit 
coupling therefore constitutes a measure of the shape 
of the wave function. Although the accuracy here is 
not very high, it definitely shows that the hydrogenic 
wave function is too sharp. The hydrogenic wave 
function used above has been fitted to the experimental 
spin-orbit coupling constant by means of the Thomas- 
Fermi potential. If Z.1¢ is instead determined from Eq. 
(3) the agreement becomes even much poorer. 
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APPENDIX. ANALYTIC RADIAL WAVE FUNCTIONS 


For numerical calculations it is very convenient to 
have an approximate analytic expression for the wave 
functions obtained by the SCF method. This also makes 
it possible to interpolate between such functions. A 
suitable form is the Slater-Léwdin approximation,” 


8 J. C. Slater, Phys. Rev. 42, 33 
Rev. 90, 120 (1953 


1932); P.-O. Léwdin, Phys 


AND I 


LINDGREN 


which for functions of the 4/ type (single maximum) is 
R(r) = 97" (ce %'" + coe 9?" +367 98" + ). 


With three terms in this expansion the agreement with 
the original wave function is extremely good. For our 
purpose, however, we prefer to use a two-parameter 
function, and choose the symmetric form 


R(r)= Nr*e~* cosh[x(ar—n) } 


- A Alon n a 
=4Nr*(e~*"e 


For this function the position of the maximum depends 
only on a, and the other parameter, x, determines 
essentially the shape. A function of this type fitted to 
the SCF wave function for Tm** is shown in Fig. 5. 
One could easily determine both parameters in Eq. 
(A-1) by interpolation or extrapolation from existing 
SCF calculations, but we believe that more reliable 
wave functions are obtained if one of the parameters 





———Modified hydr 


Radial 


3. 6. dV /dr irom the Thomas-Fermi potential and fro: 
SCF calculations in tungsten and mercur\ 
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is determined from the experimental spin-orbit coupling 
constant. Since the shape of the wave function changes 
very little from element to element, we have deter- 
mined «x by comparison with SCF wave functions and 
a from the spin-orbit coupling constant. In the latter 
case we have used the Thomas-Fermi potential, which 
is accurate enough for this purpose. This potential is 
particularly close to SCF potentials near the nucleus, 
where the main contribution to the spin-orbit coupling 
originates (see Fig. 6). 

No SCF calculations are available for any rare-earth 
atoms but some have recently been carried out for the 
Pr*+ and Tm** ions.’ The difference in shape between 
the 4f wave functions for these ions is very small, and 
both correspond to a « value slightly greater than 0.4. 
Since one would not expect the shape to differ much 
between the ions and the atoms, this should be a rea- 
sonable value also for the atoms. This is in agreement 
with the value obtained by extrapolation from heavier 
atoms like W and Hg. 
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For the wave function (A-1) the following formulas 
are easily verified (subscript Ay indicates hydrogenic 
value). 


Gert 1 NaF 


(2m)! Conss Cis 


(2a)"(2n—m)! Cons 


(2n)! C: 


1 
= | mina ; -( 
2 


1 Don 
of 1-e— 2" } 
2 Const 


"+-2+e"*(1+«)-* |, 


where 
2na(] -K) 
and 
[et™(1 a) (1 u)-*], 
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Preformation Factor in Emission of Complex Particles from Nuclear Reactions* 
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The reason why complex particles (alphas, tritons, Li* nuclei, etc.) are emitted in nuclear reactions as 
frequently as nucleons (after corrections for Coulomb barrier penetration and energetics), whereas ice 
crystals are never emitted from evaporating water droplets is investigated. It is shown that the difference 
is entirely explained by the fact that a nucleus is a highly degenerate system subject to Fermi-Dirac statistics, 
whereas an evaporating water droplet is a nondegenerate statistical system 


F one considers an excited compound nucleus to be a 
conglomeration of neutrons and protons similar to a 
liquid drop, it is intuitively appealing to assume that 
neutrons and protons should be emitted most readily in 
nuclear reactions, and tritons, alpha particles, Li® nuclei, 
etc., should be impeded by a preformation factor, f, 
relative to the emission of nucleons. (We ignore here 
other factors affecting emission such as Coulomb barrier 
penetration factors, energetics, etc.) The problem seems 
to be analogous to that of an evaporating droplet of 
water, where the evaporation of a sizeable crystal of ice 
is certainly very much less probable than the evapora- 
tion of water molecules one at a time. 

This view indeed prevailed in early treatments of the 
subject, the best known of which is Bethe’s many body 
theory of alpha decay.' However, when it was found 
experimentally that alpha particles are frequently 


* This work was done at Sarah Mellon Scaife Radiation Labo- 
ratory and assisted by the National Science Foundation and the 
joint program of the Office of Naval Research and the U. S 
\tomic Energy Commission. 

'H. A. Bethe, Revs. Modern Phys. 9, 69 (1937) 


emitted from nuclear reactions so that / is close to unity, 
the use of a preformation factor became unfashionable, 
although it is still occasionally discussed or referred to.” 
Proofs have been offered to show that if complex nuclei 
are captured with geometric cross sections in experi- 
ments where they bombarded nuclei, application of the 
principle of detailed balance indicates that must be 
unity. However, this cannot explain the difference be- 
tween a decaying compound nucleus and an evaporating 
water droplet. In the latter case, an ice crystal striking 
the droplet would certainly be absorbed with the geo- 
metric cross section, and detailed balance is essentially 
an expression of invariance under time reversal which 
is a Classical as well as a quantum mechanical principle. 

It is the purpose of this paper to clearly elucidate the 
difference between the two cases. It will be shown that 
it is due solely to the fact that a nucleus is a highly 


? See, for example: J. J. Devaney, Phys. Rev. 91, 587 (1953); 
H. A. Toelhoek and P. J. Brussaard, Physics 21, 449 (1955); 
G. H. McCormick, H. G. Blosser, B. L. Cohen, and T. H. Handley 
J. Inorg. & Nuclear Chem. 2, 269 (1956 
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degenerate system subject to Fermi-Dirac statistics, 
whereas an evaporating water droplet is a nondegenerate 
statistical system 

It must be 


nuclear or water dropl t case, 


outset that in either the 
if we consider the decay 
modes, 1+ B and 
1, B, A’, and B’ is 


to the number of ways cach can be 


clear from the 


ot a system ( into two possible 


q’4 B’. the pre formation factor for 


just proportional 
formed ; that is, to the density of available states. In the 


quantum mechanical case, this is a consequence of the 


well-known theorem that all states have equal @ priori 
| 


probability. In the classical case, a state may be defined 


i 
as a given position and velocity vector attached to each 
y 


individual particle; any single choice of these, including 
those cho es which corre pond loa group of particles 
to form an ice crystal and 


with the correct 


equal velor Ity vector 


spacings 
directed out of the surface, must 
have equal a priori probability, so that here also the 
probability is proportional to the density of states. 
ir t, we consider a water droplet with UV, 

and we calculate the rel 
water molecule, py, 
For simplicity 


molecules 
tive probability for the emission 
and a crystal of ice con- 


of a single 


taining m molecule p (and also to 


improve the analogy with the nuclear case) we consider 


the ice crystal to be at absolute zero temperature, and 
assume that the kinetic energy, E, of the molecule and 
same. To make the problem 


tions between molecules in 


the ice crystal are the 
olvable, we neglect interac 


the droplet (effectively 


treating it as a gas enclosed in 
! 
| 


the volume of the droplet It will be clear that none of 


these simplifying assumptions has an important effect 


on the final conclusions 

The ratio pi/p,» is just the ratio of the density of 
tates available to the ystem after the evaporation has 
The density of 
the product of the momentum space degeneracy of the 


occurred states of the final system, py, is 


outgoing “particle,” p and the level de nsity of the 


residual droplet, p, The former is proportional to 


nmk where m is the mass of each molecule, whence 


Py 5 (I 


In Maxwell-Boltzmann statistics, the density of states 
for a gas of .V particles of mass m having a total energy 


{” and enclosed in a volume V may readily be shown to be 


rVi(2ml 


Chis expression is derived on the assumption that all 


particles are distinguishable ; if they are identical, as in 


the water droplet case, 2) must be divided by V ! In 
take the 


addition, we volume per particle, | to be 


constant, or 
whence becomes 


riVo'(2Qml 


or, in the approximation .\ 


PR UN 


For a water droplet at 300°K, the 
is 10.4: thus, 


pril AN 


for ” 


Combining (1) and probabilities for 


emission of a single molecule and an ice crystal con- 


taining » molecules is 


1 
10.4 
D, ni 


} 


which is very large even for relatively small values of n: 


4, pi/ps= 1.8% 10° 


tially never emitted from a water droplet; the reason is 


for n hus, an ice crystal is essen- 
that the density ol stat ot the residual! droplet in- 
creases very rapidly with the number of molecules even 


under the constraints that the total energy and the 
volume per molecule remai! . 
The difference between 
nuclear problem i 
bracketed term in (4) for the nuclear case is near unity, 
indicating the degenerate ite of the system :™* hence 
alpha emission is not 


ase and the 


ipparent from (4) and (6); the 
f 


m ompared to nu 
cleon emission. A more co 
case may readily be obtai: 
in calculating the density 
nucleus. Expressions for level densities of nuclei have 
been given by Bethe,' Blatt and Weisskopf,? Lang and 


LeCouteur,‘ and others. The Lang-LeCouteur formula is 


Vl i 
pre(UN 
11 Mev 


whence, neglecting 


differentiating, 


pril A 
ca exp] 7 


Pr(U,N—n 


where we have assumed 
The ratio pi/p, may be 
proc edure used above for the 


(8) is used in place of (5). For 


where the first factor o 


account 
of the spin degeneracy of nucleons formula 
28 Note added in pr t nteresting int out 
bracketed term is essent { Pis ti verage 
between particies, ar 
condition for a system t« 
?J. M. Blatt and V. I i 
John Wiley & Sons, New York 
‘J. M. B. Langand K. J. Le 
467, 586 (1954 


that the 
listance 


KnNOoOwT 
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yields pi/ps=0.45, and the Blatt-Weisskopf level den 
sities’ give p,/ps=0.40. Thus, the emission of alpha 
particles is not impeded, so that the preformation factor, 
fis near unity (note that f ps pi)- At higher excita- 
tion energies, f decreases; for example, with L 100 
Mev and .V = 100, pi/ Pas 0.63. It is thus apparent that 
the reason why alphas are frequently emitted in nuclear 
reactions although ice crystals never evaporate from 
water droplets is that nuclei are highly degenerate 
Fermi systems, whereas a water droplet is a nondegener- 


MPLEX 


PARTICLES 927 
ate system. The preformation factor is strk tly an intui- 
tive concept based on our experience with classical 
systems, and has no meaning in the nuclear case. The 
confusion may well serve as a warning against the time 
honored custom of visualizing a compound nucleus as a 
classical evaporating liquid drop. 
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\n analysis has been made, using the jj coupling model 


of the spins ol 76 low-lying levels of odd-odd 
nuclei with 20< A « 


120. Levels have been excluded from the analysis if any ambiguity exists in the assign 
ment of a configuration. Excluding particle-hole configurations we find Nordheim’s “strong 


the 22 cases in which it is applicable. Nordheim’s “weak 


rule obeyed in 
rule is replaced by a rule predicting a ground 
state of the highest or lowest allowable spin. This revised rule is obeyed in 38 out of 41 cases. This competi 
tion between two levels of greatly differing spin results in the frequent occurrence of isomerism. For particle 
This 


agreement with experiment is obtained using proton and neutron configurations which, in 66 of the 76 cases 


hole configurations the state of the highest spin miaus orie is the ground state in 6 out of 13 cases 


are found as ground states in the neighboring odd-even nuclei 
by the calculations of Schwartz, in which the residual proton-neutron interaction has 
dependence, if the singlet-to-triplet strength is taken as 0.6, independent of mass number 
same as that required to fit the free two-nucleon data. I 


theory will be discussed 


I. INTRODUCTION 


STUDY of the low-lying levels in odd-odd nuclei 
can provide useful information on the nature of 


A 


the effective interaction between protons and neutrons 


in nuclear matter. This problem can be conveniently 
discussed by extending the odd-group model, as nor- 
mally applied to odd-even nuclei. In the odd-group 
model the spin and magnetic properties of the nucleus 
are assumed to be determined by the properties of the 
odd group of particles. In the extension of this repre- 
sentation to odd-odd nuclei it is assumed that the wave 
function is a simple vector-coupled product of the wave 
functions of the two odd groups. A further simplifica- 
tion which permits the use of jj coupling, is obtained if 
it is assumed that the residual interactions are weak 
compared to the spin-orbit force.' 

Under these assumptions the levels arising from a 
given proton and neutron configuration can take on all 
integral spins between the sum and the difference of the 

* This work was supported in part by the U. S. Atomic Energy 
Commission and the Higgins Scientific Trust Fund 

+ Now at Project Matterhorn, Princeton University 
New Jersey 

For a general discussion of the jj coupling model and its 
application to odd-odd nuclei, see the review article of J. P. Elliott 
and A. M. Lane, Handbuck der Physik. edited by S. Fligge 

Springer-Verlag, Berlin, 1957) Vol. 39 


Princeton, 


The three revised « yupling rules are pred ted 
a delta-function radial 
This value is the 
-xceptions to the empirical coupling rule 


and this 


spins of the two odd groups. The degeneracy of these 
levels is removed by the residual proton-neutron inter- 
action. Furthermore, the low-lying levels in an odd-odd 
nucleus should result from combinations of the lowest 
configurations in the adjacent odd-proton and odd-neu- 
tron nuclei. If it is then possible to consider only those 
odd-odd nuclei where the low-lying levels result from a 
single proton-neutron configuration, a study of the level 
ordering should provide information about the residual 
proton-neutron interaction 

rhe rules governing the coupling of the proton and 
neutron angular momenta studied both 
empirically and theoretically. In 1950, Nordheim? pro- 
posed two coupling rules which, with the data available 
at the time, provided a satisfactory description of the 
spins of the majority of odd-odd nuclei. However, later 
empirical studies’? showed that 


have been 


there were frequent 
violations of the so-called ‘“‘weak”’ rule. These studies, 

?L. W. Nordheim 
Phys. 23, 322 (1951) 

*K. Way, D. N. Kundu, C. L. McGinnis, and R. van Lieshout, 
innual Review of Nuclear Science (Annual Reviews, Inc., Palo 
Alto, California, 1956) Vol. 6, p. 129; C. A. Mallman, Proceedings 
of the Second United Nations International Conference on the Peace 
ful Uses of Atomic Energy, Geneva, 1958 (United Nations, Geneva 
1958) Vol. 14, p. 68; C. J. Gallagher, Jr and S. A. Moszkowski 
Phys. Rev. 111, 1282 (1958 


Phys. Rev. 78, 294 (1950); Revs. Modern 
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together with some theoretical calculations for specific 
configurations,! have thrown considerable doubt on the 
general applicability of the model outlined above. 

In the present work we have made a further empirical 
analysis of the spins of the ground states and low-lying 
isomeric states for odd-odd nuclei with mass numbers in 
the range 20<A<120. In this analysis we have con- 
sidered only those nuclei for which no obvious ambiguity 
exists in the assignment of the proton and neutron con- 
figurations which are obtained from the experimental 
data on the adjacent odd-even nuclei. Thus, we hope to 
exclude cases in which configuration mixing has an 
effect on the level ordering 

We shall show that it is possible, by replacing Nord- 
heim’s coupling rules by three revised rules while still 
retaining jj coupling, to obtain excellent agreement be 
tween the observed and predicted spins for the nuclei 
considered 

We also compare the data with theoretical calcula 
tions® using a delta-function proton-neutron interaction 
with arbitrary space and spin dependent strengths. 
These calculations were previously thought to provide 
some support for Nordheim’s rules on the assumption 
of a strong spin dependence of the residual interaction. 
However, the calculations clearly predict the breakdown 
of Nordheim’s “‘weak”’ rule for a somewhat weaker spin 
dependence. We shall show that the theoretical calcula- 
tions are in agreement with the majority of the observed 
spins for this weaker spin dependence of the interaction, 
and that this is just the amount of spin dependence re- 
quired to fit the low-energy data in the free two-nucleon 
problem 


Il. REVISED COUPLING RULES 


In the form originally proposed by Nordheim? the 
coupling rules governing the coupling of the proton and 
neutron angular momenta reflect the tendency for the 
proton and neutron spins to line up parallel as found in 
the deuteron. The two rules specifying the spin of the 


lowest state are the so-called ‘‘strong’”’ rule, 


z Jy J tor } l, t 4 and jo l» (N1 ) 


and the ‘“‘weak”’ rule, 


J, ] <¢ F< JI\+J tor h+4 


and j2=l,+}, (N2) 


that in the case of the 
tends towards the 


with the additional comment 
second rule the resultant spin, J, 
maximum value. Here j; and /; (or jz and /2) are the 
single-particle total and orbital angular momenta, ob- 
tained from the adjacent odd-A nuclei using standard 
shell-model assignments. We have distmguished between 
the observed total angular momentum of the odd-A 
nucleus, J; (or Jz), and the single-particle momenta 
so as to include cases of high seniority in which 7;+/J, 
(or j2#J»2). Such a configuration is found, for example, 
1957 
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‘S. P. Pandya, Phys. Rev. 108, 1312 
5 (C. Schwartz, Phys. Rev. 94, 95 (1954 
91, 1479 (1953 


Phys. Rev 


LN DPD M 


the ds). subshell 
(j2=§) are coupled to a total angular momentum, 
Jo, of 3. 

The three revised coupling rules, which we propose 
should replace Nordheim’s rules, were arrived at on the 


in Al**, where the three neutrons in 


basis of our empirical analysis of the experimental data, 
supported by a consideration of the theoretical calcula 
tions of Schwartz,® which will be discussed in Sec. VI 
First, we consider configurations in which both the odd 
protons and odd neutrons are particles (or holes) in 
their respective unfilled subshells.* 
type we have the coupling rules 
J=|Ji—J2| for j,=l 
and 
J=|Jit%J2| for fr=ha} } ; (R2 


For the special case J; or J» equal to 


For levels of this 


} the ambiguity 
of (R2) is removed and we predict J = /;+J>». We have 
thus replaced Nordheim’s ‘weak’ rule by a 
stronger rule, (R2), retained the 
“strong”’ rule 

For configurations in which there is a combination of 
particles and holes, as is the case for Cl**, the prediction 
is much less certain, although there is a 
the resultant spin to be given by 


J=JI\+J2-1 R3 


l 


much 


and form of the 


tenden Vv for 


It will also be of interest to test a further prediction 
| 


of the jj coupling model, that the magnetic moment of a 
level in an odd-odd nucleus is given by 


J JI 1+1)— J o(Jo+l1 
(giteZ : ’ 
2 2(J/+1 


where g; and g2 are the gyromagnetic ratios of the 
proton and neutron groups. 

It was first pointed out by Schwartz,’ with subsequent 
theoretical justification by Caine,* that a significant 
improvement in the agreement between the moment 
the observed 


and moment 


could be obtained if empirical g factors, obtained from 


calculated using Eq. (1 


the moments of adjacent odd-even nuclei, were used 
instead of the single-particle Schmidt values. Moments 
calculated using both types of g factors are presented 
in Table I. 

III. PRESENTATION OF DATA 


In order to make a comparison between the spins 
predic ted by the coupling rules and the observed spins, 
we have investigated 76 levels found as the ground state 
or as a long-lived, low-lying isomeric state in nuclei with 
mass numbers in the range 20< A < 120 
this analysis are presented in Table I. The lower limit 
to the mass number is set 


The results of 


to exclude the lighter nuclei 
for which detailed calculations have shown that the 


of particles i 


mber of particies 


* In this class we include cases where 
one of the odd groups is exactly equal to half ther 
required to fill the subshell 

7H. M. Schwartz, Phys. Rev. 89, 1293 (1953 


*C. A. Caine, Proc. Phys. Sa Londor A69, 635 (1956 
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jj coupling approach is inadequate.’ The upper limit is 
essentially an operational one and excludes those nuclei 
with Z>50 for which an unambiguous assignment for 
the proton and neutron configurations does not appear 
to be possible, except in a few rare cases. This difficulty 
arises from the competition, evident in the odd-A nuclei, 
between several configurations both in the odd-proton 
and odd-neutron nuclei. This latter region has been 
studied by Gallagher and Moszkowski,’ who find excel 
lent agreement between the observed spins and the 
spins predicted by coupling rules stated in the frame 
work of the collective model. 

As already indicated, we have included only those 
levels for which an unambiguous assignment of the 
configuration could be made. Where no competition 
between configurations is evident from a study of the 
neighboring odd-even nuclei, the configuration for the 
odd-odd nucleus has been taken to be the combination 
of the ground-state configurations of the adjacent odd- 
proton and odd-neutron nuclei. The configuration 
chosen for each odd-odd nucleus is specified in columns 2 
and 3 of Table I. 

Where competition between two or more configura 
tions existed, three methods were employed to assign 
the correct configuration to the odd-odd nucleus. In 
several cases, in the islands of isomerism, it is possible 
to choose the correct configuration on the basis of the 
observed parity of the level in question. Such cases are 
designated by the letter a in column 4. A second method, 
designated by the letter 6, was to choose the configura- 
tion on the basis of the agreement between pcemp), the 
moment calculated from Eq. (1) using the empirical 
g factors, and the observed magnetic moment, ucexp 
These moments, together with 4p) calculated from 
Eq. (1) using the single-particle g factors, are listed in 
columns 7, 8, and 9. Finally, in the case of three of the 
indium isotopes labelled by the letter c, it was possible 
to arrive at an unambiguous assignment of the con- 
figuration by assuming that the spin of the odd-odd 
nucleus was restricted by jj coupling to lie in the range 


Ji—JI2|} SISSI it I 2. 


In column 4 the type of configuration is indicated for 
each level. If nothing appears in this column this indi- 
cates that both the proton and neutron configurations 
are found at least once as the ground states in the 
corresponding odd-even nuclei. The symbol (0,1) indi- 
cates that the neutron configuration is found only as a 
first excited state in the corresponding odd-neutron 
nuclei, while the proton configuration is found as a 
ground state. This information therefore gives an indi- 
cation of the validity of the assumption that the lowest 
state of the odd-odd nucleus is a combination of the 
lowest states of the two odd groups. 

The revised coupling rule appropriate to each case is 
indicated in column 5. A minus sign [(R1)—, (R2)—, 
and (R3)— ] is used to indicate a failure of a coupling 
rule. Column 6 contains the observed spins and parities 
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Spins which have not been measured directly but which 
have been deduced from spectroscopic data are listed 
in brackets. Unless otherwise indicated as a footnote the 
spins and parities are taken from the analysis of 
Gallagher and Moszkowski,* or from other recent com- 
pilations.’ A comprehensive tabulation of the measured 
magnetic moments, with references, can be found in the 
paper of Noya, Arima, and Horie." 


IV. DISCUSSION OF DATA 


rhe results presented in Table I show that the three 
revised coupling rules, together with a straightforward 
choice of configurations, adequately represent the data 
for the vast majority of cases. A significant improve- 


ment over Nordheim’s rules has been obtained by con- 


sidering configurations containing only particles (or 
holes) separately from those containing both particles 
and holes. Thus, the spin of K®, which constituted a 
violation of Nordheim’s “strong” rule, is now correctly 
described by (R3). Indeed, there are no exceptions to 
the rule (R1) in the 22 cases where it is applicable. 

Turning next to rule (R3)'' we see that in only 6 out 
of 13 cases is the rule obeyed. It is interesting to note, 
however, that 3 of the 7 failures are cases where the 
configuration is one of high seniority and the observed 
spin is given by J=J,+J2—2. 

The most striking improvement in the validity of the 
coupling rules is found in rule (R2), which replaces the 
less definitive ‘‘weak”’ rule of Nordheim. Whereas 
Nordheim’s rule fails in 19 of the 41 cases classified as 
(R2), the revised rules fail in only three cases. Two of 
these failures (Mn®" and Rh'™) are configurations of 
high seniority, while in the third failure (Sc“) there is a 
possibility of some configuration mixing. This latter 
point will be discussed in Sec. VI 

It is of interest to inquire what general type of con- 
figuration we have used in obtaining such excellent 
agreement between predicted and observed spins. The 
data of column 4 in Table I show that, in 66 of the 76 
levels considered, the configuration is obtained from the 
ground states of the adjacent odd-even nuclei. Thus, in 
only 10 cases is it necessary to use a configuration in- 
volving excited states of the odd-even nuclei and in 7 
of these a combination of ground and first excited states 
is used. It is also interesting to note that, with the ex- 
ception of Mn®, the parity or magnetic moment of the 
level was not needed in the assignment of the odd-odd 
configuration for the nuclei from Na™ to Ga”. 

These results contrast with those obtained by Gal- 
lagher and Moszkowski,’ who used a highly distorted 
potential well to describe the odd-odd nucleus. In their 


*V. S. Dzepov and L. K. Peker, Atomic Energy of Canada, 
Limited Report AECL No. 457, 1957 (translation) (unpublished); 
D. Strominger, J. M. Hollander, and G. T. Seaborg, Revs. Modern 
Phys. 30, 585 (1958) 

“H. Noya, A. Arima, and H 
Phys Kyoto) 8. 33 (1958) 
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nparison between the observed spins and magnetic moments and th 
revised coupling rules and Eq. (2). See Sec. III for details 
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MERE oat 


vork, combinations of first, and even second, excited 
states are frequently required in order to obtain agree 
ment between the observed spin and the prediction of 
their coupling rules. Our analysis indicates that, if the 
jj coupling approach is used, the assumption that the 
state of the odd-odd 


combination of the lowest states of the two odd groups 


lowest nucleus results from a 


yields a set of coupling rules which adequately account 


for the observed spins. In Sec. VI we shall see that these 
coupling 


delta-function 


rules are supported by calculations based on a 
interaction between the protons and 
neutrons 


\ furtl 
found by examining the 


ier indication of the validity of jj coupling is 
agreement between the empiri 
ated magneti 


Table I 


lies closer than pe, 


cally calcul moment py and the meas 
ve find that in 15 out of 19 


to the measured mo 


ured value. From 
ases pu 
ment. This improved agreement with experiment when 
the empirical g factors are used, which has been reported 
previously with more limited experimental data, 
the conclusion® that 


sup 


ports most of the effects of con 


figuration mixing on the magnetic moment of an odd 


odd nucleus can be accounted for in this way Detailed 


ilculations,"’ specifically including configuration mixing 


the odd-odd nucleus, do not significantly improve the 


agreement between the calculated and the observed 
moments 


V. ISOMERISM 


of odd-even nuclei, isomerism result 
ation of a single 


In the case s from 


excit partic le to a configuration 


Blin-Stoyle, Theorie V uclear 
Press, New York, 1957), p. 66 


VU oment Oxi 


A. Nierenberg 
\ ! 


‘omen opD 


Continued 


Observed 
spin and 
parity joien ome ' Kemarks 


Letters 1, 293 (1958 
116. 393 (1959 
# Science 


uncil, 1958-1959), Vol. § 


of the co ng rules «ir the proton number is always 


In odd-odd 


e of isomerism 1s present due 


different from that of the ground state. 


nuclei an additional sour 
to the possibility of coupling the proton and neutron 
ithout a change in the 
type of 
* where the two states 


spins to various resultant spins, w 


particle configurations. An example of this 


isomerism is found in Co** and Co 
of spin 2 and 5 form a closely spaced doublet resulting 
) (pave 


of the revised coupling rules suggests that the occurrence 


from a single configuration, ( f7/s The success 


of isomerism due to such recoupling of the proton and 
neutron angular momenta will depend on the coupling 
rule which applies to the ground-state configuration. 

The success of (R1 
a large energy gap betw 
first excited state in nuclei under this coupling. Isomer 


indicates that there is, in general, 
veen the ground state and the 


ism due to angular momentum recoupling is therefore 
unlikely 


this type of isomerism in this group occurs in Cl*, where 


in these nuclei, and indeed the only case of 


the isomeric state is 672 kev above the ground state. It 
is also interesting that the 


under rule 


large gap present 

R1) permits the occurrence of isomerism due 

in five nuclei in the 
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Che weakness of (R3) does not permit us to draw any 
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ipplies. The only case of isomerism due to angular 
momentum recoupling under this rule appears to be Sc‘ 
The most interesting nuclei are those under coupling 
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the dominant cause of isomerism in such cases. If the 
levels listed in Table I are examined we find that there 
are 25 nuclei with configurations classified under rule 
(R2) and for which neither J; nor J2 is equal to one-half. 
Of these, 12 show isomerism resulting from angular 
momentum recoupling and in 10 of these cases the spins 
Ji+J>|. In one further 
case, Ag'®*, an isomeric level has been found," but the 
spin is not yet known. For several of the nuclei where 
no isomerism is found, the experimental information is 
scanty and it seems worth while to make a further search 
for isomerism in these nuclei. It would be of particular 
interest to determine whether isomerism is present in 


of the two states are indeed 


Al**, Sc®, Sc®, and Br™, since for these nuclei isomerism 
would be expected by analogy with Na™, Co™*, Co, 
and Br™, respectively 


VI. THEORETICAL LEVEL ORDERING 


We shall confine our discussion primarily to the theo- 
retical work of Schwartz,® who extended the calculations 
of deShalit® to include configurations containing an 
arbitrary number of particles in the unfilled subshells. 
In these calculations it is assumed that the ordering of 
the levels arising from a particular proton-neutron con- 
figuration is determined by the residual proton-neutron 
interaction, which is assumed to be of the form 

V=—-V,/(1 
Here Vo is a constant, @; and o2 are the spin operators 
for the proton and neutron, r; and rz the radial co- 
ordinates. The strength of the spin-dependent part of 
the interaction is specified by the parameter a. 

Calculations for specific configurations, in which the 
effect of allowing the potential to be of finite range 
and of other exchange mixtures, have been made by 
several other workers.‘'* There do not appear to be 
any theoretical calculations for finite-range forces which 
cover all the configurations in the mass range we have 
studied in the present work. We shall therefore limit 
ourselves to the calculations of Schwartz and determine 
whether it is possible to obtain any information on the 
parameter a by comparing the theoretical calculations 
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with the experimental data and the revised coupling 
rules. 

In Fig. 1, the theoretical level schemes are shown as 
functions of @ for three configurations corresponding to 
the coupling rules (R1), (R2), and (R3). These calcula- 
tions represent the theoretical predictions for Cl*, Co** 
and Co®, and Co", respectively. They are typical of the 
curves obtained for cases of lowest seniority. For cases 
of high seniority the curves are somewhat modified,* 
and in general the level ordering is changed for any 
specific value of a. We have not considered cases of high 
seniority in our comparison with the experimental data. 

As is well known, the calculations of Schwartz clearly 
predict the coupling rule (R1) for ali values of a. This 
means that, unless the level order is known experi- 
mentally, no information on a can be obtained from 
configurations of this type. In the case of Cl** the spins 
and energies of the four levels are known."® Also, it has 
been shown,'*® quite independently of the form of the 
residua! proton-neutron interaction, that the 77 coupling 
model is especially successful in this case. For this 
nucleus the observed level order can be fitted for a<0.3, 
and the level spacing is fitted best fora=0.13. However, 
the actual level spacing is not reproduced very well. It 
is interesting to note that the calculations of Kurath" 
indicate that the fit becomes worse as the range of the 
interaction is made finite 

In the case of particle-hole configurations, correspond 
ing to rule (R3), the theoretical predictions are much 
less certain. However, as shown in Fig. 1, 
tendency for the state of spin (J; +J.—1 
lowest. In several cases it is possible to place a restriction 


there is a 
to be the 


on the range of a required to obtain agreement with the 
experimental data. Nuclei for which this is possible are 
listed in Table II, together with similar information 
for the other coupling rules 

Nuclei under coupling rule (R2 
useful check on the validity of the theoretical calcula- 
tions. We find that with the exception of those nuclei 
for which the protons and neutrons are filling the same 
subshell, a value of a can usually be found for which the 
theoretical predictions are in agreement with the experi- 
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mental data presented in Table i. Nuclei for which a 
determination of a is possible are listed in Table II. The 
values for a quoted for Co**, Co™, and In'" are those for 
which the two levels /= J,;+J2, are degenerate, which 
is approximately the case for these nuclei in which the 
energy differences are only 25 kev, 59 kev, and 120 kev, 
respectively. 

With the exception of K®, Cu®, and V® the values of 
a listed in Table IJ are approximately yy. This value is 
less than that of } to § deduced by Schwartz® on the 
basis of the limited amount of data available at the 
time of his analysis. The major difference is that we now 
consider K® as an exception to the theory, whereas 
Schwartz included it in his determination of a. This 
nucleus appears to be a case in which there is a consider- 
able admixture of configurations of higher seniority. 
Indeed, Goldstein and Talmi’’ found that the predicted 
ground-state spin and the magnetic moment were in 
agreement with the experimental values if a considerable 
admixture of the (d3;2') (f7/2*)s;2 configuration was in- 
cluded in the ground-state wave function. It is possible 
that a large admixture of this type in the f7,.° configura- 
tion could explain the small value of a needed in the 
case of V® and also the fact that the observed spin of 2 
or 3 for Sc“ cannot be obtained for any value of a. It 
is also possible that for the other exceptional case, Cu®, 
there is a considerable amount of configuration mixing 
arising from the competition between the p;,.7' and 
fso' neutron configurations. 

Returning to those nuclei in which the protons and 
neutrons are filling the same subshell, we note that the 
calculations of Schwartz specifically exclude such cases. 
If, however, these calculations are applied to these 
nuclei, one finds for a~0.1 a close competition between 
the levels of spin 0, 1, and 2/,. (Note that J,;=J» for 
these nuclei.) With the exception of Na®™ the experi- 
mental results indicate only the states of spin 0 and 2/, 
in close competition. Stripping data on Al’* and Cl* 
show that the spin-one level is approximately 1 Mev 
above the other two states." 

The calculations of Kurath" on Cl*, using a Serber 
space-exchange mixture and a spin-exchange mixture 
corresponding to a=0.1, show that the spin-1 level is 

Pasie I]. Determination of a from a comparison of the calcu 
lations of Schwartz’ and the experimental data presented in 
Table I. The nuclei are classified according to the empirical 


coupling rules. The value (or range) of a is shown in brackets 
after each nuclei 


Coupling rule Nucleus 


(R1 CH*(0.13) 
R2 Sc#(<0.10); 
Co (0.10); 
In'”(0.14) 
R3 K*(<0.3); 
( o* <0 16); 


V*(<0.05); 
Co”(0.10): 
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raised relative to the 2/, state as the range of the inter- 
action is increased. However, the spin-zero level is raised 
even further, in contradiction with experiment. Agree- 
ment with the observed level order can only be obtained, 


for the Serber force, for a0. 
VIL. DISCUSSION 


In our analysis of the spins of the low-lying levels 
in odd-odd nuclei with mass numbers in the range 
20<A<120 we have found that the majority of the 
spins are predicted by simple coupling rules in conjunc- 
tion with a straightforward choice of the appropriate 
configuration involving only the configurations of the 
states of lowest energy in the neighboring odd-A nuclei. 
Further, it is apparent that, with the exception of cer- 
tain of the self-conjugate nuclei, the theoretical calcula 
tions of Schwartz reproduce these coupling rules. 

The breakdown of Nordheim’s ‘“‘weak” rule appears 
to be a consequence of the occurrence of a doublet, 
consisting of the states J/= |J,;+J>2 |, at a value of a of 
approximately y's. There is no evidence for a variation 
of a with mass number or with changes in the proton 
and neutron configurations. It is tempting to ascribe the 
rather small changes in a for the “‘pure”’ configurations 
to the effects of small amounts of configuration mixing. 
Recently, Newby” has suggested that the tensor force 
will tend to break down Nordheim’s ‘‘weak”’ rule. 

It is desirable that further calculations be made, using 
forces which are more realistic than the delta-function 
force. Of particular interest are nuclei for which several 
energy levels have been found. Cl** and K® appear to 
be potentially valuable for providing information on the 
form of the residual proton-neutron interaction since 
jj coupling is apparently an excellent approximation in 
these nuclei.'® In this connection it would be of great 
interest to establish the validity of jj coupling in other 
cases. 

Nuclei containing neutrons and protons in the same 
subshell appear to require more extensive theoretical 
investigation. It is probable that the assumption that 
the two odd groups are weakly interacting, thus retain- 
ing their separate identity, is not valid since there is 
the maximum overlap in their wave functions. 

We would also like to emphasize the need for further 
experimental investigations of the energy levels in odd- 
odd nuclei. It would be of interest to extend the strip- 
ping experiments to nuclei cf higher mass number and 
to investigate nuclei away from the lines of stability 
using §-decay spectroscopy. 

Finally, we note that the value of yy for a found in 
the present work corresponds to a singlet-to-triplet 
strength of 0.6. This is just the relative strength required 
to fit the free two-nucleon data. Although the delta- 
function interaction is clearly not realistic, this result 
suggests that the relative strength of the space and 
spin dependent parts of the interaction is not markedly 
affected by the presence of other nucleons 


*N. D. Newby, Jr., Phys. Rev. 119, 747 (1960) 
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I. INTRODUCTION 
HEN Am** j neutrons, a 


pair of isomers of Am*® is formed having half- 
16 hours and (A more precise 
half-life measurement of the long-lived isomer is 152+7 


irradiated with slow 


lives of ~100 vear 


years.”) Early measurements’ on the 16-hour isomer 
showed the presence of Lx rays of plutonium, americium, 
and curium, indicating that the decay included ap- 
preciable branching by three modes: electron capture, 
isomeric transition and 8 
that the 


emission. Later work‘ showed 
“isomeric transition” was probably spurious, 
since the americium x rays could be accounted for by 


the J Am™' by its alpha 


particles. However, the 16-hour isomer was still thought 


self-excitation of hell in 


to be the metastable state, since its beta spectrum was 
found to have an end point slightly higher in energy 
than that of the long-lived isomer. 

rhe most puzzling aspect of this work was the finding 
that the beta the 
identical [ see Fig 1(a) | 
and 2+ states of 
band of Cm*”, a situation quite 
out of keeping with a mea 


decay chemes for decay of two 


isomers virtually 
Cat h, B 


ground state rotational 


were For 


decay led to the 04 the 


surable—indeed, a very long 


lifetime for the isomeric transition. The electron-capture 


branchings of the isomers were also apparently quite 
similar 
The experiments reported here® re 


solve these dis- 


t This work was 


\tomic 


Energy Commissi« 
National Nuclear Energ ries 
Vol. 14B, The Transur 


. Project Rec« 
imium Element Hill Book Con 
pany, Inc., New York, 1949 Or .. A. James, } 
L.. O. Morgan, Paper No. 22 Pp ; G. T. Seaborg, R 
James, and A. Ghiorso, Pa p. 1554: W. M. Mant 
and L. P. Asprey, Paper No. 22.7, p 5 
*R. F. Barnes, D. J. Henderso L. Hark 
Diamond, J. Inorg. & Nuclear Chem. 9, 105 (1959 
G. D. O’Kelley, G. W. Barton, W. W r. Cran 
Perlman, Phvs. Rev. 80, 293 (1950 
*R. W. Hoff, H. Jatie Q. Passe 
i1S.G Chompsor Phys. Rev. 100 
\ preliminary report of this worl 
s. Soc. 4, 461 (1959 


ess, and 


at the 


to earlier evidence. By 


sis given a detailed anal 
st surprising conclusion of this analysis is that the spin 1 grour 


16-hr act 


electrost 


vas separated from an aged sample containing the 


Am42™ rey 


ition converted in americium, and the relative M-subshell 
1 an £4 assignment. This information, coupled with the recent 
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ISOMERS 
formation," little information has been available con 
cerning the coupling of two odd particles in odd-odd 
The information obtained here on Am** has 
proved to be of importance in handling the general 


nuclei 


problem and this report contains a discussion of the 
subject 


Il. EXPERIMENTAL 
Am?” Source 


Phe long-lived Am** was prepared by neutron irradia 
tion of Am**'. Since we now know that it is the metastable 
state, we shall henceforth refer to it as Am*”™ and the 
16-hour activity as Am. Both isomers are formed by 
slow-neutron capture and the overwhelmingly predomi 
nant activity soon after irradiation is 16-hour Am*” 
However, the material used in the present experiments 
had aged for several years, so only long-lived activities 
and their decay products) were present. Since Am*®" 
has a much higher neutron capture cross section than 
does Am*"', an effective steady-state concentration of 
about 1% is the highest that can be achieved without 
resorting to isotope separation. 

Che pertinent neutron reactions and decay processes 
are summarized as follows (the decay sequence, 


152-year 
> Am*! 
I] B-, EC 


16-hour 


. 


(m??” 


s of course the one established by the present study and 
vas not known previously 


Am?**! (ny) Am???" (ny) Am?** 


458 yr 


Am? 


Separation of 16-Hour Am*” 


In order to show that the long-lived isomer of Am* 
was the metastable state decaying principally by an 


*B. R. Mottelson and S. G. Nilsson, Kgl. Danske Videnskal 
Selskab, Mat.-fys. Medd. 1, No. 8 (1959 

°F. S. Stephens, F. Asaro, and I. Perlman, Phys. Rev 
1959 


113, 212 


 } 


a). Decay scheme of “2 isomers from previous work ; 
b) Decay scheme of Am ers from this work 


sor 


isomeric transition, it was necessary to separate the 
short-lived isomer from the equilibrium mixture. Two 
methods were considered 


a) Prepare the aqueous ion Am(III) [or Am(VI) ] 
and place it in an oxidizing (or reducing) medium in 
which thermal chemical reactions would be quite slow. 
rhe internal conversion process might rapidly oxidize 
(or reduce) the 16-hour daughter as it was formed. A 
chemical separation of hexavalent (or trivalent) ameri 
cium might then separate the 16-hour isomer from the 
bulk of the Am**! and Am*?™ 

(b) Prepare a thin sample of americium and collect 

recoils” from the internal conversion of the isomeric 
transition. 


tried first and worked suffi- 
was not attempted 


The latter method was 
ciently well so that method (a 
Since the “‘recoil’’ collection efficienc y was expec ted to 
be very poor, it would be manifestly necessary to per 
form a chemical purification particularly to remove the 
neptunium beta emitters which would be collected with 
high efficiency as alpha-decay recoils 

A thin source containing ~1 microgram total ameri 
cium was prepared by vacuum vaporization of the 
tungsten 
rhe source thick- 
ness was probably <1 microgram/cm? and the isotopic 
composition was determined by Dr. Maynard C. Michel 
of this Laboratory to be 1 OY, Am?*, 0.00% Am, and 
the remainder Am™'. A rough check on the Am con- 
tent was obtained by measuring the alpha activity of the 


chloride residue from a _ white-hot 


filament onto a cold platinum plate 


solution 


Cm*” which had grown into the sample 

Recoils from the source were collected on a clean 
platinum plate which was 3 mm distant from the source 
and maintained at a negative potential of 300 volts. 
After collecting for 17 hours the plate contained 400 
beta-counts per minute measured in a windowless pro- 
The alpha 


portional counter and 25 alpha dis/min 
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minute 


per 


\. 1825 hour parent Fic. 2. Decay of purified ‘‘re 
p 
coil’ products from americium con 
taining 152-year Am*” 


of Cm242 
°o 


counts 


Alpha 


46 60 60 700 89 7140 
Time after separation of Cm**2 


activity is Am carried from the source asa result of the column. At this acid concentration, neptunium is re- 
intense alpha emission. As mentioned, much of the beta _ tained by the resin and americium passes through. The 
activity might be expected to be that of Np** and  americium fraction contained 56 net beta counts/min 
Np™*, so a chemical separation was made. All of the and 20 alpha disintegrations/min 

activity was removed from the collector plate with a few The decay of the purified americium fraction was 
drops of 8M HCl and run through a Dowex-Al resin measured carefully in the beta counter and found to 


Pas_e I. Data for the experiment showing growth of Cm from 16-hour Am*® parent 


Recoil Cm™ 
Source sample‘ added4 


110(a 13a 


1X 10® (a 6la 0.30+0.05 (a »0.85+0.02 
0.17+0.01 0.17+0.01 
6000 (8 1x 10° 


1.7X 10" (a ~0.04 (« 


Np™ 7 ~3X10°(3 


Cm*™* 100 (a 2.6+0.15(a > 2.78+0.04 (a 


* Composition: The Am™ collected represents the small amount of transfer always noted from a strong alpha source 
to transfer in the same proportion. The ( ™2 comes both from this mechanism and from 8 recoils. The N 
efficiencies; accurate values are of no concern to this experiment and in any case these isotopes are rer 

» Approximate composition of ar ciu source; all numbers refer to disintegrations per minute 
on platinu 

The ‘‘source’ wag fastened to the inner surface of an 8-inch diam aluminum hemisphere and rec 
central position and maintained at 3000 volts 

* After removal of recoil sample from the gold foil with 6M HCl, the solution was run through a Dowex-Al re 
which the indicated amount of Cm™ was added to serve as a monitor for the subsequent americium-curiu 

* Miscellaneous impurities were removed by placing the actinide elements on a Dowex-50 cation exchange 
6M HCl. The americium fraction was then separated from curium and neptunium on a similar column using alp! 

[G. R. Choppin and R. J. Silva, J. Inorg. & Nuclear Chem. 3, 153 (1956); G. R. Choppin, B. G. Harvey, and G 

2, 66 (1959). ] The alpha emitters were identified by alpha-energy measurement using a grid ionization chamber and ; 
Cm™ served to show that 0.17 dis/min of Cm™ from the recoil sample had remained with the americium ; 

dis/min Cm (of the 0.30 dis n meas d) had grown from Am™* decay between the time of cher 


‘ This column shows the as tot alue for Cm™ after Am decay. The entire growth curv 
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56 min interval 


Counts per 








Long-lived component (ame, 
.* 


Gross counts 


Resolved component 
15.7 hours 





40 


Time (hours) 


lic, 3. Curium-242 growth from the purified americium fraction of a “recoil” sample 
One alpha count per minute equals two alpha disintegrations per minute 


have a half-life of 15.7 hours after subtracting the long- 
lived tail due to the Am*™ alpha particles. The decay 
curve is shown in Fig. 2. The experiment was repeated 
and again a 16-hour half-life was obtained. 

A different type of experiment was then tried to show 
conclusively that the 16-hour period belonged to Am™. 
As Am** decays, one of its products, the 163-day alpha- 
emitter Cm*, should grow accordingly. However, the 
ratio of half-lives is such that the Cm*® alpha activity 
from experiments such as this should reach a !evel of 
only a fraction of a count per minute. Since several 
times this quantity of Cm™ (see decay reactions above) 
would be expected to find its way to the collection plate, 
an americium-curium chemical separation would be 
necessary before the growth of the Cm*® alpha groups 
could be observed. The actual experiment may best be 
visualized with recourse to Table I. Here it is shown 
that it was possible to isolate some 16-hour Am*?, to 
free it initially from Cm** to a low level, and to observe 
the growth of Cm**. In Table I (last two columns) it is 
seen that by the time the first measurement was made, 
0.30 dis/min of Cm*” was present of which 0.17 dis/min 
was Cm?” which had survived the chemical separation. 
The Cm*” grew over a period of days to the asymptotic 
value of 0.85 dis/min. The entire growth curve showing 
the origin of Cm from an 18(+5)-hour parent is shown 
in Fig. 3. Since the only possible source of the Cm? is 
through Am*” decay, the 16-hour isomer must exist in 
equilibrium with the 152-year isomer. 


Electron Spectrum for the Am” 
Isomeric Transition 


About 6X10* alpha dis/min of the americium was 
vaporized onto a 10-mil platinum wire. The wire was 
used as a source in two photographic-recording perma- 


nent magnet beta spectrographs. Three exposures were 
made in a 100-gauss magnet—-for 4, 8, and 21 days. A 
fourth exposure of 72 days was made in a S0-gauss 
magnet. The lines observed in the 21-day exposure are 
shown in Table II. Since Am™ accounts for almost all 
of the activity in the sample, most of the spectrum 
consists of Np”? conversion lines. However, eleven new 
lines were seen in low intensity which correspond to a 
48.6-kev transition converted in americium L, M, N, 
and O subshells. All of the Np’ ‘ransitions were previ- 
ously known although some new subshell lines were seen. 
Also seen were conversion lines of the £2 transitions in 
Cm*”, Pu®®, and Pu”* arising from the beta decay of 
Am, electron capture decay of Am™, and alpha decay 
of Cm*", respectively. Fourteen Auger lines from Np”’ 
were also identified but are not listed in Table II. 

Another exposure of 21 days was made on the same 
permanent magnet with a comparable Am*™ source 
containing less than 0.01% Am*® by mass. All of the 
lines assigned to Np*’ in Table II were observed, but 
none of the lines assigned to Am” or its daughters were 
seen. 

Of course, the information of primary interest here 
concerns the 48.6-kev isomeric transition in Am™, The 
relative intensities of the various Am*™ conversion 
lines and the pertinent theoretical conversion coeffi- 
cients" are listed in Table III. Particular interest is 
attached to the four Am M-subshell conversion lines 
because their relative intensities define the multipolarity 


© M. E. Rose, Jnternal Conversion Coefficients (North-Holland 
Publishing Company, Amsterdam, Interscience Publishers, Inc., 
New York, 1958) 

"LL. A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Report, 1956 [translation: Reports 57/CC K1 and 
58/CC L1 issued by Physics Department, University of Illinois 
Urbana, Illinois (unpublished ) ] 
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biguously. These are compared in 
Table IIIT with theoretical M-subshell conversion coeth 
cients (relativistic 
The experimenta 

0.2:1.3 


40) 


, point nucleus, unscreened) by Rose 
ratio WV, Vi Vin Viv Vy are 
1.0:0.8:1.0 within an accuracy of roughly 
o, and it is seen that only an /4 assignment is pos 
ible. For all magnetic multipolarities there exist subshell 
atios which are different from the observed values by at 
factor of 50, and for electric transitions the 
for £5, but here Myy/Miy 


6. The M, line could not be seen and its maximum 


least a 
closest other possible ht 
intensity could be set at less than 15% of that of the My 
line. 

The maximum amount of M5 admixture in the £4 
radiation can be calculated from the subshell intensity 
ratios and the theoretical conversion coefficients. From 


the Ly, Ly ratio the minimum half-life for M5 radia- 


tion is 7X10" year 
From the M-subshell rati 
3X10" years correspondir 


Decay Scheme 


With the information already dis« 
rized here, the partial decay scheme 
results: (1 
(2) the isomeri 
transition is /4 
consequence ol 


ind summ: 
1(b 


ible state, 


ussed 
shown in Fig 
Phe 152-year isom he me 
gy is 48.6 kev, (3) the 
uur Am*” has spin 1, (5 


transition er 
$) 16-hi 
3) and (4), the metastable st 


same parity as the ground state 


ite has the 
nd probably 
and (6) the previous evidence on the direct beta decay 
of 152-year Am? must be disregarded. The signs of the 
parities and the K quantum numl 


has spin 5, 


explained in the following secti 


of these results 
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Tas_e IIL. Subshell conversion coefficients in americium for a 48.6-kev gamma ray 


heoretic 
) a 


0.20 
0.23 


0.25 


21K 10 
9.210 
7.010 


3.210 
«10° 2.1K 10 
K10° 1910" 


R510 
3 


0.071 
0.067 
0.077 
0.018 
0.021 


2.1K 10 
6.2K 10° 
48K 10 
5.2K 10? 
9 6K 1 


«10° 7.9 10" 
% 105 3.6 10° 
«10° 2.0 10° 
« 10° 1.210 
«105 1.010 


The beta-decay properties of Am*” and Am*" are of 
importance to the interpretation of their quantum states 
and are summarized in Table IV. The experimental data 
upon which the log ff values were calculated come from 
work other than ours as indicated’? in Table IV. 
However, our reinterpretation of the decay schemes and 
measurement of the isomeric transition energy have 
introduced substantial changes in the electron capture 
decay energy of Am*” and in the energy available for the 
unobserved beta transitions of Am?”™. It may be noted 
that the K-capture log ff values for Am** look much like 
those for the corresponding 8-decay modes. This is as it 
should be because the corresponding nuclear configura 
tions of the daughter nuclides are the same. The data 


} 


upon which the A-capture log ft values are based, how 


ever, are not as accurate as the 8-decay values and 
should be given less weight in any detailed interpre 
tations 


The limit which can be set on the 8 decay of the 


152-year Am**™ considers only the transition to the 4+ 
state of Cm”, From our knowledge of the level structure 
of Cm*” and from the finding in the present study that 


2 F.S. Stephens, Jr. (unpublished 

*S. A. Baranov and K. N. Shlyagin, in Proceedings of the 
Conference of the Academy of Sciences of the U.S.S.R. on the Peaceful 
Uses of Atomic Energy, Moscow, July 1-5, 1955 (Akademiia Nauk, 
S.S.S.R. Moscow, 1955) [English translation by Consultants 
Bureau, New York: U. S. Atomic, Energy Commission Report 
CT R-2435, 1956], Vol. 1, p. 183 

‘B. M. Foreman and G. T. Seaborg, J. Inorg. & Nuclear Chen 
7. 305 (1958 5 

18 T). Strominger 
Modern Phys. 30, 58 
various investigators 

‘6A. H. Wapstra, G. J. Nijgh, and R. Van Lieshout 
Spectroscopy Tables (North Holland Publishing Company 
lam, 1959 
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Experimenta 
relative 
intensities 
accuracy 
~wW% )* 


values 
p 4, 3 

1.2«K10 1.4 10" 

53K 1 97K 1 
82x10 7.2% 10 


1.410 1 
9.710 
24x 10° 
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x10 1 
x 10 1 
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650 1.3 10 
52 1.010 
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9 «10 
1.510 
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«10° 1.3 
x10 1.0 
x 10° O.8 
x10 1.0 


/ 


<0.2 
06 
0.4 
O.8 


~0.6 


n higher shells 


Am*" 


the 


transition should be 
By 


Stephens” obtained 


™ undoubtedly has spin 5, this 


one most easily discernible means of beta- 


gamma coin iden e measurements 
the information upon which is based the upper limit of 
beta decay which appears in lable I\ From this, the 


value log jl > 13 was calculated. Since the beta transition 


involves only a spin change of 1 unit, the large ft value 


is of great importance in the assignment of the states. 


The 


hindered 


4 isomeric transition turns out to be highly 
The total conversion coefficient can be esti 
mated!' to be 1.3 10°. From this the 


is 2K10" years, which is 10® 


radiative lifetime 


times longer than that 


Le IV. Beta-deca yperties 2 and Am**" 


Relative 
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calculated by the single-proton formula as given by 
Moszkowski.'* 

The minimum half life of 310" years for M5 
radiation as determined from the M-subshell intensities 
is about an order of magnitude larger than the value 
calculated from the single-proton formula 


Ill. THEORETICAL INTERPRETATION 
Beta Decay of Am” 


Am** lies in a region of large prolate nuclear deforma- 
tion; for nuclei in such regions, K, the projection of total 
angular momentum on the nuclear symmetry axis, is 
very nearly a constant of the motion. K-selection rules 
operate on the deformed nuclei such as to impose on 
transitions one or two orders of magnitude retardation 
for each unit by which | AK)! exceeds the total angular 
momentum associated with the radiation." 

Am?*”" with spin 5 probably has K = 5. For direct beta 
decay to the 4+ state in Cm**, 578 kev of energy is 
available and AJ=1. Hence, the beta decay would be 
allowed or first-forbidden, depending on whether the 
parity of Am*”" is even or odd. We prefer odd parity, 
but even parity cannot be ruled out on the basis of 
existing information. The normal log ft value for A/=1, 
yes, transition is around 7.5, yet from Table IV the 
log ft is > 13. The reason for the retardation is surely the 
violation of the K-selection rule, for here AK=5. Beta 


decay via the unique Gamow-Teller (A/ 
element would be retarded by 3 orders of K_ for- 
biddenness. Accepting a value of 8 as the normal log ff 
for this type of transition, we would expect a log ft value 
well above 11, perhaps nearer 14, consistent with the 
experimental limit. The decay of long-lived Lu'’* (prob- 


2, yes) matrix 


ably spin 7)'® to the spin-6 member of the ground-state 
rotational band in Hf'’® (K=0, 7=6) with a log ft of 
18.5 presents a closely related example 


Am**” Beta Decay and K Assignment 


Normally, one would assume the spin-1 ground state 
to have K=1, but we were stimulated, mainly by 
atomic-beam moment measurements, to consider also 
the possibility of A=0 for this nucleus. 

The traditional test for the quantum number K in- 
volves comparisons of branching ratios of beta or 
gamma radiation to different members of the same 
rotational band, the reduced transition probabilities 
being proportional to the square of a Clebsch-Gordan 
coeficient, (/,LA,A,;—K, 1,LI;K,)*. The subscripts 
refer to initial and final states and L is the angular 
momentum associated with the transition. For the case 
of a spin-one odd nucleus, the beta decay to ground and 


'®S. A. Moszkowski, in Beta- and Gamma-Ray Spectroscopy, 
edited by Kai Siegbahn (Interscience Publishers, Inc., New York, 
North Holland Publishing Company, Amsterdam, 1955), Chap 
XIII 

* B. R. Mottelson and S. G. Nilsson, Kgl 
Selskab, Mat.-fys. Skrifter 1, No. 8, 9 (1959 
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first excited state should be predominantly L= 1, which- 
ever the parity of the initial state. Thus, there are two 
possibilities to be tested, K,=0 and K,=1. In the 
former case the reduced transition probability (recip 
rocal of ft value) favors the 2+ first excited state by a 
factor of two, and if K,=1, the 
probability to ground is favored by a factor of two. The 
test in Am*” may be applied to both the 8 
electron-capture branches 

It is seen from Table IV that the K 
clearly indicated. The smaller log ff value applies to the 
2+ state and the difference corresponds closely to a 
factor of 2 in reduced transition probabilities. The 
electron-capture ratios are also in good agreement with 
this interpretation 

Later in this paper we will discuss the theoretical 
implications of the surprising appearance of spin 1 as the 
lowest member of a K =0 band 


reduced transition 


and the 


0 assignment Is 


Gamma-Ray Lifetime of the Isomeric Transition 


As already pointed out, the /4 isomeric transition 
probability is a factor of 10° slower than the Moszkowski 
single-proton formula estimate. With a A change of 5 
this transition is once K forbidden. As mentioned earlier, 
one or two orders of magnitude retardation are generally 
associated with each order of K forbiddenness for the 
strongly deformed nuclei. This simple rule obviously 
does not account for the retardation observed. For 
further understanding of the retardation it will be 
necessary to consider the particular admixtures of K=1 
in the ground-state wave function and of K =4 in that 
of the long-lived isomer 


Single Particle Orbitals of Am” 


To make any further progress in the theoretical con 
sideration of the Am* 
proton and neutron orbitals involved, in the manner of 
Gallagher and Moszkowski.” From the 
ments of odd-mass nuclei proposed by Mottelson and 
Nilsson* and by Stephens, Asaro, and Perlman,’ the 
most likely neutron orbital in Am*® is the 5/2+[622 
ground state of isotones Pu** The quantum 
designation is the usual one, Qx[_.V,n.,A |], appropriate to 
particles in spheroidal nuclei: 2 is the projection of the 
particle angular momentum on the nuclear cylindrical 
symmetry axis; 7, the parity; .V, the total oscillator 
quantum number; ”,, the number of nodal planes of the 
wave function perpendicular to the symmetry axis; A, 


isomers we must consider the 


State assign 


and Cm** 


the projection of the orbital angular momentum on the 
symmetry axis. The intrinsic spin projection, =, 
is +1/2, is simply 2—A. For 
D=+1/2 

The most likely proton orbital is 5/2—[523], for 


which 
orbital 


this 


neutron 


which >= —1/2, the ground state of Am*™! and Am** 


*” C.J. Gallagher and S. A. Moszkowski, Phys. Rev. 111, 1282 


1958 
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and is also a possibility. 

The quantum number K is the projection of the total 
angular momentum on the nuclear symmetry axis, and 
with two unpaired particles of Q9=5/2+ and Q=5/2-, 
the values K=0— and K=5— are possible. According 
to the Nordheim coupling rules modified by Gallagher 
and Moszkowski,™ the intrinsic spins of proton and 
neutron prefer a parallel orientation; therefore the 
K =0— state should lie below the K=5— state. This 
agrees with our assignments based on experiment. The 
choice of 5, 24+ [642] for the proton orbital would lead 
to the opposite prediction, but in view of the curious 
displacement of odd and even spin values of the K=0 
band, the 5/2+ proton orbital cannot really be ruled 
out on this basis. 

The classification of beta-decay ft values for odd- 
mass spheroidal nuclei has been quite successful. It 
seems reasonable to try to extend this classification to 
beta decay of low-spin odd-odd nuclei, at least for beta 
groups to and from the ground rotational band of even- 
even nuclei where there is no K forbiddenness. Such beta 
decay, assuming that the paired orbitals do not change, 
may be considered as proceeding by one of the odd 
nucleons transforming itself inte the paired partner of 
the other odd nucleon. That is, for 8~ decay the odd 
neutron must transform to the paired partner of the odd 
proton. 

For the 8 or electron-capture decay of the J=1—, 
K=0, isomer we would have the following changes in 
asymptotic quantum numbers (i.e., just the difference 
of numbers in odd proton and neutron orbitals) : 


The orbital 5/2+[642], however, is rather near-lying 


AQ=0, AN=¥1, An,=0, AA=+1, AL=F¥1 
There is no violation of the asymptotic selection rules 
for first-forbidden beta decay, given first by Alaga.”' 
Thus, this beta decay would be classified first forbidden, 
unhindered, (1u). For 17 1 transitions in odd-mass 
nuclei with Z>89 the average log ft is 6.5 with average 
deviation +0.5 and extreme values of 5.7 and 7.3.° The 
log ft values of 7.1 and 6.8 for the beta groups of Am” 
fall on the high side of the average. In fact, the log ft 
values for the same nucleon states in the decay of U™, 
Pu, and Am are ~5.8, 5.9, and 5.7, respectively. It 
has been suggested to us by Stephens” that the greater 
log ft value in the Am? case may arise because there are 
certain beta-decay matrix elements which can contribute 
in odd-A cases with AJ=0 but cannot contribute to 
Am?** decay where A/=1. 


Nuclear Moments 


Atomic beam measurements” have fixed precisely the 
absolute value of the ratio of the magnetic moments of 
* (G. Alaga, Phys. Rev. 100, 432 (1955) 
2 F. S. Stephens, Jr. (private communication) 
* R. Marrus, W. A. Nierenberg, and J. Winocur, Phys. Rev 
he published 


Of Am?¢*? 941 
Am and Am*', 0.236, and also the absolute value of 
the ratio of their spectroscopic quadrupole moments, 
0.562. Furthermore, the measurements have established 
that either the magnetic moment or the quadrupole 
moment of Am** is of opposite sign to the corresponding 
moment of Am™. The optical spectrographic data of 
Manning, Fred, and Tomkins* for Am*™ gives w= + 1.4 
nuclear magnetons (nm) and QOgpec= +4.9 barns. Com- 
bining this information with that from the atomic beam 
measurements, we obtain for Am*”, 4=+0.33 nm and 
Qapee= 2.75 barns. 

These nuclear moments may now be compared with 
the theoretical expectations for the /=1, K=0 assign- 
ment. An abundance of evidence established the in- 
trinsic quadrupole deformations of nuclei in the region 
of americium as prolate (positive). However, for nuclear 
states with K?</(/+1)/3 the signs of the intrinsic and 
spectroscopic moments will be opposite. The relation 
between these moments is as follows: 


3K?—J(1+1) 


i) 


spec ~ 


My; 


( 
(1+1)(274+3) 


for /=1, K=0, Qspec= —Qo/5. If we assume that Qo for 
Am?* is the same as that for Am*', the K = 0 assignment 
gives Ospec= — 2.74 barns, which is in excellent agree- 
ment with the value + 2.75 barns obtained as mentioned 
above. If, on the other hand, we assume K = 1 for Am”, 
then QOspec Should be +1.4 barns 

The magnetic moment may also be analyzed. For the 
K=0, /=1 assignment the angular momentum is di 
rected perpendicular to the symmetry axis, and there is 
no specific contribution to the magnetic moment from 
the odd nucleons. In this case we would expect a mag- 
netic moment p=ger/, where gr is the gyromagnetic 
ratio for collective motion, usually estimated as + Z/ A,” 
the fraction of protons in the nucleus. From this we get 
w= +0.39 nm, which agrees in sign and magnitude with 
the measured value (u= +0.33 nm) if the sign for Qypec 
is taken to be negative in accord with our theoretical 
prediction. 

If we consider the assignment /=1, A=1, we must 
first of all postulate some possible orbital assignments 
for the neutron and proton. The most likely are 
5/2—[(523] (or 5/2+[642]) for the proton as before 
and 7/2+[624] for the neutron. This neutron orbital 
appears as a state at 172 kev in Pu™. If the magnetic 
moments are calculated from Nilsson wave functions,*:?* 
(with a deformation parameter, 9, of 4.8),?’ the values 
for 5/2—[523] and 5/2+[642] proton orbitals are 0.2 
nm and —1.2 nm, respectively. Thus the measured 
magnetic moment is not consistent with a K = 1 assign- 


™“ T. E. Manning, M. Fred, and I 
1108 (1956) 

#8 See discussion in reference 8, p. 12 

#5. G. Nilsson, Kgl. Danske Videnskab 
Medd. 29, No. 16 (1955) 

” The deformation parameter was taken from a Nilsson diagram 
for protons (see references 8 and 9) 


S. Tomkins, Phys. Rev. 102 


Selskab, Mat.-fys 





942 ASARO PERLMAN Ks 


ment with proton orbital 5, 2+[642] but cannot be 
used by itself to rule out A 1 with proton orbital 
5/2—[523 ]. With the latter assignment, however, the 
would be positive, in disagreement wit! 
It is 

only is the magnitude of the 


ratio of p/Ospe: 
the experimental result een, therefore, that not 

measured quadrupole 
0 than 


but the sign of the ratio p/Oxjnee (as deter 


moment in better agreement with theory for K 
for K=1, 
mined from theory) 
Thus, the 
K =0 assignment 


can only be negative for A=0 
atomic beam measurements reinforce the 

Measurement of the magnetic moment of the spin-5 
isomer would offer the best hope for distinguishing be 
tween the alternative odd and even parity assignments 


discussed earlier. For the choice of odd-parity proton 


orbital 5/2—[ 523 
Am?” j 


function 


the theoretical magnetic moment of 
+0.3 nm, as calculated from the Nilsson wave 
for n 1.8. For 
orbital 5/2+ [642] the 


+26nm 


an even parity assignment 


involving proton theoretica 


magnetic moment The quadrupole moment 


in either case should be about 7.9 barns 


Ho" 


kor Ho!® the proton orbital 7/2 [523 
and the neutron orbital 7/2+[ 633 
of Gallagher and Moszkowski predict the ground state 
to have K=7 and an upper state, A=0 


with beta-decay half-lives of 27 hours and >30 years 


one exper t 


lhe coupling rules 
Isomers 


are known, although the relative positions of the states 
are not clear. The 27-hour isomer has been assigned spin 
zero, odd parity, by spectrum shape of the beta group 


leading to the 2+ state of Er'® and by the beta-gamma 


angular correlation involving this group.?* Spin zero has 
beam methods.” 
states of Er'® are 8.1 


For the long-lived isomer all that 


been measured recently by atom 


Log ff values to the 0+ and 24 
and 8.0, respectively 
here is that its complex decay 


onsistent with a high spin 


can be said of intere 
scheme and long half-life are « 
ind A-quantum number 

It is obvious that for the Ho'* 
[=] 
the / 


studies of the 


somer with A =O, the 
rotational state does not lie at lower energy than 
0 state. Of great interest are recent independent 
decay of Dy'® to Ho'® by Geiger, 
Graham, and Ewan,” and by Helmer and Burson," who 
find evidence for a rotational band with level sequence 
Q-, 2- (54.2 kev), 1- (82.5 kev 
] 


odd-spin members are also displaced, but the 


In this case the even- and 

odd 
member is displaced upward. This point will be returned 
to in the following section 


Al =2, yes or Al 


the asy Mptotic ¢ lassificati 


t 
ul 


} 
h 


66 so that 


There are no ft values (w 


i 
0, ves) for odd-mass beta decay wit 
yns obtaining in Ho 
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a valid comparisol 
not possible 


\ nucleus whicl 
la'™. The most likely 
nation of neighbor 
7/2+4 [ $04 }or9 2 
for the neutron. Ther 
long-lived one whose ¢ 
an 8.15-hour isomer 
electron capture. For « 
the coupling rule 
(AK =8 or 9 

) 


cays to the 24 


would 


what the 2+ state 
6.5 and 6.8 for the 
spectively.” This p 
ment, just 


al Wa 


branchu 


well to have a careful leterminat f the 


ratios of beta decay he ground 
and first excited stat I nment would call for 
the 9/2—[514 9 2+[624 
neutron orbital 

beta decay is thu 

log ft values are near t 

unhindered, bet 


Eu!" would fa 


a de 

there may be some « 

spheroidal shape 
The short-lived 

Am**” and Ta!'® 

spin 1, and the beta-de 


state is somewhat greater 


Displacement of Odd and Even 
Rotational States 


Let us summarize the evider 


odd- and even-spin 


member 
tional bands in spheroidal « 
odd-spin members are d 
and Am?” they are disp] 
lower than /=0. We may 
arise by writing out the 
metrized to remain invaria! 
of 180° about any axis thr ug] 


and perpendicular to the ma 
21+1 


167° 


where 02+2)'= A 
and Xg is the od 


1-proton 


2H. N. Brown, W 
Phys. Rev. 84, 292 
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ISOMERS 
the nuclear coordinate system, j, is the proton angular 
momentum, and Q its projection on the symmetry axis 
rhe primed quantities refer to the odd neutron. Where ; 
is not a good quantum number, the different components 
of the wave function must be 
We note when 2 Q’ and A 


may be factored as follows 


separately symmetrized. 
0 that the wave function 


21+1 


[Xo(p)x 
167? 
*X_o(p)Xa(n) |D ao! (8,). 


If we 
neutron and proton, it 


now consider a residual force acting between 
will in general give rise to an 
ternating with spin, 7. This 
term connecting the first and 


second parts of the wave function and is essentially due 


energy term with sign a 


energy term Is a cross 


a component of the force which scatters the proton 


O} 


943 
and neutron into states with equal and opposite pro 

tions of the angular momentum. Whether the odd or 
even spins are elevated in energy depends on details of 
the wave functions. Further theoretical study will aim 
to predict the sign and magnitude of the displacement 

In the special case of K=0 and |Q Q’| =1/2 there 
will be an additional odd-even displacement energy due 
to a term (h?/9)j,-j, in the collective rotational part of 
the Hamiltonian 


1e¢ 


The combination of both proton and 


neutron |Q)=1/2 orbitals may occur in the short-lived 


isomer of Pa™ 
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veak-coupling n in which the ground state of ( 
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del 


neutrons 


INTRODUCTION 
, LECTRIK 


quadrupole transitions in the light ele 
4 ments are of considerable interest. Although the 
IPM) in intermediate 


coupling gives a generally excellent account of level 


independent-particle model 
schemes, magnetic moments, and dipole transition prob 
abilities in the 1p shell and just beyond,' it fails badly 
in its account of the £2 rates. The sense of the failure 
is that the predicted rate is too low and this has sug 
gested that configuration mixing must be an essentia 
ingredient in our IPM account of the light nuclei; ar 
alternative description is in terms of some form of col 
lective model and a good beginning has been made in 
lishing the relationship between the two descrip 
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mmussior 
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state of C’ at 3.86 Mev has ar 
From « of the 
VW 2 transition to the 
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one excited state of ( 
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likely 


ranch of 
msideratior strengths 
ground state it is 
speed ngle-particle 


protor 
of at least the parentage 
his eliminates in particular a jj-coupling 
) 


<S4 neutron states and more 


generally a 


ith respect 


tions 


Any extension of our knowledge of #2 transitions 
the 1p shell where 
a the IPM is seen 
at its most successful, is very welcome and valuable.’ 


he light elements, particularly 


our account of the level schemes vi 


The present investigation is to establish one such tran 


Sition in ( 


and to determine its probability relative 
to competing £1 and M2 transitions. It is the £2 tran- 
sition between the $+ state at 3.86 Mev and the 
state at 3.09 Mev 

rhis particular /2 transitions has 
ikes place in ( 


13 gives the best 


}+ 
an additional in 

Although the IPM 
account at a/K~5 it 
has frequently been suggested that in fact ¢ 
In this 


to describe these 


terest because it 1 


anaiysis of A 


? is close 
coupling ise we should primitively at 
pt + states as single 
respectively. This 
view is in fact encouraged by the empirical observation 
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state of C™ of these two states of C' with respect to 
d-wave and s-wave neutrons, respectively, are very large 
(the evidence of the reduced proton the 
3.56-Mev and 2.37-Mev states of N'*). However. the 


extraction of the coefficient from the experimental width 


widths of 


is hazardous and there is plenty of room for an adequate 
participation of ex¢ ited states of C"™ in the parentage of 
the states of Cin a manner enabling the /:2 transitions 
to take place quite strongly 
of C' the weak-coupling model 
the £2 rate is, of course, very small 


(With the ground state 
7 as unique parent 
for harmonic os 
cillator wave functions, identically zero 

The competing transitions from the 3.86-Mev 3+ 
state of C’ are the /£1 to the 3.68-Mev }— state and 
the M2 to the } 


of these two transitions, 


rhe ratio of intensities 
E-1 to M2, is 0.32+0.07.4 The 
ratio expected by taking the ‘‘most probable” value® 


ground state 


M \?=0.045 (in terms of the Weisskopf unit on a radius 
1.210 


faule de mieux, a single-particle unit for the M2 transi- 


constant r for the /1 transition and, 


cm 
tion is 1.2. It therefore seems likely that these two tran- 
sitions are nothing out of the ordinary and may be used 
If the £2 


transition were itself of the order expected for a neutron 


as a rough measure of the /2 probability 


transition (primitive 7) coupling or weak coupling with 


C" ground state as unique parent), its relative prob- 
ability would be negligibly small. If, on the other hand, 


the #2 transition were of the order of a single-particle 


(proton) unit we should expect it to show a branching 


ratio of a few times 10°*. This latter result would imply 


a more complicated parentage for the C™ states such 


as would automatically be provided by an admixture 


of collective motion into a, possibly, predominant 


IPM prescription 
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THE EXPERIMENT 


The branching ratio about which we speak is already 
known to be low (<0.02)* and a coincidence experiment 
in which the £2 transition is detected in coincidence 
with the subsequent //1 transition from the 3.09-Mev 
4+ state to the ground state Fig. 1) is indicated 
Its intensity can then be determined relative to that 
of the branch to the 3.68-Mev state which will give 
a 170-kev gamma ray in coincidence with the subse 
quent 3.68-Mev transition to ground state. In 
this way we need only to determine relative and not 


see 


the 


absolute detector efficiencies 

The 3.86-Mev state is readily reached in the reaction 
B'°(a,p)C™ at an alpha-particle bombarding energy of 
1.64 Mev: A resonance of width (laboratory) 20 kev 
populates the 3.86-Mev state with a cross section of 
52 mb while that for reaching the neighboring state at 
3.68 Mev is only 2.4 mb and that for making fast neu 
trons, always a nuisance in delicate coincident searches, 
in only 3.2 mb.° 

A separated elemental B" target of thickness about 
40 kev for alpha particles of 1.6 Mev was used; it left 
us clear of neighboring resonances at 1.52 and 1.68 Mev 
(respective widths 20 kev and 7 kev 

The high-energy gamma rays 
5-in. X5-in. cylindrical NaI(T1) crysta 
proximately 80° to the alpl 
collimator in the form of a | 


detected in a 
pla ed at ap- 
beam. A 


truncated cone of 


particle lead 
ollow 
height 2} in., base diameter 12 in 


} in. was placed directly in 


,and entrance diameter 
ront of this crystal. The 
was 


entrance to this collimator 
of the B™ target. The 
detected at 90° to the alpha-particle beam, opposite 
the high-energy 3-in. X 3-in. cylindrical 
Nal(Tl) crystal : from the 
center of the B 
of about 0.1 use: 


ig in. from the center 
low-energy gamma rays were 


detector. in a 
whose front face 
\ on iden e 


ind a convenient beam cur 


was 7g In 


target resoiving time 


was used 
rent was found to be about 1 ya 
A large number of coincidence runs was taken, dis 
playing a coincidence counts in the 3-in. X3-in. crystal 
on a bias of 1.55 Mev in the |] 
current 


this set of runs. The bias on the large crysta 


} 


irger crystal. The beam 


} a 


was held constant to better than 5 


> during 


as well 
as its response to a number of gamma rays of both 
lower and higher energy than those of interest here 
were accurately determined since the quantitative in 
terpretation of the results depends on a knowledge of 
the relative efficiency of the larger cry 
3.7 Mev 
Calibration runs for the smaller crystal 


tal, above its 
bias, to gamma rays of 3.1 and 
were made 
using several standard sources placed successively at 


the position of the target rhe first purpose of these 


runs was to provide an accurate energy calibration of 
the crystal (for this purpose the alpha-particle bom 


bardment continued at its usual | to avoid any pos 


evel ¥ } 
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Fic. 2. Low-energy gamma rays seen in coincidence with high 
energy gamma rays (fF >1.6 Mev) 
vith a particles of 1.64 Mev 


sible effect of rate-dependent gain—the calibration 
sources made only a slight change to the current in the 
photomultiplier). The second purpose was to determine 
the shape of the pulse distribution for various mono- 
chromatic gamma rays to enable an accurate decompo- 
sition of the coincidence spectrum to be made (for this 
purpose there was no beam on the target and the N™ 
was allowed to die away). 

The coincidence spectrum seen in the smaller crystal 
is shown in Fig. 2. The intense peak at channel 14 is 
of about 0.18 Mev and is the £1 transition between the 
$+ state at 3.86 Mev and the }— state at 3.86 Mev 

expected energy’ 0.1695+0.0004 Mev). That at chan- 
nel 36} is of measured energy 508+-7 kev and is due to 
annihilation radiation; that at channel 423 is of meas- 
ured energy 590+ 15 kev and is due to the F1 transition 
between the 3— state at 3.86 Mev and the $+ state 
at 3.09 Mev—it is of considerable interest in its own 


right and has been discussed elsewhere’; that at channel 
524 is of measured energy 765+8 kev and is due to 
the £2 
765412 kev). 


transition that we seek (expected energy’ 


RESULTS AND DISCUSSION 
Che 765-kev peak of Fig. 2, compared with the very 


much more intense 170-kev coincidence peak, gives us 
F. Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 1], 1! 

1959 
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from the bombardment of B® 


ION 945 
the required branching ratio after suitable correction 
for peak-to-total ratios, relative absorption efficiences 
of the various radiations in the smaller crystal, the 
slightly different efficiency of the larger crystal above 
the 1.55-Mev bias for the 3.1- and 3.7-Mev lines, and 
a few insignificant effects of absorption in the target 
assembly, crystal covering and so on. The angular cor- 
relations involved can be computed from data® in the 
literature which fix the channel spin ratios; they are 
not strong and are effectively integrated out by the very 
bad geometry (+74°) of the smaller crystal. The final 
value for the strength of the £2 de-excitation relative 
to all decays of the 3.86-Mev level is (9.342.0)K10™*, 
consistent with the earlier limit (this stated uncertainty 
includes that in the £1 versus M2 branching ratio). 
This branching ratio is seen to be of the order ex- 
pected for an £2 transition of single-particle (proton) 
strength: If we guess that the 170-kev 1 transition is 
of “usual” strength, the predicted £2 branching ratio 
is 1.1 10~*; if we alternatively guess that the 3.86-Mev 
M2 transition is of single-particle strength, the pre- 
dicted £2 branching ratio is 4.210-*. It is therefore 
clear that this £2 transition, rather than being heavily 
inhibited, is probably of single-particle order and that 
at least one state of C in addition to the ground state 
is quite strongly involved in the parentage of at least 
one of the states of C" at 3.68 and 3.86 Mev with re- 
spect to a 1d or 2s neutron or both. The “weak-coupling” 
or unique parentage model is eliminated. (In principle 
the parentage need not be with respect to these par- 
ticular states, but the evidently large fractional par- 
entage coefficients for the ground state of C" with 
respect to these neutrons make it rather unlikely that 
parentage with respect to any other neutron orbitals 
underlies the £2 transition. As it is, we may guess that 
the transition “behind’’ the £2 that we study here is 
that involving the ground state of C” and the 2+ first 
4.4 Mev. This 
*~6) and so the participation of the 2+ state in 


excited transition is fast 


(|M 
the C"™ parentage, although substantial, need not be 


State at 


very great to produce the observed effect.) 

A determination of the absolute speed of the £2 
transition via a measurement of the lifetime of the 3.86- 
Mev level would be most valuable and may be feasible. 


* A G. Stanlev. Phil. Mag. 45, 430 (1954 
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I. INTRODUCTION by the observ 


* XPERIMENTS by several groups have shown that gamma rays 
4 manganese isotopes incorporated in the lattice of Il. DECAY SCHEMES AND FORMALISM 
paramagnetic cooling salts can be oriented by the low ; 
2 The decay chain Fe > Mi > Cr? has been th 
+} 


temperature method. Using cerium magnesium nitrate 


, | Sl bie t of many inv t itions in tl! pa and 
with an external field of several hundred gauss, this an clea 


principal features of tne y scnem | 2 and Mn 


technique (Gorter-Rose method) was used to produce = blished 

' are well established (see, for instan trominger el a 
nuclear polarization of Mn by Grace and co-workers, sa ads 
of 5.7 day Mn by Hu skamp and collaborators, and 


of the relatively short-lived 2.6-hr Mn®* by Bauer and 
i ’ nickel \ word may be s 


spin 2 to Mn** The 


and Juliano et al.®); I 
with the results of the 
Deutsch.’ Recently Dagley ef al. worked with 
fluosilicate to align Mn°*® utilizing the internal crystal ; , 
i leve Cr determines t 
line field to produce nuclear orientation (Bleaney “Y® ' \F™ Getermuine 
method allowed beta decay of Fe 
, \ 

, implies a spin of Oor 1 f 

The purpose ol the present work was to extend the ImMphies a Spin of 


magnet hfs orientation me thods to the investigation 
of the 21-min excited state of Mn (subsequently re- 
ferred to as Mn Since the short lifetime of this 


nuclide made it impractical to incorporate it directly 


into the coolant crystals, we utilized the fact that 
\In®™ can be derived by radioactive decay from an 
8-hr parent, he which was incorporated in the cooling 
salt. The magnetic moment of Mn” was obtained from 
a gamma-ray angular distribution comparison meas 


urement with Mn™, while the magnetic moment of the 
latter was found in turn by a comparison with 5.7-day 
\In®. The sign of the moment of Mn was measured 94 $0) ae ee sen eas 
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to measure the lifetime of this level by the observation 
of delayed coincidences and find an upper limit of 
5X10~'" sec in contradiction to earlier reports.* The 
165-kev gamma-ray transition is thus almost certainly 
predominantly of M1 character 
Mn" as J=0, 1, or 2 
1 and J= 2 may be made from the observa 
on by Osborne and Deutsch’ of internal electrons due 


rhis determines the 
spin of rhe decision between 
the values / 

he isomeric transition, which implies ‘f 2, but their 
experiment has never been repeated. One may also 
irgue that the absence of beta transitions from Mn” 
to the ground state of Cr 


ment / 2. The 


periment, 


strongly favors the assign 
results of our nuclear orientation ex 
however, do not allow us to eliminate spin 
1 since anisotropy effects of only 4°%% have been ob- 
served (sce Sex . 
of Mn 
excluded 


\). But we can conclude that the spin 
™ is almost certainly 2, with /=1 not completely 
The decay scheme of 5.7-day Mn*® with all the spin 
The 
eller mixture in the beta decay has been measured®; 
the magnetic moment of Mn™ is known to be 3.08 nm 


assignments is well established. Fermi-Gamow- 


from paramagnetic resonance experiments.’ In our ex- 
as our ‘‘thermometric” 
reference isotope for the measurements of the magnetic 
moments of Mn®™ and Mn®". 

The de ay of Mn 
ture followed by a single gamma ray. The decay scheme 
is given in Fig. 1(b). The 840-kev gamma ray is known 
to be pure £2 from angular distribution 


periments we have used Mn 


‘ takes place through electron cap 


and linear 
polarization measurements.” The spin and the mag 


netic moment of Mn™ have not been measured 
previously 

Expressions for the angular distribution W(@) and 
the degree of polarization P of gamma rays emitted 
from a system of oriented nuclei with rotational sym 
metry have been given in a previous paper.’ The 


anisotropy of the angular distribution is defined by 


[W(x/2)—W(0)]/W(x/2), 


where the angles are measured with respect to the axis 
of onientation of the spin system. 


III. APPARATUS AND EXPERIMENTAL 
PROCEDURES 


our experiments the radioactive ions were incor 
n the lattice of Lwoty pes of cooling salts cerium 
im nitrate CeoMg3(NQO3);.:-24H2O and mag 


ly diluted nickel fluosilicate (90% Zn, 10%, Ni 


Sil’s-6H.O. Both substances possess an axially sym 


metric crystal structure and can incorporate divalent 


ions of the iron group in their lattices. Discussions of 


sborne and M. Deutscl ‘ 467 (194; 
er, R. W. Haywar ppes, and R. P. Hu 
110, 787 (1958 
raham, C. D. Jeffries 
Phys. Soc 2 382 (19 
Bishop, J. M. Dani Durand, C. E. Joh 
Phil. Mag. 45, 1197 
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the nuclear orientation mechanism of Mn ions in these 
‘With 
our cryogenic facilities, by means of adiabatic demag- 
netization of these salts, te mperatures of about 0.010°K 


grise toa large degree 


salts have been presented by several authors.'? 


or below were reached, thus givir 
| he m inet ally ( ooled double- 
field of several 
axis yield polariza 


1uclear orientation 
nitrate crystals placed in a 


hundred gauss along their 


magnet 
trigonal 


tion of Mn nuclei; the cooled fluosilicate crystals in a 


field-free region produce alignment of the Mn nuclei 


along the symmetry axis of the crystals due to interac 


tion of the internal electric fields with the Mn ions 


reference isotope Mn® was pro- 


duced at the MIT cyclotron by a (d,2n 


The “thermometric”’ 
reaction on a 


chromium probe; a chemical separation of Mn was 


made, and none of the other Mn isotopes produced 
were abundant enough to disturb our measurements. 
rhe yield ratio of Mn, Mn 
0.01. Mn 


Engineering Corporation, 
5 5 


was found to be less than 
‘ was obtained from the Nuclear Science and 
Pittsburgh, 
The isotope was produced by proton bombardment on 
chromium. Mn by radioactive 
decay. The latter was produced at the MIT cyclotron 


by an (a,2m) reaction on a chromium probe. Fe® and 


Pennsylvania 
™ was derived from Fe™ 
Mn® were produced in abundance in the same bombard- 


After Fe™® had decayed, the active iron was ex- 
tracted into nitrobenzene 


ment 
Re peat d back-extractions 
\in® to less than 0.01%. 
The cerium magnesium nitrate and nickel fluosilicate 
were prepared in 


reduced the contamination of 


crystals containing Mn® and Mn 
the conventional manner by growth from radioactive 
solutions. Since only ferrous ions can be incorporated 
in these crystals at the proper lattice sites, about 1 mg 
of the added to 300 uC of Fe, and the 
iron was reduced with sulfur dioxide. The crystals were 


carrier was 5 
grown in a desiccator filled with carbon dioxide or under 
The latter method is of advantage 
especially when the crystals had to be prepared within 


re duc ed pressure 


a few hours because of the short-lived radioactivity. 

he low-temperature apparatus, the source mounting, 
the experimental arrangements for the measurement of 
the angular distribution and of the circular polarization 
gamma rays emitted by oriented nuclei, and the methods 
of data accumulation using the multichannel pulse 
sorter at the L.N.S. Data Center have been described 
in previous papers.*:!! 


IV. EXPERIMENTAL RESULTS ON Mn“ 


Experiments were performed with sources containing 
\In®™, with about 50 uC of activity in 2 to 5 grams of 


crystals. Polarization in the double nitrates together 


with an external field of 450 gauss and alignment in 
the fluosilicates with no polarizing field were applied in 


separate experiments. The results of the observed angu- 


lar distribution anisotropy of the 0.84-Mev gamma ray 


are given in Fig. 2, where the normalized counting 


R.W. Bauer and M. Deutscl lear Ph 16, 264 


1900) 





axis W (0) is plott 

‘ r/2) for the 0.84-Mev gam 
Mn™ irves show the 
r different values tt pet ransition 


uming a 2-2 tr t tical 


that i 

rom onented dependence 

2 d errors are indicated 
> expected dependen¢ fora 3 ta transition is 


with A\=1.00 


identica! 


he axial dire 
lane perpendi 
1.00 corr 


Ihe solid curves 


is plotted against that 
cial direction W (#/2 
Phe value isotropic distribution 
pected de penden¢ e for 
es of the 


different val transition mixing parameter 


\ assuming a 2—> 2 tral yn, 


where A\=0 corresponds 
Gamow and \=1 to a 


transition. ‘The 


to a pure pure Fermi 
dependen e for a 3 — 2 beta 
transition is ident with that of the 2 — 2 beta trans 
ion with A= 1 


decay ra »2 


no disorientation in the 


beta 


W he re 


beta transition 


0.85+0.07 2.55+0.2 
2.06+0 
2.26+0 


2.16+0.2 


1.03+0.08 
13+0.08 
+0.13 


1.08 


expected dependence is a s } 
values of W(0 W (2/2 thus a maxi 
mum anisotropy ¢« of 33%, f complete nuclear 
orientation. 

The degree of orientation of 


0.75 and 


ichieved in the 
double nitrates was about the same as that reported 
by the Oxford group 


also in 


Our measu ents 
a spin assignment of 3 for Mn As seen from Fig. 2 
the spin of 2 is not excluded; but in this case the almost 
complete absence of disorientation in the beta decay 
would require the Fermi-type transition to be predom- 
inant. The possible Gamow-Teller admixture would 
have to be less than 10% 
Similar sources containir 


5.7-day Mn® activity 


1g al 
abou 
simultaneous measurement 
0.84-Mev gamma ray of 
gamma ray of Mn. Si 
into the same crystal, 

of the nuclear g values of 
mental 


experi 
results of these comparison experiments per 
formed with both double nitrate and fluosilicate are 


ted 
the 


given in Fig. 3. The solid curves ww the expe 


dependence for different ratio R of 
g value of Mn® to tl yin assign 
ments given in Fig rr Mn see 
Sec. I]), we get 
for Mn", 


Fig. 3 
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assumill ; I rvé I r to the one 


84 Mev Y Ray of Mn5* 


py of ( 


» Anisotro 
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Fic 
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expected ! 
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Statistical err 
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taking various values of the beta-transition mixing pa 
rameter \. Table I gives the alternate values of the nu 
clear g values and magnetic moments of Mn*. 

The sign of the magnetic moment of Mn*™ was deter 
mined by the measurement of the circular polarization 
0.84-Mev gamma ray. With 
100 uC of Mn™ in cerium magnesium nitrate, the nuclei 


of the sources up to 
were polarized using an external field of H, of about 
450 gauss. The gamma polarization was analyzed by 
forward Compton scattering of the circularly polarized 
gamma ray with polarized electrons (in magnetically 
saturated iron). The geometry of the experiment and the 
efficiency of the polarization analyzer magnet were de- 
scribed in an earlier paper.* Figure 4 gives the results 
of the scattering experiments. The counting rate of the 
temperature monitor counter 11’(90°) is given together 
vith the counting rate in the Compton-scattering peak, 
designated as W(15 rhe circular polarization effect 
I was 0.045+0.007) at the 
temperatures achieved; thus the counting rates in the 


found to be + lowest 


larization detection counter were larger when the 
polarizing field 7, and the analyzing field H, are op 
in direction, than in the case of the fields being 


posite 
n the same direction. From the analysis of the angular 


nomenta in the decay of Mn, the sign of the magnetic 
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Fic. 5 
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I t of the war 
uadrupole transitior he observed anisotropy 1s not 


anisotropy ol the 

nickel fluosilicate as 

Ss are those correspond 

gtoagq 

enough to detern isorier on effects in the preceding 
cay. Statistica] err 


\In ions, and the 
dependent part of the 
Compton-scattering cross section, we get a_ positive 


hypertine coupling constant of the 


sign of the circular polarization 


moment for Mfr 


magnet 


V. EXPERIMENTAL RESULTS ON Mn" 


Experiments were performed with sources containing 
about 10 uC of Fe 2 to 5 grams of crystals. Due 
to the short half-life of Mn” 


from which Mn 


crystals were prepared 
containing Fe* is derived in radio 
active equilibrium in the crystalline lattice 


We found that no nu 
ybserved if Fe was 


Mn® 
magnesium 
nation of this fact can be that 


lear orientation ol was 
grown into cerium 
nitrate crystals. An expla 
divalent iron does not replace magnesium in the crystal 
lattice; but that iron is bound at interstitial positions. 
If, however, divalent Fe was incorporated in the fluo 
, the Mn®™ nuclei, derived from it by beta and 
were oriented at low 
Figure 5 gives the angular distribution 
observed for the 1.43-Mev gamma ray of Mn®". The 

ired anisotropy vhich unfortu 
termination of 


gamma decay at lattice sites, 


temperatures, 


was about }‘ ¢ 
ot large enough to allow a de 
elements for the 


and Gamov natr 


) 


Mn which is believed to be a 2— 2 


The observed anisotropy also was not large 
assignment of spin 1 


h was pointed out in Sec. II. 


in order to exclude the 
for Mn®™ completely, whi 
Fluosilicate crystals containing about 5 wC Mn®™ and 


50 uC Mn were used in the simultaneous measurement 
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\In atoms resu 
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in tl atoms incorporated 
there iring the cryst { wtl The 
sults of these « 


6. The solid curves 
different values of the he g value of Mn 


experiment i 


epel dence ¢ xper ted lor 


of Mn, using 1 pin assignments given in 

of Mn*®" to be a 

pure Gamow- Teller O.85+0.07 for 
\In ee Sec. I\ ol ig * get a g value ofl 
0.52+0.08 for Mn 


iming a Gamow-Teller beta 


transition. Curves similar to the ones in Fig. 6 can be 


drawn for other beta natrix element 


VI. DISCUSSION AND CONCLUSION 
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NUCLEAR ORIENTAT 
Huiskamp et al.2 with Mn 
indicate that this time may be several minutes at very 
2 nuclei are formed con 


in cerlum magnesium nitrate 


low temperatures. The Mn 
tinuously during the experiment, effectively at an in 
finite temperature since they grow from a parent with 
I=0. 


is 30 minutes, we can estimate the fraction of Mn" 


Since their mean life at the time of observation 


nuciei which have a temperature much higher than the 
ice as 7/30 where 7 is the mean time, in minutes, 
to reach lattice temperature. Thus at most a few percent 
of the nuclei are affected. 
All of the phenomena discussed will tend to reduce 


mn 


the degree of nuclear alignment for Mn” compared 
with Mn**, but their effect is probably no larger than 
the experimental probable errors. A conservative ap 
proach would consider our value of g5»m/£54 aS a lower 

mit only, but it is not likely to be exceeded by much 
more than the error indicated 

We find the ratio of the g values of the 21-min state 
to that of the 5.7-day state of Mn® to be of the order 
of unity. This is to be expected from shell-model argu- 
ments” if the 21-min state is derived from the same 
configuration as the ground state, since both the odd 
proton and the odd neutron in Mn® are in the f7/2 shell 
IV, the spin of Mn® has not 
been established uniquely. Earlier tabulations (Table 
IV of the review by Blin-Stoyle™) give a spin of 2 and 
a magnetic moment of about 5 nm. Beta-decay argu- 
ments favor spin 3 over spin 2. The decay of Mn™ — Cr 
is closely related to that of Fe5—> Mn*, both taking 
place by electron capture where an f7;2 proton decays 


»,a p 


As pointed out in See 


neutron and both having a log ft value of 
about 6. But the Fe®® decay is believed to be an allowed 
beta transition with AJ=1; this argument carried over 
to the neighboring Mn*™ indicates a spin of 3 for this 


rhe rather small magnetic moment found by us for 
Mn®™ ha 
» atic 


§ some interesting implications in the light of 
coupling model. We note that Mn®, with a 
closed shell of 28 neutrons, shows the “normal” 3 


ground state of the (f;;2)° proton configuration, while 


in-Stoyle, Revs. Modern Phys. 28, 75 (1956 
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Mn ground 
state. Both isotopes show a gyromagnetic ratio of about 
1.4, quite close to the Schmidt 1.65 for the 
f shell. The configuration of the 29 neutrons in Mn* 


he 3 


with 30 neutrons, has an anomalous 3} 
limit of 


ground state 
0.3, 


is certainly p3;2, in agreement with t 

of Cr® although the g value of this nucleus is 
much smaller than the Schmidt limit of — 1.27. 

the (f; configuration for the 


protons is maintained and coupled separately to the 


If we assume that 


ps/2 neutron, we can calculate the g value of Mn™ on the 


assumption of j, for the protons. One finds, for 
I=3, g=g,; and for /=2, g=(3 (1/2)g,. This 
coupling scheme therefore predicts too large a moment, 
whether we choose the Schmidt limit of 1.64 for g, or 
lhus the protons must con- 
the angular momentum 


\o 
Zp 


the empirical value of 1.4 
tribute a smaller fraction of 
j, provided 7-7 coupling holds at all. If the 
f configuration is coupled to j7p= 3, as in Mn*, we 

get, for J/=3, g=(17/24)¢,+(7/24)¢,; and for /=2, 
g=(11/12)g,+(1/12)g,. The latter expression gives a 
value 1.16<g<1.5, depending on the values of g, and 
g, chosen, with the Schmidt values and the empirical 
values from Mn® and Cr™ used to obtain the limits. 
his is substantially greater than our experimental re- 
For / 1.0 which is 

in the right range. In particular, if we choose g,=1.4 
as indicated by Mn® and Mn 0.3, as in 
Cr®’, we get g=0.90 in excellent agreement with experi- 
ment. Although this coupling scheme cannot be taken 


than hy 


sult 3, however, we get 0.62- g° 


and Ln 


very seriously, especially in view of the small moment 
of Cr®, the result may help in understanding the mo- 


ments of other f7;2-shell ground states 
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The ground-state transitic 
of 669 kev is anor yusly weak. Thi 
for proton emi to the groun 


Mev) state of Ne’ 


ground-state radiatio | 


ight 
l 


sougn 


ipproximate y 1.010 ] 3 


to the 4.97-Mev 


the first excited state 


2 rreenor 
ev correspon 


INTRODUCTION 


HE radiative capture of protons by fluorine has 
been the subject of several investigations! and 

has been established at 10 resonances. A curious feature 
of the results is that in no case has capture to the ground 
state of Ne” been established: the 2+ first excited state 
of Ne” at 
adequate study of the spectrum has been made. In only 


1.63 Mev is found to be favored wherever 


two of the cases where the spectrum has been deter- 
669 and 1420 kev (states 
, are the spin and parity 


mined, the resonances at F, 

of Ne” at 13.51 and 14.22 Mev 
of the capturing state known: 14 
the state at 13.51 Mev the ground-state capture is not 
greater than 1% of that to the 1.63-Mev state,? while 
for the state at 14.22 Mev the corresponding limit is 


for both states. For 


probably about 5%.* This shunning of the ground state 
is interesting and is clearly of importance for discussions 
of the structure of that state; in particular, a very simple 
explanation within the independent-particle model 
framework would be given? if the spectroscopic con- 
figuration were (2s,)* which is inaccessible to pure M1 
transitions. So simple a configuration at A= 20 is not 
to be expected in view of results such as those of Elliott 
and Flowers‘ on configuration mixing in A = 18 and 19, 
but it Is possible that the potential closing of the 2s; 
shell at Ne” purifies the wave function through action 
as that of the pairing forces. It is therefore of 
interest to see to what degree the ground state of Ne™® 
can, in fact, be reached through pure M1 transitions. We 
have an investigation and have con- 


he proton resonance at 


such 


carried out such 
centrated our attentions on t 
669 kev, since that is the best studied so far. 

\ subsidiary reason for interest in this investigation 
is the possible importance of such M1 transitions for the 
balance of nuclear species in certain types of star. Ne™ 
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\ simple explanation would be that the ground 
and found using a 3-in.X3-in 
ing to |M|?~2x 10 
tate with a width of approximately 0.24 ev. The 4.97-Mev state its 
An upper limit on the relative strength of the ground-state 


yn from the 13.51-Mev state of Ne* forme yD 
is interesting because the 13.51-Mev 
| state of F® and a large M1 width for radi 


Nal (TI \ 
The 13.51-Mev stat 


Ne”, 


ng other things, 


may be built 
Its subsequent fate is 
its photodisintegration which, if sufficiently 
inhibit further build-up. Photor 

state cannot direct 


up through the reaction of O'*(a,7 
strong, cz 


ly lead to a pl i-part le breakup to 
the ground state of O do so indirectly 
following a f 
J(- \y. Thus, states whi 
synthesis of Ne” may be importa 
if M1 transitions involving the grout 
The 13.51-Mev state of Ne 


related to certain low-lying 


structior 
te are possible. 
is probably fairly simply 
ind Ne” as is 
evidenced by its large redu 
] 


ground sta 


emission to the 


M1 radia 
1.63-Mev state of Ne” (6.5¢ f a sing] 
Its radiative propert 

of Ne” are therefore lil 

structure of those sta 

investigation 


particle unit®) and its large 


insofar 


cascades. 
GROUND-STATE TRANSITION 


13.51-Mev ground-state 
is Clearly a delicate matter, since it is alraedy known to 
be no more than 1% of the 11.88-Mev first excited state 
transition whose own strength is only 2% of that of the 
combined 6- and 7-Mev radia the 6.14-, 6.92-, 
and 7.12-Mev states of O' are populated by 
F(p,a)O'*. The search was mad lirectly 
3-in. X3-in. Nal (TI 
12 in. away from a target of BaF, of thickness approxi- 
mately 40 kev for protons of 700 kev (the width of the 
state is 7 kev). The 
beam of 1 5 a. TI e Tresor 

nantly s-wave in formatiot 


The search for the transition 


C fre nN 


using a 


crysta was placed 


rystal was at 90” to the proton 
to be predomi- 
nece ssary 

over angular distribution 
The low-energy region of 
proton energy of 690 kev is st 
to indicate 


1 and suffices 

the resolution of t] al.* The attribu- 
5 E. Baranger, Phy 
®* We should lik« 

this excellent crystal 


r the loar 
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HANNEL NUMBER 


Fic. 1. Gamma-ray spectrum observed in 3-in. X3-in. Nal (Tl) 

stal at a proton bombarding energy of 690 kev. These peaks 
are due to the gamma rays from states in O"* at 6.14 and 7.12 Mev 
excited in the ratio 4.4: 1 in the reaction F(p,a)O"* (the excitation 
of the 6.91-Mev level is very weak). The peak at channel 28.5 is 
the 2-quantum escape peak of the 6.14 Mev gamma ray; that at 
channel 38 is the 1-quantum escape peak of the same radiation 
The peak at channel 66.5 is the full energy peak of the 7.12-Mev 
gamma ray and that at channel 57 is the 1-quantum escape peak 
Ihe peak at channel 47.5 is the superposition of the full-energy 
peak of the 6.14-Mev gamma ray and the 2-quantum escape peak 
of the 7.12-Mev radiation 


tions of the peaks are given in the legend to the figure 
and their relative intensity accords well with the known 
relative populations! of the states of O"* in the reaction 
I'°(p,a)O"*. The high-energy region of the spectrum is 
shown in Fig. 2. The three peaks due to the 11.88-Mev 
gamma-ray transition in the reaction F'*(p,y)Ne” to 
the first excited state of Ne” are well seen; their ex- 
pected positions are indicated by the three arrows; the 
measured energy is 11.914+0.04 Mev. Above the 
exponentially falling tail due to this transition, there is 
a clear bump around channels 57 to 66 before the 
flattening off to the cosmic-ray background. The second 
set of arrows indicates the expected positions of the 
three peaks due to the possible 13.51-Mev ground-state 
transition; the bump is at the correct location to corre- 
spond to this transition. (The cosmic-ray background is 
an obvious nuisance in this work. It was militated 
against by surrounding the crystal as far as possible by 
a liquid-phosphor anticoincidence counter; this cut 
down the counts in the high channels by a factor of 
about 2.5 without affecting the counting rate due to the 
target. 

Several points must be checked before a result such 
as this can be accepted as establishing the transition 
being sought: 


i) Are the large pulses in the bump due to addition 
between the elements of the 11.88-1.63 Mev cascade? 

(ii) Are they due to pile-up between 12 and 6-7 Mev 
gamma rays or between 6-7 and 6-7 Mev gamma rays? 

(iii) Are they due to a multiplier defect which manu- 
factures a small high-energy tail to the 11.88-Mev 
distribution ? 


PROTONS BY 
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Fic. 2. The continuation to higher energy (without normaliza 
tion) of the spectrum of Fig. 1 (note that the ordinate scale is now 
logarithmic). The two sets of three arrows show the expected 
positions of the two sets of three peaks for gamma rays of 11.88 
Mev (transition between the 13.51- and 1.63-Mev states of Ne™ 
in F%(p,7)Ne™) and 13.51 Mev (ground state transition from the 
13.51-Mev level). The horizontal dashed line shows the separately 
determined cosmic-ray background. The slanting dashed line 
shows the exponential extrapolation of the pulses due to the 
11.88-Mev gamma rays 


(iv) Even if the 13.5-Mev gamma rays are genuine, 
do they come from the 13.51-Mev state or may they be 
due to the tails of remote states or to nonresonant 
proton capture? 


The first point is satisfactorily dealt with by computa- 
tion: With the crystal so far from the target the addition 
pulses would be an order of magnitude less abundant 
than those observed. The second point was dealt with 
directly by repeating this experiment but with a greatly 
modified pulse form from the amplifier. Figure 3 shows 
the two pulse forms. That used for the results shown in 
Fig. 2 is square-topped and relatively prone to pile-up 
while that used for the check experiment is sharp-topped 


and will obviously have very much diminished propen- 
sities for pile-up. The two runs were made with the same 
target current to within 5%; they showed the same ratio 
of bump to 11.88-Mev pulses. The third point was 
checked by irradiating the crystal with gamma rays of 
similar energy to those investigated here unaccompanied 
by radiation of higher energy. These gamma rays were 
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derived from the re 
energy ol 1030 ke Vv: thy 


P,y)O” ata proton 

yields gamma rays of 13.09 Mey 
which, since they lead to the ground state of O'®, cannot 
be accompanied by a component of higher en rgy. It 


was arranged that the counting rate due to the O' 
gamma rays of 13.1 Mev wa 


for the 


roughly the same as that 
11.9-Mev gamma rays of Né The 


shown in Fig. 4 where the exponential fall at high energy 


results are 


is seen to run directly into the cosmic-ray background 
without any suggestion of a bump such as is found in 
lig. 2. The fourth point was checked by running off 
resonance—at a proton energy ol about 770 kev. A con- 


10000 


= oo a | 1 
so 60 70 
CHANNEL NUMBER 





Fic. 4. The 13.09-Mev gamma rays fr 
O** at a proton bombardi: 


the reaction N'5(p 


g energy of 1.03 Mev observed under the 
There is now 1 l 


same conditions as Fig excess of pulses between 


the exponential tail and the cosmic-ray background 
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tribution not due to the 669-ke\ 
either to nonresonant capt 
The only tale 
conside red are 
energie s of 650 and 
and 35 kev. Bot! 


tion seen in Fig 


resonances, 
need to be 
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y. The 
on energy of 770 kev is 
fact, 
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This is illustrated in Fig. 5 w the d butions found 
at proton energies ol 6090 


ation at the proton energy ol 770 kev 
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allowance is 
corresponding factor for the prot 
about 2 as it also is for nonresonant ca re. In 
some slight ground 

nd 770 kev ( ympared for 
a} + 


approximately the same proton charge on the target. On 
been sub- 


of the 


this figure the cosmik ray background ive 
tracted and also the exponential ext 
to the 


When allowance is made for the 


ation 


iower energy 


tails due i 
vield at 770 kev, we 
find that the ground-state transition from the 13.51-Mev 
of 0.0044+0.0015 re 
The 


correction of the 


state has an intensity ative to the 


transition to the first excited st ite. error in 
figure covers the ul untv in the 
yield at 770 kev to that expected 
at 690 kev. The measured energy of the transition is 
13.4+0.3 Mev. 


Irom the same source 
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used for the earlier investigation at 90° on the other side 
of the target and with its front face 3-in. away. A proton 
current of about 0.5 wa was used. The coincidences were 
displayed using a 2000-channel (3264) analyzer con- 
structed at Brookhaven National Laboratory under the 
direction of Mr. R. Chase. 

It was immediately apparent that a cascade indeed 
takes place via the level at 4.97 Mev which itself decays 
predominantly via the first excited state. This is seen in 
Fig. 6 where we display the pulse distribution seen in 
the smaller crystal in coincidence with pulses from the 
larger crystal in the energy range 7.8 to 9.2 Mev (the 
expected energy of the first element of this cascade is 
8.54 Mev. As well as the very intense line at 1.63 Mev 
due to the chief cascade from the 13.51-Mev level, we 
see clearly the three peaks of a line whose energy is 
found to be 3.36+0.03 Mev. This is to be compared 
with the 3.337+0.007 Mev expected for a transition 
between the 4.97- and 1.63-Mev states." 

That the cascade is a triple one was confirmed by 
examining the spectrum of high-energy pulses in the 
larger crystal in coincidence with the two peak channels 
30 and 31 of Fig. 6. This is shown in Fig. 7. The peak in 
channel 3 is due to the 6-Mev gamma rays from O"* seen 
in random coincidence. The arrows show the expected 
positions for the peaks of gamma rays of 8.54 Mev 
(corresponding to the triple cascade) and 10.15 Mev 
(corresponding to the other member of a double cascade 
involving an unknown state at 10.15 Mev or an un- 
known state at 3.36 Mev). We conclude that the coinci- 
dent gamma ray is of 8.5 Mev (measured energy 8.60+ 
0.15 Mev 
The same conclusion is found in unpublished work of 
the Chalk River group.’ 

The 
of the 


and that the triple cascade is established. 


question of the possible ground-state transition 


$.97-Mev state arises. Return to Fig. 6. The 
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6. Gamma-ray spectrum seen in coincidence with the 
gamma-ray energy range 7.8 to 9.2 Mev 
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pulses in channels 50-63 are due to the 6-Mev gamma 
rays from O"* seen in chance coincidence. The line drawn 
in this region represents their expected distribution. It 
is seen that there is a significant excess of pulses in the 
region of channels 35-50. The positions of the three 
peaks due to the possible line of 4.97 Mev are indicated. 
If all excess pulses in this region were interpreted as due 
to the ground-state transition, the corresponding inten- 
sities of the ground state relative to the cascade transi- 
tion be 0.07+-0.03. (The effects of addition 
between the 3.34- and 1.63-Mev lines are negligible.) 


would 


However, the observed pulses do not represent the 
expected form of the distribution at all well and the dirt 
effects of the setup are not well enough investigated for 
us to do more than regard this figure as an upper limit 
on the possible strength of the cross-over 

The relative strength of the triple cascade is estimated 
by comparing the results shown in Fig. 6 with those of 
Fig. 8 where the spectrum seen in the smaller crystal in 
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(san yectru 
the 1.63-Mev gamma ray 


mi m seen in 
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coincidence with pulses of 10.1 to 13.0 Mev in the 
larger crystal is displayed. It is the pure 1.63-Mev line 
as expected. The result is that the intensity of the 8.54- 
Mev transition to the 4.97-Mev state is 0.11+0.03 of 
the intensity of the 11.88-Mev transition to the 1.63- 
Mev state. 
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Asa check on this we show in Fig. 9 the pulse distribu 
tion in the larger crystal (whose resolution was not very 
good) in coincidence with the photopeak of the 1.63- 
Mev line (channels 11 and 12 only of Figs. 6 and 8). The 
11.88-Mev line (measured energy 11.9+0.1 Mev) is 
found (together with me 6-Mev radiation at low 
channel numbers in The dashed 
11.88-Mev 
spectrum and a clear excess of events around channel 11, 
the expected position of an 8.54-Mev see Fig. 7 
is seen. The form and magnitud ss are con 
sistent with a branch of relative intensity about 10% 
although uncertainty in the dashed extrapolation pre- 
vents an accurate figure being quoted from these results 


coincidence 


line indicates the expected form of 
line 


e of this exce 


DISCUSSION 


If we use the earlier figure of 2.2 ev as the radiative 
width of the transition to the 1.63-Mev state,’ we find 
1.0X 10-? ev for the radiative width of the ground-state 
+.97-Mev state. 
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haracteristics but the spin of F” is not yet sure (J =2 
or 3) although the parity is established to be even, as 
expected.' However, the observation’ that J/~0 for the 
4.97-Mev state taken together with this large log // value 
suggests it has odd parity, or if even parity, then J=1. 


VOLUMI! 
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The relative weakness of the ground-state transition 
argues, though not powerfully, against J/=1. It would 
clearly be of considerable value to improve our know- 
ledge both of the ground-state transition from this state 
and also of the F™” beta decay. 


Extension of the Shell Model for Heavy Spherical Nuclei 
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BARANGER 


Carnegie Institute of Technology, Pittsburgh, Pennsyloania 
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The Bardeen-Bogoliubov-Belyaev treatment of the pairing correlations is applied to spherical! nuclei with 
a general nuclear force. The interaction between quasi-particles is treated by the method of linearized 
equations of motion. An advantage of this treatment is that the same equations describe single-particle 
excitations and collective excitations, so that the former are orthogonal to the latter and the total number of 


states is correct 


Another advantage is that the spurious states 


due to the fluctuations in the number of 


particles are automatically eliminated. The equations to be solved resemble those for a two-bedy shell model 
calculation. Simple estimates, based on delta-function or quadrupole forces, are made for the vibrational 
frequencies in various modes and transition matrix elements. It is concluded that the method is as powerful 


as other known methods for dealing with collective states by the shell model, and that the 


same order of 


magnitude for the effective nuclear force seems capable of fitting all the data 


1. INTRODUCTION 


HE past two years have seen some important de- 
velopments in the theory of nuclear structure. 
The recent success in the theory of superconductivity' 
stimulated the application of the same ideas to nuclear 
physics.2~> According to the new point of view, the 
pairing correlations and the energy gap must play a 
fundamental role in our understanding of many nuclear 
properties. Belyaev® has discussed the influence of 
pairing correlations on the collective behavior of nuclei; 
and Kisslinger and Sorensen’ have obtained good agree- 
ment with many detailed properties of single-closed- 
shell spherical nuclei, by using a simple interaction 
composed of a pairing force and a quadrupole force and 
treating it by the new methods. In a different line of 
research, there has been increasing success in accounting 
for collective effects starting from the ideas of the shell 
model. Here, we mention the work of Brown and 
Bolsterli® who showed that the location of the giant 
J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 108, 
1175 (1957), referred to in the following as BCS 
24. Bohr, B. R. Mottelson, and D. Pines, Phys. Rev 
1958 
\. Bohr, Comptes Rendus du Congrés International de Physique 
Vucléaire, Paris, 1958 (Dunod, Paris, 1959) 
‘B. R. Mottelson, in The Many-Body Problem (John Wiley & 
ns, Inc., New York, 1959) 
V. G. Soloviev, Nuciear Phys. 9, 655 (1958 
*S. T. Belyaev, Kgl. Danske Videnskab. Selskab, Mat.-fys 
Medd. 31, No. 11 (1959). Some related work is due to A. Kerman 
to be published). 
7L. S. Kisslinger and R. A. Sorensen, Kgl. Danske Videnskab. 
Mat.-fys. Medd. (to be published), referred to in the 
following as KS 
*G. E. Brown and M 
1959 


110, 936 


seiskal, 


Bolsterli, Phys. Rev. Letters 3, 472 


photoresonance could be explained by taking into a 
count particle-hole interactions. 

The present work represents another extension of 
these ideas. The aim is to develop an approximation 
suitable for calculating the properties of all low-lying 
levels of heavy spherical even-even nuclei, starting from 
a general shell-model Hamiltonian. To do this, we first 
perform the Bogoliubov-Valatin transformation® on the 
Hamiltonian (Sec. 2). The result can be interpreted in 
terms of a Hamiltonian of ‘quasi-particles’ and an 
interaction between these quasi-particles. It is the 
existence of a gap in the spectrum of quasi-particles 
which restricts the low excited levels to two quasi- 
particles and makes possible a simple shell-model type 
of calculation. This is not quite true, however, because a 
few levels containing many quasi-particles may be 
brought down by collective effects. Fortunately, there 
is a well-known method which was devised to deal with 
this difficulty in other many-body problems, the method 
of linearized equations of motion. We use it (Sec. 3), 
and the resulting equations apply equally well to collec- 
tive states and to noncollective states of two quasi- 
particles. This is a great advantage, as in the past one 
has had to treat the two kinds of states by different 
methods, with the result that one ended up with too 
many states and that often they were not mutually 
orthogonal. Also, one can now treat states which are 
only weakly collective, and for which the standard 
methods of dealing with collective states are not valid. 
Finally, we shall see that the spurious states due to the 


*N.N. Bogoliubov, Nuovo cimer 
Nuovo cimento 7. R43 (1958 


to 7, 794 (1958 ;J.G Valatin 
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nonconstancy of the number of particles, a difficulty 
introduced by the Bogoliubov-Valatin transformation, 


can be easily eliminated. The equations resemble those 
i 


for a two-body shell model calculation and should be 
easy to solve wit! a realist nuclear force, except for the 
rather formidable problem of the choice of parameters. 


He 7c 


based on quadrupole lorce 


we shall content ourselves with rough estimates 
These 


are sufficient to show that the new method is as effective 


ind 6-function forces 


as older ones in dealing with quadrupole vibrations 


(Sec. 4A) We also apply 


closed shells, in which case 


it to collective vibrations of 
it is not necessary to perform 
the Bogoliubov-Valatin transformation, as the spacing 
between major shells already plays the role of an energy 
gap (Sec. 4B). One finds that the strength of the nuclear 
force, which is needed to bring the various pairing and 
collective effects into agreement with experimé nt, is of 
the same order of magnitude in all cases. Finally we 
timate the enhancement of inelastic 
1C). 

Many of the manipulations that we need to perform 
require the use of the 
We shall not re produc e the de tails, as they are straight 
We use the Condon and Shortley choice of 


phases" in all cases 


show how one can ¢ 


cross sections (Sec. 
ilgebra of angular momentum. 


forward 


2. THE HAMILTONIAN 
A. The Shell-Model Hamiltonian 


Since we are concerned with heavy nuclei, we shall use 
j-j coupling, but we shall not use the isotopic spin 
formalism. The single-particle shell model states will be 


specified by various quantum numbers: the charge g, 


n, 
l, j, m. These states will be designated by Greek sub- 
scripts, and the corresponding creation and absorption 
operators will be called, for example, c.* and c,. They 


satisfy the usual Fermion anticommutation rules, 
(la) 
(1b) 


In association with t ubscript a, we shall use the 


Roman subscript a, which stands for all quantum num- 


bers above except the magnetic quantum number m. 
The starting Hamiltonian H has two parts. One is the 


sum of the single-particle energies, 


i, 


which runs over all values of the quantum numbers. The 


second part is the interaction Hamiltonian 


UU. Fano and G. Racah, /rreducible Tensorial Sets (Academic 
Press, New York, 1959 
"NE. U. Condon and G. H 


Spectra (Cambridge Universit 


Shortley, The Theory f Atomix 


New York, 1935 


Press 
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where the following antisymmetry must hold 


Lafys 


Next, we must write 1; in a way which exhibits i 
invariance under rotations and reflexior This j 
complished by coupling two of the partic! 
to angular momentum JM, coupling tl 
to JM, and writing an invariant ten 
we are led to write U,g-; in the f 


Vass=—}3 X G(abed J) 
JM 


x ( 


t} 


where the C’s are the usual ve 


The minus sign is introduced for « 


interactions are mostly attractive. The parity of J, 


must be the same as that of / , otherwise G vanishes. 
G must also conserve charge, i.e., 
follows from Hermiticity of 


variance that G is real and 


de TY There 


reversal in- 


G(abcdJ ; } 6) 


give, { 


The relations (4 
properties of the C coefficient 


toge 


G(abcdJ) 6(abJ)G(bacdJ 


0 cd J & abd J 
with the notation 
AlabJ O( ja 


The relation between our G 
matrix element of shell model « 


(abJM H; cdJM 


with 


(10) 


But there was no compe coupling a 
1 also | 


and 8 together, and y and 6 toget} lave 


I’M’. 8 and 6 similar . OT aiter- 
natively a and é6to J”M” as well isp This leads 
us to define another function F by 


coupled @ and y to 


Vasys > F(acdbJ’)s,C 


Here and in the follov 
introduce the symbo 


because, in act 


is the sum of 
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with both coupling schemes by virtue of Eq. (4). It is 
related to the two-body matrix element for a particle 
and a hole. Its relationship to G involves a Racah 
coefficient : 


F (acdbJ'’ 
—¥ (2+ W Gojojejas JI )G(bacdJ). (13 


It is real and has the following symmetry properties: 


F a dbJ') F (dbac ¥ Alabcd) F (cabd J’ - (1 } 


but nothing simple happens if only a and ¢ are inter- 
changed. 

The pairing force used by KS is (for charge-conserving 
matrix elements) 


G(abcdJ) = 84 .a5 30( fat) *(jet+4) ig, (15 


where g is a constant (which KS called G). 


B. Treatment of the Pairing Correlations 


In spherical nuclei with partially filled shells, the 
most important effect of the two-body force is to pro- 
duce pairing correlations. Those must be treated quite 

curately, even if other effects of the nuclear force are 


not \ 
Cs oper, and Sx hrieffer' for super¢ onduc tors, and applied 


uitable treatment was discovered by Bardeen, 
to nuclear physics by the Copenhagen school *~* and 
others.° In the BCS ground state of an even-even 
nucleus, the particles are distributed in pairs, all coupled 
to angular momentum 0; the method is a generalization 
of Racah’s™ seniority ideas. The simplest way to intro- 
duce these correlations in the wave function is to per- 
form the Bogoliubov-Valatin® transformation. We define 
a new set of creation and absorption operators by 


(16) 


where —a is obtained from a@ by changing the sign of the 


magnetic quantum number, and , and 2, are real and 
ré late d by 


(17) 


tet+r,=1. 


The a’s satisfy the same anticommutation relations as 
the c’s. They create and absorb “quasi-partic les.” For 
a level far above the Fermi level, Ua 1, v4=0, and the 
quasi-particle is the same as a particle. For a level far 
below the Fermi 0, v.=1, and the quasi- 
particle is a hole. But for levels in the neighborhood of 
the Fermi level, a quasi-particle is partly particle and 
f is the 
The converse of relations (16) are 


level, tu, 


partly hole. The vacuum of the new operators 
BCS ground state. 


Uala t Satad—a ; (18 
Ca =Uba* +SaleB—e- 


We shall express H in terms of the operators ag. A 
difficulty arises because the number of quasi-particles 


2G. Racah, Phys. Rev. 63, 367 (1943 


959 


does not commute he number of neutrons N, and 


that of protons JM 


Pp» 


na fay 


N > (19) 


n 


where >, runs over all neutron states and >, all proton 


states. This forces us to introduce two chemical po- 
tentials A, and A,, and instead of diagonalizing H, we 


try to diagonalize 
(20) 


SsuD jé ct to the condition that the « x per tation values of 
neutrons and 
Chis procedure has the unfortu- 


MN, and MN, are the given numbers of 
protons in the nucleus 
nate consequences that our equations really represent a 
mixture of neighboring even-even nuclei, and that some 
of their solutions are “spurious,” i.e., do not correspond 
nucleus; the damage will be 
partially repaired in Sec. 3. 

he task of expressing 5 in terms of the a’s is straight- 
forward and will only be sketched. We introduce the 


notation N for the normal product™ of an operator 


to any state of a singl 


obtained by rewriting all quasi-particle creation opera- 
tors to the left of the absorption operators, « hanging the 
sign whenever two Fermion operators are inverted, but 


ignoring commutators. For instance, 


U att aq *Ay—SaS41 


Sal gl4-@_eaGy47 


\ well-known theorem™ enables one to write any 


operator as a sum of normal products, for instance 


t bayVaV (cg* 
bast aN (ca*c y 
Se,~the, ~Schitdl ve'r,*. (22) 


Y Ont By 


This is substituted in #7, and use is 
properties of the C coefficients 
the relation 


made of well-known 
For instance, in view of 


> CljajsJ; mamsM)C(jajsJ ; mam,M) 


maM 
(2J+1 2ist 1 'Ojgjghmgma, (23) 


the first term of the third line of (22), when substituted 


in H;, gives 
—4 }> G(abadJ)(2J+1) 


afiJ 


2jat1)~'bipisdmamst a’ N (C5*C4). 


(24) 


At this point we introduce an essential simplification. 
We assume that | 


among all our levels a, 3, , a given 


ue 6S 


Schweber, H 
Row. Petersor 


A. Bethe, and F. de Hoffmann, Mesons and 
and Company, Evanston, 1955), Vol. 1. 
rence 13, p. 210 


The theorem is closely related to Wick’s 
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combination of charge, parity, and 7 value occurs only 
once. This enables us to replace 6jss in (24) by 554 and 
to sum immediately over 6. In practice, this restriction 
serious, as it most shell model 
The same assumption has to be invoked 
for all the terms in the middle three lines of (22 


Introduce the 


not is satisfied in 


1S 


calculations. 


notations 


1 1 G aaccy)), 
is 


2] +] v°G(ababJ 


p(274+1)!0,2F(aablO), (26 


Na (27 
After the Bogoliubov-Valatin transformation, 3 can be 
written as the sum of four parts 


Ki ot Hat KH, (28 


he first part is a pure number, the energy of the ground 


9a 


ind 
sogoliubov’® calls “the elimina 
it is equivalent to the 


(ne chooses the w’ in such a way that K 
vanishes. This is what 
tion of the dangerous terms”; 


BCS procedure of minimizing 3C,. The result is 


2uata=Aa 
with 
E, 
Then, 3. takes the form 
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a 


Baba’ Ga; 32 


which shows that E, 1s the en rgy of a quasi-partic le 
A, is half the energy g: 
particle energy, corrected for the self-energy u., and 


The two ) 


The quantity na, Is the single- 


ip 


counted from the Fermi level Aq. ’s are de- 
termined by writing that the expectation value of N for 


the ground state is a given number , for both neutrons 


and protons, for instance 
“ata ,>(1- Na/ Ea 


. — 


nN 


ial interaction between quasi- 


he 


As for 3€,, it is the resid 
particles. Its explicit expression in terms of 1 a 
operators involves sixteen terms. 

In the case of a general nuclear force G, the values of 
Aa, a, Ae Can only be obtained by solving the compli- 
Che problem 
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e pairing force 
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Ma Can De tnal 
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ithout refer- 
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roughly 
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3. THE APPROXIMATION PROCEDURE 


A. Basic Equations 


If the interaction were really a p 
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could be treated by perturbation t] 
states with /+0, because F \ ld 
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ependent 


the picture of nearly inde] 


juasi-partic les, the 
creation Of a pair of quasi-partu les re julring an energy 


at least equal to the energy gap. KS have shown that 


this picture agrees well with many detailed properties of 


heavy nuclei, hence the pairing force is certainly 


an 
important element in the real force. But, to properly 
take into account other parts of the 
of 
comes to mind is to diagonalize 
two-quasi-particl The negl 
taining four or more quasi-particles is ju 
that, since there is an energy gap, tl 


force, 


treatment HK, must be given 


states. States 
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quires more energy. In the language of Feynman dia- 
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superconductors, under such varied names as random 
phase approximation,'* method of linearized equations 
of motion,'® method of approximate second quantiza- 
tion.'* It is also allied to Dyson’s new Tamm-Dancoff 
method.'? It is equivalent to summing all diagrams'* 
similar to Fig. 1(b). Our treatment will be closest to 
that of Anderson.'® Let us define some creation and 
absorption operators for pairs of quasi-particles coupled 
to JM, 


A*(abJM)= >> C(jajsJ; mamsM)a,*as*, 
mMamg 


1(abJM)= > 


— 


(34a) 


C(jajsJ ; mamsgM )aga.. 34b) 


Mams 
Upon interchange of a and 6, we have for instance 


1(baJM) = —6(abJ)A(abJM),. 


>» 
{35) 


Let Wo be the real ground state (not the BCS approxi- 
mate state) and Wgy an excited state with angular 
momentum JM, the subscript B being used to dis 
tinguish it from other excited states. We define two 
amplitudes y and ¢ (independent of M) by 


90a ) 


¥ dB =(W, A (abJM) |\Vaw P 


GabB=Sau(¥ A*(abJM)\Vanw), (36b) 
with 
JM 


Sym =\—) 


Che symmetry relations for y and ¢ are 
V bak 


¢ baB 


(37a 


— b(abJ)y abB, 


—O(abJ) gavp. (37b) 


lo obtain equations for these amplitudes, one takes 
matrix elements of the equations of motion for the A 
operators If we call we the excitation energy of Vex 
with re spect to Vo, we can write 
SF [A 5 ] Vp Vv WH Vv, A Vz vl, 38 
since both Wp and Way are eigenstates of i. If the 
commutator of 3 with one of the A operators of (34) is 
calculated, it is found to contain terms with two a 
16 P| W. Anderson, Phys. Rev. 112, 1900 (1958). The method 
vas applied to the electron gas by D. Bohm and D. Pines, Phys 
Rev. 92, 609 (1953); K. Sawada, Phys. Rev. 106, 372 (1957): K 
Sawada, K. A. Brueckner, N. Fukuda, and R. Brout, Phys. Rev 
108, 507 (1957) 
16N. N. Bogoliubov, V. V 
Vew Method in the Theory 


lolmachev, and D. V. Shirkov, A 
f Superconductivity (Consultants 
Bureau, New York, 1959). See also V. M. Galitskii, J. Expt! 
Theoret. Phys. (U.S.S.R.) 34, 1011 (1958) [translation: Soviet 
Phys.-JETP 34, (7), 698 (1958) ] 

‘F. J. Dyson, Phys. Rev. 91, 1543 (1953). The present ap 
proximation keeps an infinite subset of new Tamm-Dancoff 
amplitudes 

'* The importance of these backward-going diagrams in the 
treatment of nuclear collective oscillations has been emphasized 
repeatedly by S. Fallieros and R. Ferrell, who have also discussed 
the corresponding modification (69) of the normalization. See in 
varticular S. Fallieros, Ph.D. thesis, University of Maryland, 1959 
Physics Department Technical Report No. 128), and R. A 
Ferrell, Bull. Am. Phys. Soc. 4, 59 (1959 
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operators and terms with four a operators. The ap 
proximation consists in dropping the latter terms, i.e.. 
linearizing the equations of motion, on the grounds that 
they involve more energetic excitations. A serious dis- 
cussion of the validity of this approximation is very 
difficult and we shall not attempt it. We are left with a 
set of linear, homogeneous equations for matrix ele 
ments of pairs of quasi-particle operators. Of course, we 
must include combinations of products of the type 
a_*ag as well as the combinations of Eq. (34). But these 
other combinations are found to be completely un- 
coupled from each other and from the A’s. Amplitudes 
of the type 


V d ."dg SO uw), (39) 


must therefore be set equal to 0, since they vanish in the 
limit of independent quasi-particles," #4=0. Define 
two functions P and R through the equations 


[A (abJ M),5 | 
> a P(abedJ)A (cd JM) 
+>" :RiabcdJ)s im A *(cd JM) 


hos C8 


+-terms in a*a+terms with four a’s. (40a) 


[sy wA *(abJM) .K ) 
— P(abcdJ)s yuA *(cdJ M 
~ > .4 R(abedJ)A (cd J M 


+terms in a*a+terms with four a’s. (40b) 
Ihey satisfy the symmetry relations 


P( ri dabJ ) 
R(cdabJ) 


PlabcdJ), 
R (abcd J 


(41) 


With our approximations, the quantities y, ¢, and w are 


solutions of the eigenvalue equation 


/ =" 


W HW a bB hacd 


P (ab dJ Wear 

+> -a RlabedJ) gan, 
> ca P(abedJ CedB 
+> 4 Rl abcd ean. 


(42) 


his simple system of equations resembles very much 
the equations for a two-particle shell-model calculation, 
but 
includes some collective solutions 


subsection that it also 
It is clear that the 
problem is equivalent to diagonalizing a nonsymmetric 
matrix whose number of lines and columns is twice the 
number of two-particle states. For every solution B with 
wp>O, there exists another solution B’ with wy = —wr 
and y and ¢ interchanged. The latter solution must be 
rejected; only solutions with we>0 have physical 
significance. 

The task of expressing P and R in terms of the nuclear 
force G or F of Sec. 2 involves a fair amount of manipu- 
lating and only the results will be given. It is convenient 


we shall see in the next 


'% The amplitude ¢ also vanishes in that limit, but it is coupled 
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for the following to define two new amplitude S by 
(43a) 
(43b) 


The equations for f and g are found to be 


WB lat R { E. : 1 [ (abc dJ )g 


+ 2 J | (abcd J) f dR, 


~ (44) 
WBLabB 7 


with 


LU (abe dJ) i G (abe dJ) 


ua) (abcdJ), (45a) 


V (abcd J vu)\Gl(abcdJ) 


ua) K (abcd J 


Ua 
+ (ta (45b) 


H(abcdJ 
K (abcd J) 


F (abcd J) +-0(cd J) F (abdcJ) (46a) 


F (abcd J 4 cad J } (ahd J). ( 16b) 


that, in all this work, the 
all values of the indices, which 


It is important to note 
summations run over 
means that a give np iir of distinct single -partic le levels 
Since, indices, 
same way as ¥ 


and J should 


appears twice upon interchange of the 


the amplitudes f and g transform in the 
by Ka 87). the 


following 


and ¢, 1.e matrices [ 


have the ymmetry properties : 


U (abcd J) = U (cdabJ 


A(abJ)\U (hacdJ 


Al abcd) (hadcJ 


7 cd J [ abd / 


checked that 


liminated from 


and thev do 

One of the 

Eq. (44). 

symmetric matrix for eigenvalue 
More will be said in the 

ignificance of Eqs 2) or (44 


how the 


similarly for V. It can be 
two functio1 iv g, can be ¢ 
Then f is seen to be the eigenvector of i non 
next ubsection about the 
But first, we shall show 
Tamm-Dancoff approximation referred to 


earlier Is recovered in the nit of weak coupling, 1.€.. 
In that ca t is clear from Eq. (44) that f 
L. If we 


about equa ! > — ; . uv 
also small 


to R 


small 3 

and g are 
negiect ¢ 1n Eq 
compared to P contribute 


we geta 


(48 


his same equation would come out of the Tamm- 


Dancoff method. Then, one would define y by 


0 A(abJM) Vv, vy. 49 


BCS ground tate 


The S\ } 


, and neglect all other 


where (O} is 


amplitudes rédinger equation would be 


W parp=} > a0! A 


abJ M)\3CA*(cdJM)\OW 


where Wr is the energy ind one 
(which is real) by 


S 


BARANGER 


The appearance of the factors } and 2 is due to the fact, 
already mentioned, that our summations involve most 


pairs of levels twice Che matn ement in (50) can be 
written 

|A*(cdJ M)\0 

abj]JM 

8(cdJ) P(abdeJ 


W [6 


0' [A (abJM) 5 
+O) 5CA 
P (abcd J 


is the energy of 


where W 
the various symmetry re 


obtained. 
B. Collective Vibrations 


To show ho \ collec 
formalism, we s| 
somewhat differs 


Opnm, QOcm, *** witl 


where wz is some number 
can be expressed as linear 


given J, with real « 


Upm 


vl 


decide, 


commutator 


as V 


four a’s. we 


Y’s and ¥’ 
weX abt 


which is identical 1 


proportional to ¥ and ¢ Ir 


only solutions of these e 
tive. One can easi y a duc 


of orthogonality re 
perp oe 

whi h holds tor two ad 

same J. Since one 

by exchanging Y 

any two solutions 
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uations (53) show that Oga* and Usa are the 


Eq 


raising and lowering operators of a harmonic oscillator 
Op” 
Ops destroys it. The ground state may be defined by 


creates a vibrational quantum of energy wy and 
the set of all equations 


Onw Vv 0, 


and a particular excited state would be, for instance 


* 
Veu)=Usm"* | Vo), 


hose energy with respect to 


Vo 
; ia 
state so defined is more accurate than the BCS ground 
it of the 
oscillators. For most of the applications, it is not neces 
o have an explicit form for |W»). But, if one were 
1, one could assume the most general expansion 


st is wa. The ground 


State, as motion 


includes the zero-point 
Sary t 


Gesiret 


* 


a,;* 


> xs(aBy5)a.*a3*a, 0)4 


and, after having solved Eqs. (55), determine the x’s 
from Eqs. (57). It will easily be seen that only terms 
with 0, 4, 8, 


hand. the exe ited State 


quasi-particles occur. On the other 
2, 6, 10, 


as only é 
particles. This is consistent with our statement that the 


58) h quas} 
39) vanishes. The x’s are determined by a 
Xn Xn—4 
59) actually has a finite number 


implitude 


t of recurrence relations which connect to 


ae 
But since the sum in 
of terms, trouble will occur unless the x’s become small 
before the end of the sum is reached. A related cause of 
trouble is the Pauli principle, which requires that any x 
with two equal arguments vanish and makes the number 
ol equations larger than the number of x’s. We see 
therefore that it is essential for the validity of the 
the ‘of 


ie ground state, vo, be small compared to 


approximation that average number quasi 


particles in tl 
the total number of states, which we call Q. In other 
words, we wish to treat the operators as boson opera- 
tors, i.e., creation and absorption operators for oscillator 


()’ 


quanta; but since the s are actually made up of 


produc ts of operators that obey the Pauli prin iple, this 
is possible only if the number of states available is much 
larger than the number of fermions present. Otherwise, 
the fermions start to get into each other’s way and the 
whole picture breaks down. This would happen, pre 


sumably. if the interaction was made so strong that 
many vibrational frequencies were very low. It might be 


ted 


itself is good only for large 02 


ne in this connection‘ 


that the BCS ground state 


If this interpretation is to be consistent, it must be 


Vem 


verified that two different singly excited states, 


\\ 
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and WW, yw’), are orthogonal. We write 


V D 


* 
Up ur dow 


Vv VY 


LOam.Vcm 
= 


, 


X app X ceac(¥o| [A (ab M),A*(cdJ'M’) || ¥o) 


ed 


x(v 


[A (cd J'M'),A*(abJM))| Vo), 


(60) 


(57) and the fact that two A*’s or two A’s 


1 with an A* is found 


using Eq 
commute. The commutator of an 
to be 


[A(abJM),A*(cdJ'M’ 


C(jajaJ ; mamgM )C( j,jsJ';m,m,M') 


5.808 5ayds*dg 


5330+ *dat+64445"*da (61) 


t bas0 y *ag }y 


hen 


products such as a,*a 


e we need to know vacuum expectation values of 
.. This certainly vanishes unless 
the charge, the parity, and the angular mormentum of a 
are the same as those of y. If we invoke again the 
2B, this means that 
, the average number 


juasi-particles of type a in the ground state, we write 


simplifying assumption made in Se 
a must be the same as y. Calling 1 
ol « 


(62) 


After] 


numbers, 


verforming the in over magnetic quantum 


one finds 

V Ons 

. > V aoe ane 
x (1 


Ps bs 
O07 J'OMM 


B (63) 


LVa 


Phe 


small and can be n 


juantity v, is of order vp/Q2, which we assumed to be 


eglected. Then, the orthogonality 
relati 
BA 


yn (56a) shows that tl sion vanishes for 
B=( 


1 ¢ x pre 


The case gives us the normalization, which 


vant to be 
(64) 


ind therefore, 


pe Y Br she V app) abl honc. (65) 


[} 


satisfy approximately the commutation relations 


e argument can be extended to show that the 0's 


[UsmUcm Op” Jom” 0, (66a) 


OsmVlcu becom’, (66b) 


as far as all matrix elements between low excited states 
66a 


tT } 
i hus, aS iong asp 


concerned, relations 
56b 


are 
Eq 


a system 


being a consequence of 


(>) 


is small, we have truly 


of independent bosons and we can con- 
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such 


‘ 


excited states 
Opm*Vcm'*|WVo), 
course, the higher 
proximations become. And, in any case, it is not allowed 
to carry these ideas to excitations larger than twice the 


Vo 


with energies 2wg and watwe. 


or 
Of 


the excitation, the worse the ap 


sider higher as Usu™ 


gap, where we would get mixing with configurations 
that we have not properly taken into account. Since 
most w’s, by far, are larger than the gap, the corre- 
sponding 0*’s can be applied only once and do not give 
rise to a vibrational spectrum, properly speaking, since 
there is only one excited state. Those are the excitations 
that can be described as of the single-particle type. We 
know that these excitations are also given correctly by 
our method, since it is an improvement upon the Tamm 
Dancoff method that would normally be used for them 
It is the virtue of the present approximation that the 
same equations describe single-particle and collective 
states, as well as all shades in between. Consequently, 
the various states are automatically orthogonal to each 
other (approximately) and the total number of states is 
correct. The main result of this section is therefore that, 
due to the special treatment of the pairing correlations 
and the importance of the energy gap, it has become 
possible to perform a certain type of shell-model calcula 
1e | 


tion that will give the low excited states of spherical, 


nonclosed-shell nuclei, including the vibrational states, 


and whose difficulty is not much greater than that of a 


two body shell-model calculation, ex« ept for the choic« 
of parameters 

There remains to establish the connection between \ 
and Y on the one hand and y and ¢ on the other. We 
36a) by 


defined Y in Eq 
l(abJ/M Onm* Vv 
V {(abJM) Oem" | 


WabB VY 


Vv (67) 
All we have to do is 
Eq 


commutator 


express ()gy* in terms of the A’s by 
54b) and insert the previously given value of the 


of A and A*, neglecting terms of order 


B, Fabs= 2) 


and the orthonormalization conditions become 


26; C; 0Ya 


0). 69b 


provided J x / note that 


this agrees with Eq 
In terms of f and g¢ 


simpler, namely 


51) in the limit wl is small 


these equations become 


pe 


a 


V 


(ne can also derive a simple sum rule. For this, it 


Is 
} 
} 


air of levels only 


more convenient to Sum overa pa 
once. We designate the pair ab) or (ba 


given 
; coupled to J, 


by the single Greek index I’, and furthermore we define 


71 


I 


2 
, 


N ( 


LARA 


and grz’ similarly 70) becom 


4.9 JPi B ‘ 


) 
Che number of possible values taken by I is also the 
number of possible values for B or C. If one assumes that 


the vectors fr’, for instance, form a complete set, then 
hye 


the following sum rule 


since it is true wher 


This sum rule is not a 0, because 


ms do not form 


then the physical solutions « 


a complete set, due to the existence of spurious solutions 


to be discussed next 


C. The Spurious States 
It 


particle picture yields too ma 

f J=0 ning a pair of 
neutron quasi-particles, for 
pairs. Their existence is due t ict that, si 


is well known‘ that independent quasi- 
The re is one 
extra state o among al 
proton 

» the 
not eigenstate « i, or N.. the 


0) 


BCS ground state is 
0 


components on two-quasi-part 


states J, and MN, are differe! ‘om 0) and their 
cie States are spurious 
only states orthogonal to them have e 
gut the 
approximate 
isually not orth 


+} 


he spurious st 


juivalents in a 


] 
icus. 


t, ' ‘ ] 
LWwo-quasl parti ic 


physical nu 


sulting from an diagonalization of the 


Hamiltonian are ogonal to the spurious 


states, with the result that tes are mixed 
with various percentages among all the states that one 
dvantage oft 

S was pointed out by 


Here, two of the solutior 


calculates. It isa 
that this difficulty does not aris« 
Anderson 


major e present method 


iS Of our equations 
are entirely spurious and the others n t all. The 


spurious 


a being a neutron State in one case, a proton int 


It can easily be verified tha solutions of Eqs 
(44), provided one appe ils once a tne 


that the charge, the parity, an -angu 


re 
assumption 
ar momentum 
conse ates of two 


determine the state; asa uence. for st 


exists only 


neutrons and positive parit 
if a=b 

The existence of these 
fact that N, 


wp=Q, since they 


ce. #.h 


is due to the 
with 
n be 


and J, Sat 


written 


Y.=>d 


Jin 


and MN, similarly. Therefore, 


mediately known, 
O,=9 ,(2) 


“4: 


+1 


and Q, similarly 
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arguments ol Sec. 
the orthogonality 
therefore we can 
(63) to show that 


2B because they are Hermitian. But 
relations (56) are still satisfied, and 
repeat the argument leading to Eq 


(Vo) NaOpo* | Vo) =O, (77 


for instance, where B is any other /=0 excited state. 
his shows that the other solutions of our equations are 
orthogonal to 1,|Wo) and are nonspurious in the sense 
used above. They are not, however, eigenstates of Ni, 
or N,. The states still describe a mixture of neighboring 
even-even nuclei, and in fact the expectation value of 
N, or N, varies from state to state, depending on the 
relative amounts of hole or particle character in the 
excitations. But, at least, the number of states is 
correct. 


4. APPLICATIONS 


We have seen that Eqs. (44), when used with a 
realistic effective two-body force, should be capable of 
accounting approximately for the properties of all low 
lying levels of even-even spherical nuclei. A calculation 
of this type is necessarily lengthy and none have yet 
been performed. Here, we propose only to demonstrate 
the power of the method in dealing with collective 
effects. We shall use very simple forces and the calcula- 
tions will be quite rough. We have never given explicit 
expressions for the various wave functions, but this is 
not so serious because we shall see that, for many 
ipplications, the amplitudes f and g are just what one 


needs. 


A. Quadrupole Vibrations 


Here, the aim is to understand the relatively small 
vibrational frequency and the large electric quadrupole 
matrix element between the first 2+ excited state and 
the ground state.”* We follow KS and take an interaction 


composed of a pairing force, Eq. (15), and a quadrupole 
force of the type introduced by Elliott” (the discussion 
is limited to particles of a single charge), 


— 


Heo y * { “G u\ay \ga(B6 eta" Cw, 


aByby 


Jy\ay) =(a Yo 6,¢)\¥). 79 
Essentially, the pairing force contributes only to 2 and 
the quadrupole force only to Hy. The method used by 
KS to get the collective state consists in picking a 
collective coordinate, in this case the quadrupole mo- 
ment (; calculating the energy for a fixed value of 0; 
invoking the adiabatic approximation and using this 
energy as potential energy for the motion of (; deriving 
a kinetic energy from Inglis’ cranking formula; and 
finally solving the Schrédinger equation for Q, in this 
case a harmonic oscillator equation. We shall see on an 


G. S. Goldhaber and J. Weneser, Phys. Rev. 98, 212 
21 P. Elliott. Proc. Rov. Sax London) A245, 128, 562 
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example that Eqs. (44) give results that are nearly the 
same, without invoking the adiabatic approximation. 

It is convenient to change the phases of the states of 
two particles (ab/). We multiply them all by 


Say 4x sen C(jajeJ; }—40). (80) 


We prime the matrices expressed with these new phases 


For instance, 


V' (abcd J Jess ast (abcdJ ). (R1) 


Their symmetry properties are simpler, namely 


cdabJ) = V' (badcJ) 
'V'(bacdJ) = (—)4V'(abdeJ). (82) 


| 4 abcd] ) y’ 


We need the matrices G’, H’, and K’ for J=2. It turns 
out that G’ and H’ are small because, through recoupling 
of the angular momenta, the strength of the quadrupole 
force is distributed between many J values. But K’ 


contains a large term for 2* states, 


K' (abcd2*) = (x/20r) Lan Lea’, 


£ 


Rar= [ R.(n)Ri(r\r'dr 


he fact that all matrix elements of A’ are positive leads 
Equations (44) be 


us to expect a collective solution 
for J 2+ 


come 
(EatEp)gn 

tx,)Ler! 

+ x4) La fea, 


sin(a 


Va SINX, 


Solution is easy and the secular equation is 


208 


Che collective solution is that value of w which is below 
all (£,+£,). If it does not exist because x is too large, 
then the nucleus is not spherical and this method cannot 
be applied. 

As an example, we pick the following parameters 
which are very close to those used by KS for Sn''*: 
n(hy3;2)=0.80, (daj2)=90.24, (51/2 0.04, (g7/2) 

1.70, 9(d5;2) = — 1.90, A= 1.02, all in Mev; x = 0.090 
Mev at; a= (mao/h)', where wo is the frequency of the 
oscillator well used; a 2.46 10-" cm‘. We find the 
vibrational frequency to be w=1.17 Mev. The same 


Dr. Sorensen points out that this equation red 
f KS in the limit of small 


uces to Eq (32 
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value is obtained with the method of KS if one takes 
x¥=0.091 Mev at. The the two 


methods would be larger for larger w, but for states that 


deviations between 
are truly collective they are equivalent. 

The strength of the electric quadrupole transition 
between the first excited state and the ground state is 


measured by” 


MWe /e2 ps) fr u(9,¢)p(x)d*x, 


*(xm,)b(xm, (91) 


p\x e> ¢ 


where $(xm,) destroys a particle at position x with spin 
m,, and e is the effective charge. To calculate B(2), 


one expresses the @ operators in terms of the c’s, 


d(xm,) => a(xm,|a)Ca, (92) 


then the c’s in terms of the a’s by Eqs. (18), then one 
introduces the amplitudes y and yg bv Eqs (36), and 


one finds 


£2)=(5 cs tos 


It is essential here to have the correct normalization. 


Ihis is given by Eq. (70) and the final result is 


5Orre* Eat Ei 
(94) 


X “wW 


For the example above, setting e equal to unity, one 
finds B(/:2 2.8X 10 the method of KS 
gives 3.0 and the experimental value*® is 2 
a sum rule for B(/:2 
93 by w to be able to replac C wa by 


‘cm', while 
3. One can 
also use Eq. (73) to derive One 
multiplies Eq. 


(Eat»)gas, and one finds easily 


> 8 w p| B f2) R 


where the sum on the left runs over all solutions of Eqs. 
(86). For our numerical example, the collective solution 
contributes 79% of the total sum. 

Finally, we note that collective effects can be much 
stronger when protons are present as well as neutrons. 


rhe next se tion Is an example 


B. Collective Oscillations of Closed Shells 


Some collective phenomena vary smoothly through 


the periodic table without change at the magic numbers. 


‘K. Alder et al., Revs. Modern Phys. 28, 432 
P. H. Stelson and K. McGowan, Phys 


1956 
Rev 


110, 489 


AR 


ANGER 


They do not depend on the composition of the unfilled 


volve transitions between 


shells and must therefore ir 


whole shells. The giant photoresonance is evidence of 1 
also 3 ost illa- 


oscillations with this property i ure 
tions?® which manifest themselves through large radia- 
tive matrix elements and malous inelastic scattering. 
Pairing correlations are not so im] int here, because 
the large spacing between shells already plays the role 
of an energy gap. Then, one can use the equations of 
to 1 for a particle and to O fora 


interested in sta 


Sec. 3, but set u equal 


hole. Since we are tes composed of a 


particle and a hole, the G term does not appear in 
Eqs. (45). 
We assume 6-functio1 


forces. 
[Vs 1—o;:a@2)/44+-V 7(3-4 5 x 96 


The triplet part a 
proton. All standard force m 


ts only neutron and a 


The matrix elements inv: 


and F 7 which is similarly defi 

Bolsterli® in keeping only 

obviously large and setting tl i ual » need 
matrix elements of H and K, bot! | of one 
For 


irgest elements by 


large, (c,d itl other 


charge and for (a,b) of one « 
odd J and parity, one finds that th 
far (i.e., by a factor 3) are those of H bet 
identical partic les. We kee p only 
partic les, b and d be hole Ss We kee Dp only terms whe rea 
and 6 belong to adjacent maj s, and for which 
l,=l,+1. this gives R | the same number of 


tl large.” We do the 


Weel non 


those Let ind ¢ be 


nodes and makes the rad 


same for « and d. Ad ypt 


H' (abcd J 


+ F hayrh 


her 


We keep only 
C coefficients in (100). The 
partic le a is now ¢ ompietely ¢ 
a single subscript, Ron 
Greek for neutrons 


With these rathe 


7% A. M. Lane a 
1960 
777. P. Ellio ul 


Springer-Verlag, Berli 
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takes the form 


Eg a- Fh, p haga, 
Eof a, 


wha 
Wha 
(102) 


wha - Ecga I h.! > a haa, 


Wha Eofa 


where F, 
secular equation is 


is the distance between major shells. The 


(E@—o*)! = FER(D aha) (Doe ha). (103) 
rhere are two solutions: one for which Ey?—«” is posi- 
tive and in which the protons and the neutrons oscillate 
in phase (i.e., f, and f, have the same sign); and the 
other for which Ky’—«o 
opposite signs, the protons and the neutrons are in 
opposite phase. For light nuclei, those would be called 
=O and 7 
an attraction, out of phase a repulsion. For a numerical 
estimate, we took }>4/, and >>, Aq equal, and calcu- 
lated it using the 50-82 major shell for the particle and 
the 82-126 major shell for the hole. We found it equal to 
9 for J=1 and 2.9 for /=3. We took Ey equal to 7 Mev. 

For the 3~ case and oscillation in phase, the experi- 
mental value of w seems to be** 2.6 Mev. This is achieved 
by taking F=2.1 Mev. The 1~ in-phase solution corre- 
sponds to motion of the center of mass of the whole 
nucleus and is spurious.”* The 1~ out-of-phase case is the 
giant dipole resonance which has been discussed by 
Brown and Bolsterli.* Our treatment differs from theirs 
in that we include the diagrams of Fig. 1(b), while they 
have only those of Fig. 1(a). Including diagrams 1(b) 
actually enhances the effect for the in-phase case, but 
decreases it for out-of-phase. Of course, one may wonder 
about the validity of either method when applied to 
such large excitation as that of the giant resonance. Be 
that as it may, one can get the experimental value, 
w=15 Mev (for heavy nuclei), by taking F=2.8 Mev. 

The two values of F thus obtained are in rough 
agreement. Another estimate of F can be gotten from 
the work of KS, since the /=0 part of the G matrix for 
the pairing force is almost the same as for a 6-function 
force. Their value of Fs (their G) is (25 Mev)/A. By 
Eqs. (97) and (101), F should be six times larger. For 
heavy nuclei, this gives F=0.8 Mev. One possible reason 
why this estimate is smaller, is that the true force has 
a finite range, whose effect is to increase hole-particle 
matrix elements compared to particle elements. How- 
ever, it should also be noted that, in his theory of the 
lead isotopes with 6-function forces, Pryce” uses values 
of Fs around 0.3 or 0.4 Mev, corresponding to F=2 
Mev. Finally, a meaningful comparison can also be 


is negative, f, and f, have 


1, respectively. Oscillation in phase gives 


Elliott and T. H. R. Skyrme, Proc. Roy. Soc. (London) 


1955) 
Pryce, 


A 233. bs 1 


2M. H. L 
Alburger and M. H. L. Pryce, Phys. Rev. 95, 1482 (1954) 


Nuclear Phys. 2, 226 (1956/57); D. E 
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made with the numbers of Sec. 4A because, for a 6- 


function force and identical particles, one has 


K' (abcd2*) 
(Fs/10)[0 (2ja+1)(2jo+1)(2j-+1)(2jat+1) } 


X |C(jaje2; §—4O)C(j-ja2; $—40)|. (104) 


Eq. (83). Since @,,? is 
(11/2)’a* for most values of a, one can identify Fs 


with (y/2mx)(11/2)°a*. The value of F that one obtains 
this way is 2.6 Mev. 


This is very close to 


In conclusion, one can say that the order-of-magni- 
tude agreement between these various estimates of the 
nuclear force makes it appear likely that, in the future, 
it will be possible to obtain a good fit of all these 
phenomena with the same effective two-body interaction. 


C. Anomalous Inelastic Scattering 


Anomalously large inelastic scattering has been ob- 
served with protons,” deuterons,” and a particles.” This 
happens in particular for scattering into the first 
quadrupole vibrational state, but there are other large 
anomalies at other energies. The main one is around 
2.5 Mev in all heavy spherical nuclei. Cohen® has 
suggested that collective effects are responsible in all 
cases, and strong evidence” has been offered that the 
2.5-Mev anomaly is due to 3~ vibrations. It might be 
that, in nuclei with proton and neutron shells both 
partially filled, there is also a contribution from the one- 
phonon 4* vibrational state*® which must lie near the 
top of the gap. 

A proper theory of this effect must take into account 
absorption, refraction, and diffraction of the projectile.** 
Here, we do not wish to attempt to calculate the abso- 
lute cross section or the angular distribution, but only 
try to make a very rough estimate of the enhancement 
compared to the single-particle value. For this, it might 
be enough to use a model where the projectile is spinless 
and interacts with the nucleons in Born approximation 
through a zero-range, spin-independent, charge-inde- 
pendent potential. Then, the scattering amplitude with 


* B. L. Cohen, Phys. Rev. 105, 1549 
A. G. Rubin, Phys. Rev. 111, 1568 (1958 

1 j. L. Yntema and B. Zeidman, Phys. Rev 
B. L. Cohen and R. E. Price (to be published 

#1). R. Sweetman and N. S. Wall, Comptes Rendus du Congrés 
International de Physique Nucléaire, Paris, 1955 (Dunod, Paris, 
1959); H. W. Fulbright, N. O. Lassen, and N. O. Roy Poulsen, 
Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd 41, No. 10 
1959); J. L. Yntema, B. Zeidman, and B. J. Raz (to be pub 
lished); D. K. McDaniels, J. S. Blair, S. W. Chen, and G. W. 
Farwell (to be published) 

# B.L. Cohen, Phys. Rev. 116, 426 (1959 

* See reference 26 and D. K. McDaniels et al., reference 32 

% Not to be confused with the 4* of the two-phonon 
2* vibration. 

* N. Austern and E. Rost 
Rev. 115, 928 (1959); S. I 
U.S.S.R.) 28, 734, 736 (1955 
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1957); B. L. Cohen and 


114, 815 (1959); 


componer t 


to be published); J. S. Blair, Phys 
Drezdov, J. Exptl. Theoret. Phys 
(Translation: Soviet Phys.-JETP 1, 


588, 591 
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momentum transfer k is proportional to 


fox e* (| > p*(xm.g)b(xm.g) Vem), (105 
mad 


where $(xm,q) destroys a particle with position x, spin 
m,, Charge g. We shall calculate the quantity 


f a's (Vo eS o*(xm,q o(xm,q) Vau 106) 


° 7 


which is a measure of the total strength of the transition. 
This can be expressed in terms of f and g by methods 
used earlier. With the phases (80), it is found equal to 


>. Zlabcd h 7H } Vglt) 


abed 
UVa Tl, 


for even J and even parity, and to 


LS” Z(abcd)hayth 
a 
abed 
K (uta 


for odd J and odd parity, with 


Z (abcd (r)R. 


and Aq, as defined by Eq. (100). Other combinations of 
J and parity give a vanishing result. The charges of a 
and 6 must be the same, and those of ¢ and d likewise. 
Once again, we shall set all large radial integrals equal 
and neglect the others 

For a single-particle transition, only two states are 
important, say a particle state a and a hole b. The 
amplitudes Jat and Zap are equal to each other, and to 
unity in view of the normalization (70). We can average 
Then, formulas (107) and 
(108) become just Z. Therefore, the enhancement over 


ha, over J, which gives 4. 


the single-particle transition is given by (107) or (108), 


ARRANGER 
but with Z omitte rov it " clude in the sum 
only terms whose Z is larg 

It is a simple matter to apply this to the case of 3 
oscillations, using the approxim ns and parameters 
of Sec. 4B. The enhancement is given by (4Eo/w)>- a ha, 
which is equal to 30. ’ 


tude as the enhancement of 


This is of t ime order of magni- 
quoted in reference 26. A 
experiment is difficult 
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rhe binding energy, size, and shape of finite nuclei aré 
uniformity” assumption. This assumption implies that the 


studied using a method which tests the “local 


properties of finite nuclei can be obtained from 


those of infinite nuclear matter. The energy is computed using as a trial wave function an amplitude- and 


frequency-modulated plane wave; this permits the use of nuclear-matter results in a straightforward manner 


The calculation gives a binding energy which is too low 


iituse 


which is too « 


I. INTRODUCTION 


N recent years great progress has been made in 

understanding the gross properties of nuclei in terms 
of the two-body forces between nucleons. A natural 
starting point on this problem has been an investigation 
of the properties of uniform nuclear matter, that is, of 
an infinite medium of nucleons which can attain equi- 
librium if the Coulomb repulsion is neglected. The 
binding energy per particle and equilibrium density of 
nuclear matter have been successfully calculated by 
Brueckner and co-workers.’ Saturation was obtained at 
a density which is only slightly higher than the central 
density found in electron-scattering experiments. In 
view of the approximations which are necessary to make 
the calculation manageable, and of the limitations in- 
herent in any approach in which only the first term in a 
series is retained, the close correspondence with obser- 
vation is quite remarkable. It does indeed suggest that 
the salient features of nuclear matter can be under- 
stood in terms of the two-body forces observed in scat- 
tering experiments, and that only two-body correlation 
effects are significant in the nuclear wave function. 

One might now attempt to extend this approach to 
obtain a description of finite nuclei. A method which 
uses the infinite-medium results has been suggested by 
Brueckner, Gammel, and Weitzner.? This method is 
based on an approximation’ which we shall call the 
‘local uniformity assumption”; it is the purpose of this 
paper to investigate this assumption using a very simple 
model.‘ 

The physical feature which underlies the local uni- 
formity assumption is the observation that the range 
of nuclear forces is small compared to the observed 
falloff distance in finite nuclei. The all-important central 


* This research was supported in part by the U. S. Atomic 
Energy ( under contract with the University of 
Maryland 

+ National Science Foundation Predoctoral Fellow, 1959-60 

‘'K. A. Brueckner and J. L. Gammel, Phys. Rev. 109, 1023 
1958), hereafter called I, and references therein 

?K. A. Brueckner, J. L. Gammel, and H. Weitzner, Phys. Rev 
110, 431 (1958), hereafter called I 

* This approximation has beer 


ommission 


used in a calculation of the spatial 

lependence of the imaginary potential. See G. L. Shaw, Ann. 

Phys. 8, 509 (1959): L. C. Gomes, Phys. Rev. 116, 1226 (1959). 
+ See L. Wilets, Revs. Modern Phys. 30, 542 (1958), for a review 
previous work on the nuclear surface 


a radius which is too small, and a nuclear surface 


Several possible corrections to this result are examined 


even-state forces have ranges® in the triplet and singlet 
states of 0.5 f and 0.7 f, respectively; the longest-range 
force, the weak tensor odd-state force, has a range of 
1.25f.° The falloff distance of the nuclear density 
appears to be independent of mass number for heavy 
nuclei, with the 90-10 distance (the distance over which 
the density falls from 90% to 10% of its central value) 
approximately 2.5 f. The fact that the nuclear density 
varies slowly over the range of nuclear forces suggests 
that the properties of the nuclear medium within any 
small region of the nucleus should not be very different 
from those of an 
density. 

In the Brueckner approach' the nuclear forces and 
the pair correlations which they induce are described in 
terms of the K matrix. This is an integral solution of the 
Schrédinger equation for a pair of nucleons inside the 
nucleus, and hence depends upon the medium in which 
the two nucleons find For an infinite 
medium, the presence of the medium results in a density 
dependence of the K matrix. Brueckner, Gammel, and 
Weitzner? have obtained the spatial form of the K 
matrix for an infinite medium of arbitrary density. They 
find that the longer-range parts of the K matrix differ 
only slightly from the unmodified nuclear force, indi- 
cating that the function of the two 
nucleons is not greatly distorted by these parts of the 
force. The short-range part differs markedly from the 
force because of the hard core assumed in the nuclear 
force. This result shows that the correlation distance, 
i.e., the characteristic range of the distortion in the 
relative two-nucleon wave function, is very short. Con- 
sequently, it is found that only the contribution of the 
hard core, with its very short range, has a significant 
dependence on density. Because of this, it 
reasonable to assume that the K matrix is sensitive only 
to the local density. 

It is basic to the Brueckner procedure that the nuclear 
medium be smooth and regular, since clustering is 
specifically neglected. In an infinite medium it has been 


infinite medium of the same local 


themselves. 


relative wave 


seems 


* J. L. Gammel and R. M. Thaler, Progress in Elementary Par 
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shown that many-particle correlation effects, or clusters, 
make negligible contributions to the binding energy. In 
extending the method to finite nuclei one would also 
assume, as a working hypothesis, that many-particle 
as in the infinite 
medium, two-body correlations determine the many- 


clusters are unimportant and that, 


body wave function. 
We describe these hypothese S toge ther as the “local 
We assume that (a) the K 


matrix, and hence the two-body correlations, at a point 


uniformity assumption.” 


in the nucleus are determined only by the local density at 
that point, and (b) that cluster effects are not important. 


Il. METHOD 


In the Brueckner approximation the total energy of 
an A-particle nucleus is 


4 ( 
E=(®o| & Tit L (Kit Vas) |® 
(fe CR+(Y), (i) 
where 7, (1°/2m)V/ is the kinetic energy operator, 


K,;=(ra;|K\r.’r,") is the 
tation of the A matrix 
the spin charge 
«x [(1+7,;)/2 | 
determinant _ of functions: 
&,)=det¥,. These determined by 
solving a modified Hartree-Fock equation?’ in which 


coordinate-space represen- 
the operator AK is a matrix in 
(e* rl + Ts 2] 


is the Coulomb potential, and #9 is a 


space), V ij 
ingle-particle wave 
functions can be 
K,; determines the single-particle potential. In principle 
Ki; depends upon W,, so that there isa compli ated self- 
consistency problem if this dependence is retained. In 
the procedure proposed in II, the coordinate-space de- 
pendence of A,; is obtained by Fourier-analyzing the 
momentum matrix elements of A. These in turn are 
obtained from a study! of infinite nuclear matter at the 
Thus A;,; is fixed, and the re- 
maining equations involve the ordinary Hartree-Fock 
self-consistenc y condition, compli ated by the fact that 
K,; is a function of the local density. 

We shall adopt a method which uses directly the 
results for infinite nuclear matter. However, rather than 
solve the very complicated integro-differential equations 
which determine V,, we shall replace ¥, by 
trial function X, 


corresponding density 


a simple 
In this way we can obtain analytic 
forms for the energy and examine explicitly the various 
surface terms that arise in finite nuclei. One can obtain? 
the modified Hartree-Fock equations for ¥, by mini- 
mizing Eq. (1) with respect to variations in V,. Thus 
we may expect that the energy which we obtain using 
our arbitrary function X, will be an upper limit to the 
energy which would be found by a correct Hartree-Fock 
procedure. 


| 


The spatial form that we shall choose for X,(r) is an 


amplitude- and frequency-modulated plane wave: 
‘im (2 


K. A 


1959) 


Brueckner at D. T. Goldmar Phys. Rev. 116, 424 
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(¢; and »; are spin-charge functior rhis is a natural 
generalization from the uniform plane waves of the 
infinite. medium,*® and should be a reasonable approxi- 
mation for heavy nuclei. The amplitude modulation 


(which we choose to be re represents the spatial 


density distribution in the nur - ce the modulation 
factor J(r) is independe1 t of the state he de nsity is 


simply 


odulation (de- 


provided fd'r/?(r)=1. The frequency n 
pendence of k; on r) is intimate y re lated to our use of 
the local uniformity assumption. Since we wish to treat 
the nucleus at every point as a nuclear medium having 
the local density, we must associate a Fermi momentum 
kr(r) with each point. Hence, the individual values of 
k;, which are distributed uniformly between k,=0 and 
k;=kpr, must likewise depend upon the local density. 
The functions X,(r) do not form an orthogonal set, but 
one can show, using the methods of Drell and Huang,?® 
that the lack of orthogonality causes a negligible error 
for large A. 

To determine the dependenc: 
that 


of k; 


on r, we observe 


ke(r)=[ (32?/2)p(r) ]h. (4 


This result includes the fact that each state X,(r) is 
occupied by four nucleons, and is obtained by replacing 
sums over states by integrals The im- 


conditions leads to the 


over momenta. 
position of periodic boundary 
form 


k,(r ny? ky r (5) 


where m,; and mp are integers. Hence, &,(r) has the same 


spatial dependence as kr(r), and is proportional to 
p'(r); the wave number decreases, and the wavelength 
increases, as r increases toward the less dense tail of the 
nuclear wave function. 

We can now compute the expectation value of the 
kinetic energy using our trial function X,(r) and Eq. (3). 


There are three types of contributions, and we write 


where 


is > / t dp lr dp 
(67), [a be*(r r + ( ) 
. 5 2m Qdr 27 p\Xdr 
® Wave f 1 ‘ sed pre 
viously. See e, P. G Acta Pt Hung. 3, 105 
1953); W. W K. W Zz. N 9a, 799 
1954 
*S. D. Dre i K. H | I 91, 1527 (1953 
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Ty is the average over the nuclear density of the kinetic 
energy of a Fermi gas. (67), is the correction to this 
arising from the frequency modulation which accom- 
panies a change in the Fermi momentum. (67), is the 
correction arising from the amplitude modulation. This 
latter term has the form often used‘ in the statistical 
model. It has been shown by Berg and Wilets,"® using 
some solvable examples, that it overestimates the 
surface energy; from our viewpoint this is a manifesta 
tion of the deviation of our trial function from the true 
wave function. 

The nuclear force contribution to the potential energy 


is 
K)=> fdretrar car iX MeN K |r,'r;') 
K 1X4 (0)X (7 —X (7) Xi(0;') ]. (7) 


To facilitate discussion of the exchange term, we sepa- 
rate K into components which are diagonal in spin and 
isotopic spin: 

K yk KsrPs'Pr’, (3) 
8,7 
where Ps’ and Pr’ are projection operators on the spin 


and charge states, respectively. Thus 
P,°= 
P’ 


1(1—@,-@,), 
=} (3+-0,;-@,), 


and similarly for Pr’. The spatial representation of 
K sr satisfies 


(rat;|Ksr|r,’rj/)= —(—1)5*7 (e,r;| Ksr'r,'r,’), (9) 


since the two nucleons must have a symmetry under 
space exchange which is opposite to their symmetry 
under spin-charge exchange. If one now exchanges the 
variables of integration in the exchange term and uses 
the known symmetry properties of singlet-triplet states 
under exchange of coordinates, one finds that the ex- 
change term is exactly equal to the direct term. This is, 
of course, a consequence of the built-in symmetry prop- 
erties of the K matrix, as expressed in Eq. (9) 

If we now assume that all spin-charge states are filled 
(closed shells), the sums over spin and charge can be 
easily performed. The result is 


(K)=2> [cretrstrdtes Sorostode 6k -2j+h;-83 


—] 


X (rr; K r,'r,;’) Xe" iors’ +e +45’ f(r flrs), (10) 
where 
(2S+1)(2T+1) 
R=> ——_—X oe. 
8 16 


N 


For the spatial dependence of the K matrix, we assume 
that 


rr,|K\r,'r,)=5(R—R’)(r/K/r’), (11) 


R. A. Berg and L. Wilets, Proc. Phys. Soc. (London) A68 
229 (1955); R. A. Berg and L. Wilets, Phys. Rev. 101, 201 (1956 
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where 


R=(r,+1,)/2, r=r,—r1;, etc. 


This is only an approximation since the 6 function arises 
from Galilean invariance, i.e., invariance under velocity 
transformations. Translation invariance implies that 
(r,r,\Kir,’ r;') can depend only on R—R’, r, and r’, 
but does not specify the functional dependence on these 
variables. In nuclear matter the K matrix is translation- 
invariant but is mot Galilean-invariant, since the two 
particles are moving in a momentum-dependent po- 
tential. This causes (k,k,;! K|k,’k,’) to depend on the 
total momentum k,+k,=k,’+k,’. The Fourier trans- 
form of (k,k,| K|k,’k,’) is thus not local in the center- 
of-mass coordinate. (One can, of course, see this in 
coordinate space also, where the single-particle potential 
is nonlocal.) However, it was found in I (and assumed 
in IJ) that the dependence on the total momentum is 
weak, so that Eq. (11) is expected to be a valid 
approximation. 

By making use of our assumption that the range of the 
two-body force is small compared to the nuclear falloff 
distance, we shall expand the amplitude- and frequency- 
modulation functions about the two-particle center of 
mass. Keeping terms of order r’, 

r-Rd/f(R) 1 9°R?+(r-R)* df(R) 
f(R)4 } 
2R dR 8 R* dR 


(<== 
R dR? 
f(r,;), the term of order r cancels out. 


After performing an average over the angles of R and 
using Eq. (3), we find 


f(r, 


(12) 


In the product /(r, 


A~'p(R) 


r° 1 d \np R 1d Inp(R) 
x{1+"] 


b—e-ee, (13) 
21R dR 2 dR Ji 


Similarly, if we expand &,(r,) about the center of 
mass, we find, to order r’, 


| k,-ra¢r-R dk,(R) 

ex rid -fe ek R)-t% 1+72 

| k, | 2R dR 
1 r?R? ee -(— 2 d*k,(R) 
8 R' dR 8\ R ) dR? 


lsk,-r, r-Ry\?sdk,(R)\? 
CCN CE + 0 
8\ &, R dR 
If we take the product of the two plane waves, drop 
those terms which are linear in R and hence vanish upon 
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integration over R, and use Eq. (4), we obtain If we now insert I 13) and (15) into Eq. (10), we 
find 
(k-R)(r-R) d Inp(R) K 7 
etki (ri) tigiley(rj)-r eiK-Roik-r) 44; T \@ pT \e 


3R dR 


where Vo is given by Ex 18 
1 rR 
° R ad inp R 
k-R ( ) bV), | wR 1-'p(R)V (p)| i—((k-s)), 


? d ing R)¥ | as R A | iin(R } 
. . [ Ss wt I b } , 71 
dk 135 | dR 
We have suppressed the dependence of k and K on 
R,i.e.,k k(R), etc. Before inserting these into Eq 10), 


it is convenient to examine the form of the leading term y 
} (6V), fe RA'p(R)V(p 


with s=r —r, and 


in these expansions. Using Eq. (11), the leading term is 


J 2 Zz | ©Rd'*rd*r’ A p’(R)e = l np(R 1 d* Inp R 

x (r K p rr’) as 16 R R Z IR 
This can be simply expressed in terms of the nuclear We have performed the integrals over the angles of R 
matter results of I in the following way. In a medium of _ in order to simplify the expressio In (6V)q we have 
uniform density the potential energy is used the fact that (r, A(p) r’) is Hermitian, so that 


-~ r av r? ave 
V(p 2 z (k,k K (p kk D, 17) The ave rages in Eq 21) are functions of the de nsity 
p(R), and are defined by 
where 
1 nd (k: ; 
- , = . g “ey . 
(k.k;| K (p) | k,k,) Prd’r’ e™ *(r' K(p)'r’)e™' . 
2A-'p(R) 9 f aevary’ ket(r’ K(p)|e’)e™®!'p(k;: re 
is the “normalization volun which is conventionally : 


{ 
used to define the momenta k, Thus 7 is related to the 


Fermi momentum by " M ce 
tor 1 se = ; . 
b, Thus g(k,r,r’) is an average, weighted by the effective 
er)? 3 | potential (r K(p)\r’), over coordinat pace and over 
the filled states of the Fermi sea 
Comparing with Eq. (4), we see that (6V), is a correction arising from the nonlocality of 
1 0 the K matrix. If the AK matrix were local, i.e., if 
Therefore r\K(p r K(p; r)4(s), 5} would vanish. This is a 
consequence of the fact that for a local K matrix there 
| fi R A'p(R)I p 18 is no dependence on the momentum of the particles 
Because of the nonloca ily (k.k K p k,k;) does 
this is just the average over the nuclear density of the depend upon k, and k,. (5V), is the energy correction 
potential energy of a uniform medium. V (p) is related which reflects the variation of these momenta over the 
to the energy per particle (excluding Coulomb energy range of the nonlocality. We shall see shortly that thi 
of a medium of density p by correction is small compared to (6} 
: : ; (éV ; is a correction due to the variation in nuclear 
} 3 h*h p I density over the range of the nuclear force. This 1s 
5 Im { 7e - analogous to the classical surface tension, which arises 
from a nonuniform distribution of particles. It is 
He nce, the leadi gy terms 1n the ene rgy can be com- reasonable physically that (6) Vo is of order r 
bined to give where ¢ is the nuclear falloff distance. (This will be seen 
in the specific example discussed below.) On the other 
I Pott f« R p(R)Ey(p 20 hand, (6V),/Vo is of order ( 2 where So is the range 
; of the nonlocality. [This follows most simply from the 
his is just an average over the nuclear density of the observation, based on reflection invariance, that (6V), 


energy of nuclear matter must be an even function of k and of 
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If we use the results of II, the ‘mean square radius’! 
of the effective potential is (r?),y=3.5 f? while the rang 
of the nonlocality is less than 0.2 f. From electron scat- 
tering experiments” the nuclear falloff distance is ap- 


- , 
proximately 2.5f. Finally, ke=1.3f" at the central - : —+—~ 
density. Thus, (kpso)?<0.068 while ((r/t)?)av=<0.56. Fd r | 
Hence. we expect (6V);/(6V),~ 10%; in fact, it turns - 
out to be considerably smaller than this. z 

aN 
Il]. CALCULATION z GENERALIZED GAUSSIAN } 
One could obtain the minimum energy consistent \ 
with the trial function Eq. (2) by setting 6(E£)/ép=0. i. 
oye ' : . 
rhis would yield a differential equation for p(R) which ° P ‘ ‘ . 
would require numerical solution.‘"® We shall instead FERM 
> ¢ ti f f (r) whic ne S “ . . . 
assume an analytic form for p(r whic h depend on two ' 1. Comparison of the generalized Gaussian function, 
variational parameters. These will determine the — Eq. (23), with the Fermi distribution p’of 1+ ‘}, for A = 150 
radius and falloff distance of the distribution. he parameters are chosen to give the same half-density distance 
‘ ‘ Se ‘ , ; c=5.73 f and falloff distar 2.5 f 
\ convenient form is the “generalized Gaussian 
> . - > ] { 2 4 
p(R po expl (R Ro)" |. 23 while the 90°%7-10°7, falloff distance i 
This is a very general form which encompasses the 1)\ Wn 
observed Gaussian shape of light nuclei and the Fermi- niQ)'/*— (1 ) R 
. - . . { 

type density of heavy nuclei having a large central , 
reg os of constant density | . 3 08R 0.715 

All the integrals which we need can be evaluated in (: i -), (28) 

i ” 


terms of gamma functions provided only that V(p) is 
represented by a polynomial in p (of arbitrary integral 


or nonintegral order). In fact, the general integral which Electron scattering experiments” indicate that, for 


we encounter is 1>100, these parameters are c=r,A! with r,;=1.08 
+0.02f while (=2.5+0.3 f, independent of A. These 


values imply the relations 


fer R*[(R) |” 
R.&(1.08A '+-0.30) f, 


po™ (Ro*\ (etd)/n q+ 3 (29) 
br r . (24 n=1.33A'—0.35, 
n m n 
for large A. For heavy nuclei n~7. In Fig. 1 the gen 
he normalization condition eralized Gaussian distribution is compared with a Fermi 


distribution having the same values of c and 1, for 


feror F 25 A= 150. a 


The Coulomb energy 


implies that F 
VY Ef tra, PIP 


26) 


if } P 1 j rx 1 | . 
' . ? , : x exchange (30) 
he radius at half maximum density is rf—f; 2 ? 


- R Ro (1 —0.368/n-4 ’ (24 The exchange term can be calculated,'® but it is found 
to be quite small (of the order of several tenths of Mev) 
It sho € noted t his radius does not have the usua ind shall not be included in our further considerations 
ical interpreta is a me square interaction radius, since . 
K matrix is nonmonotor for a nonmonotonic functior Since 
.. has no suchs le interpreta and can indeed be negative 
?R. Hofstadter, Revs. Modern Phys. 28, 214 (1956) 1+r7;, 1+; Z(Z—1 yA 
The electron scattering experiments which have been per »2 ( ( ) —~—. 
ed® thus far can determine only two independent density ie ? ? ? ? 
1rameters, such as the half-density radius and the falloff distance. 
‘ The use of this on was suggested to one of us (L.S.R.) 
Professor F. Villars in connection with an investigation of the H. A. Bethe and R. F. Bacher, Revs. Modern Phys. 8, 82 


1936 
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pry )p\r 
(31) 


bir dry plr 


g Eq. (23), forn=1, 
¢, the effective radius is 


This can be compute d ex 


Letting / (Ze 


t 
ic tl p 


2, and 3. 


Rea /R 384 for n 


) 


I~1.21 


lor mn 
for mn 
(32a) 


For large n we may make use of the fact that the ex- 
pectation value of the long-range Coulomb potential is 
insensitive to the shape of the density function p(r). 

in which the 
Using Eq. (23), 


more 


Thus, we perform an expansion of p(r 
leading term is simply a uniform sphere. 
this is just a Taylor expansion about n= or, 


conveniently, about 1 i 0 


p(r)=po exp — (r/R 


Dirac 6 Also I’ (1) 
Using this expansion and the 
find 


and 6(r—Rpo) is the function. 


[dI'(z dz z=] 


expansion of ['(1+3/n 


0.577 


, we 


R ff R 


1+ 


(32b) 


of the equivalent uniform sphere 
r/Ro)" |. 


ine the numerical consequences 


Phis is just the 
having the same volume as exp 

We now want to 
of this model To facilit 
E-4(p) (Fig. 1 of I) is fit with a polynomial in p!: 


radi 


ite numerical computation 


I p! 1 G3p 7 ayp', 


whe rt 


19.5 Mev, 
188 Mev, 


145= 253 Mev 


( 


Phis provides an accurate fit over the region which was 


included in I (densities down to 0.3 of the equilibrium 
density 


In calculating (6V), ar 


f 


and vanishes for smal 


simplifying, but quite 


various averages 


AND V 


the results of IT, 


the K 


density. We can determine 
where it is shown that the long-range part of 
matrix, which is predominant 1 av, iS nearly inde- 
pendent of density. Using IIL Lespecially Figs. 3 and 4 
and Eq find (r To estimate the 
averages which occur in (6V),, re represented the 
K matrix by a product 
[K(r)+K(r’ 
The results of IT indicate that sc 0.15 f. 
k-s), 20) (kes ind (k*s*)ay 
, dropping terms of order (&rso)*. These 
form of A(r). 


(54)] we 


r Kir’ 


where bs) 

We find 
(9/20) (kes 

results are independent of the 


TABLE I. Individu t t to the energy per particl 
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ig shape 
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spon 
numerical 
were obtaine 
coefhicients a 
by a, =a 
partic le 





APPROXIMAT CALCUI rIoN 
In Table A, 
each part of E/ A, using the distribution Eq. (23). The 
symmetry energy is not included in this calculation. It 
is positive and small ; from the Weizsacker semiempirical 
Mev for A~150. In Column B 
we show the numerical values that are obtained for 
A = 150, Z=62, using the empirical values of Ro and n. 
The energy can be minimized by varying the trial func- 
tion X,(r), which depends upon the two parameters Ro 
and n. Wi this for A= 150 and find an opti- 
binding of E/A Mev with 
5.06 f. and n 
The empirical values are E/A=-—8.25 
Ry=6.03 f, and n=6.7. The numerical values of the 
individual contributions to the energy are st in 
Table I, and the values of ¢c and ¢, in Table II. The de- 
pendence on the mass number A, as determined from 
minimization of the total energy for other values of A, 
is in agreement with the form of Eq. (29), 
One may examine our expression for the energy if R 


1 


I, Column we show the general form of 


mass formula it is 0.7 


have don 
mum 


R 


energy —5.7 


77 
‘. 


Mev, 


ioOwn 


and nm are assumed to have their asymptotic (larg 
forms 


(56) 


The results can then be compared with the Weizsiacker 
semiempirical mass The distinctive 
is that (6V),/A is proportional to A}; this de- 
pendence follows from the constant falloff distance 
which is implied by Eq. (36). It should be noted that 
the Weizsicker formula is essentially an expansion in 


formula.!? one 


feature 


powers of A!, which is not large for actual] nuclei. Thus, 
there is a large ambiguity in the actual coefficients of 
the Weizsacker formula and several alternative forms"? '* 
have been proposed and successfully used."* Even the 
hich is often used as a basis 
for comparison of theories of nuclear matter, differs by 
1.2 Mev per particle in these various determinations. 
The form we have obtained might also be used to obtain 
fi the nuclear it the 


i 


“volume energy” term, w 


t to 


a masses, since includes 


; 
i 


is c and the falloff distance 
values*; Column B 
ising the trial function Fx 
tained by minimizing I 
51 are reduced 
imizing Eq. (1 


ica results 
y. (1), if 
by 50%: 
luding the 
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Hofstadter observations on the shape of the nuclear 
surface. However, it will probably not be possible to 
obtain a fit which is a significant improvement over 
those already obtained, since the number of parameters 


is already large and the range of A is small. 


IV. DISCUSSION 


The results of the last section have shown that this 
model gives qualitative agreement with the observed 
binding energy and shape of nuclei, but that it fails to 
agree in quantitative detail. The binding energy that we 
find is too small, the mean square radius is too small 
(leading to a central density which is higher than ex- 
pected), and the falloff distance is too large. We shall 
discuss here several possible explanations for this failure. 
Separately they seem inadequate to explain the dis- 
crepancy, but all are corrections which certainly should 
be made and which together might permit a quantita- 
tive understanding of the nuclear surface. They are 
(1) poor trial wave function X,(r), (2) breakdown of the 
assumption of a dependence solely on “‘local’’ density, 
and (3) breakdown of the “uniformity” assumption, i.e., 
formation of clusters. 

(1) The only way to test our trial function is to com- 
pare the results which it gives with experimental data 
or to solve for the exact functions ¥,. In our particular 
case a comparison with experiment tests not only the 
wave function but the local uniformity assumption and 
the approximations implied by Eq. (1) (neglect of 
clusters, etc.) After this calculation was completed, we 
learned™ that the numerical calculation proposed in II 
(that is, an exact calculation of ¥,) had been completed, 
also yielding too little binding (E/A~—5 Mev) and 
a high central density. Our large falloff distance may be 
attributed to a failure of our trial function. 

To provide a guide to the sensitivity of our results to 
the wave function, one can modify various terms in the 
energy and determine the effect of these modifications 
on the energy and shape parameters. As an example, a 
different wave function might reduce the surface cor- 
rections. If (67),, (67 ), were all reduced by 
50%, the energy would become lower to E/A=—7.2 
Mev, while the half-density radius would be reduced 
by 0.1f and the falloff distance by 0.6f (Table I, 
Column C). Hence, it appears that our results are fairly 
insensitive to the form of the wave function, and a quite 
drastic change would be required to yield the observed 
values. 


fy and (dh 


(2) The dependence on local density appears in the 


variation of the K matrix with density. It is primarily 


the core contribution which is density dependent, be- 


coming less repulsive as the density decreases. This has 
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a simple physical interpretation: The Pauli principle 
requires the two-body wave function to ‘heal’ (ap- 
proach its uncorrelated form) for separations of the 
order of the Fermi wavelength, while the hard core re- 
quires it to vanish at the core radius. As the density 
decreases, Ay increases and the wave function need not 
“heal” so rapidly, leading to less curvature in the wave 
function and a lower energy. This effect was included 
by calculating the K matrix in uniform media of various 
densities, as discussed earlier 

It may be, however, that the core corrections are 
quite different in a region where the density is varying 
rapidly. It would appear that the relevant parameter 
here is the change in density over a distance of the order 
of Ay. If the effect of the Pauli principle upon the core 
contribution wert 


more binding would 


result and the equilibrium shape might be different.” 


diminished, 


One can use our model to estimate the magnitude of 
such an effect. In IT it is 


tion can be approximated by 


shown that the core contribu 


We shall 


correction to this due 


where A (p) decreases with decreasing density 
make 
to variations in density, 
magnitude of the energy difference and its effect on the 
nuclear shape To do this, we represent the correction 


a crude calculation of the 


with the aim of determining the 
to A(p) by 

A (po) |, 38) 
A =h?/Mr. is the hard-core contribution for 


(XAp/p)(dp/dR) is the 
change in density over a Fermi wavelength (R is the 


where 


free particles, and fractional 


center-of-ma coordinate . This has the form we expe t, 


but its magnitude is only an arbitrary estimate. The 
* 1. C. Gomes, D 
3, 241 (1958) 
2 We would like t 
Professor K. A. Brus 


Walecka, and V. F. Weisskopf, Ann. Phys 


with 


ch ledge an interesting discussior 
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correction 
(5V ) core 
Zinp(R 
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The spin-isospin 
only, 

(A @)= $40 Mev-i 
PsLA singlet (p t A triplet 94 


average ve I ] ng even 


37.0 


Mev-f 
4() 


(A (po) 


Inserting this result into the expression for the energy, 
we find an additional binding energy of 5.1 Mev and 
Column D, Table II. Clearly 
the energy correction is of the right order of magnitude 
(2.5 Mev is “‘needed’’), but the effect upon the shape is 


values of c and ¢ given in 


quite small. Again it would appear that quite drastic 
modifications in the required to obtain the 


, falloff distance 


model are 
observed, very smal! 

(3) It has been shown qu 
effects are 
as a result of the Pauli principle. lr 


ite lusively’ that cluster 


small in uniform nucl utter, primarily 
surface the con- 
and it 
that there may be 
It is, of 


insight into this 


sequences of the Pauli principle are not as clear, 


has been suggested by many people™ 


cluster formation in the surface. 
difficult to 


yossibility. One might note that the bindi: 
I ; 


course, quite 
juantit 
ig energy per 
particle in a nuclear medium of even quite low density 
(~10 Mev 
energy) is considerably larger than the binding energy 
per particle In an @ partici (7.1 Mev Hence, cluster 
formation in the nu ice must, if it exists, be 
quite different from simp! mation of light nuclei; i 


according to I, excluding the Coulomb 


lear sur 

which can occur 
icrease in kineti 
his is clearly a question 


particular, the gain i 


must not be overbalar e il 


] 


energy, as it is in light nuclei 
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which requires much further investigation 


3K. A. Brueckner, PI Rev 36 (1955 
Phys. Rev. 103, 1353 


*% For instance 


1956 


H.W 





VOLUMI 


MBER 3 NOVEMBER 1, 1960 


New Nuclide, Krypton-74* 


J. H. Gray, ITI, H. L. HAmMester,t anp A. A. CARETTO, JR 
Department of Chemistry, Carnegie Institute of Technology, Pittsburgh, Penns yloania 
(Received June 13, 1960 


\ new nucli 


It was found to have a half-life of (20+1 


minutes and to decay by 
rays in the energy range 0.04 to 4.0 Mev were observe 


e of krypton, Kr’, has been produced by high-energy proton interaction with strontium 


3.1+0.1)-Mev positrons. No gamma 
Evidence for the production of Kr’* was also observed 


Calculations indicate an upper limit for the half-life of (0.8+0.4) minutes 


INTRODUCTION 


A NEW neutron-deficient nuclide of krypton, with 
a half-life of 20 minutes, has been produced by 
proton bombardment of strontium. Search for this nu- 
clide was prompted by the results of the experiments 
performed in determining the half-life and radiations 
of Kr’®.' In the course of these experiments an activity 
of shorter period was observed on several occasions. 
It became the object of this new study to ascertain if 
a more neutron-deficient isotope of krypton could be 
produced, and if so to determine its half-life and char- 
acterize its radiation properties. 

The available beta-decay energies for the isobaric 
nuclides with A =74 are listed in Table I. The values 
listed are either taken from the tables of Cameron? or 
experimental disintegration Q values taken from Strom- 
inger e/ al.* If the nuclide masses for the isobar A =74 
are plotted versus mass number two parabolas are ob- 
tained, as would be expected. In view of the fact that 
Kr’ has 4.00-Mev decay energy to Br”, and that 1.02 
Mev of this can be used for positron creation, it might 
be predicted that the half-life of Kr’ would be long 
enough to observe. 


EXPERIMENTAL PROCEDURE 


The Kr** was produced by proton bombardment of 
strontium oxide. On several occasions targets of SrCl, 
rf pure strontium metal were used. All bombardments 
were carried out using 400-Mev protons from the Car- 


negie Institute of Technology synchrocyclotron. The 


ras_e I. Beta-decay energies for isobars A =74 


Kr*# 


4.00 


Br’ Ge™ Ga" Zn 4 
6.30 
eta-cecay 
energ Mev 
Negatron 
beta-deca 


energy (Me, 


Stable 


* Research carried out r contract with the U. § 


Energy Con 


+ Present 


\tomic 
missio 
address: Department of Chemistry, 
New Mexico, Albuquerque, New Mexico 
1A. A. Caretto and E. O. Wiig, Phys. Rev. 93, 175 
2A. G. W. Cameron, Can. J. Phys. 35, 1021 (1957) 
D. Strominger, J. M. Hollander, and G. T. Seaborg, Revs 
Modern Phys. 30, 585 (1958 


University of 


1954 


target was made by wrapping 200 mg of SrO powder 
in an envelope of 1-mil aluminum foil. The foil was 
clamped to the end of the cyclotron probe and exposed 
to the internal proton beam for periods of one hour. 

After irradiation the SrO was transferred to a distilling 
flask together with NaBr solution to act as hold-back 
carrier for the bromide activities. The distilling flask 
was attached to an all glass gas-collecting system in 
which provision was made for flowing helium or nitrogen 
gas through the system to carry the radioactive krypton. 
The system consisted of a train of traps. The first two 
traps contained CaO and ascarite at dry-ice tempera- 
ture which served to remove water vapor, CO,, and 
bromine which may have been carried along with the 
carrier gas. This was followed by a series of U-tube 
traps containing silvered activated charcoal at liquid 
nitrogen temperatures. Finally at the end of the train 
was an evacuated glow discharge tube. With helium 
slowly flowing through the system, water was intro- 
duced and the distilling flask was heated to dissolve 
the SrO and boil out the krypton activities. The krypton 
was adsorbed on the charcoal traps at liquid nitrogen 
temperature and subsequently desorbed at elevated 
temperatures. Finally the krypton was allowed to enter 
the glow discharge tube where it was deposited on a 
1-mil aluminum foil cathode (1 cmX2 cm) according to 
the procedure originally described by Hyde and Mathur.‘ 
The krypton was deposited on the aluminum foil by 
being accelerated through a potential of 600 volts and 
at pressure of 0.1 micron. This produced a radioactive 
sample of krypton imbedded in the aluminum where 
it remained throughout the duration of the experiments. 

The radiations emitted from this krypton sample were 
detected by means of an end-window Geiger-Muller 
counter (Tracerlab TGC-2) having a 1.9-mg/cm? mica 
window. 


RESULTS 
The radioactivity observed could be resolved into five 
components: the first with a half-life of 20 minutes 
followed by groups having half-lives of 1.2 hour, 17 
hours, 34 hours, and 57 hours. These half-lives could 
be assigned to 1.2-hour Kr’, 17-hour Br’ (from the 
decay of Kr’*), 34-hour Kr”, and 57-hour Br’. The 


*E. K. Hyde and H. B. Mathur, Phys. Rev. 96, 126-129 (1954) 
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unidentified 20-minute activity was observed on 
of seven runs detected in this manner. 

lo determine the mass number of this 20-minute 
activity a series ol daug! ter-isolation experiments was 
performed. The krypton activity from the gas collection 
system was adsorbed on a silvered activated charcoal 
storage trap at liquid nitrogen temperature from which 
it was then transferred through a glass line consisting 
of a series of five glass U-tube traps each filled with 
silvered activated charcoal, held in place by glass 
wool, and fastened to a Cenco Hyvac pump. Every 15 
minutes a krypton-bromine isolation was made by mov- 
ing the liquid nitrogen from one trap to the next. This 
separation 1s based on the procedure ol Drop sky and 
Wiig® which assumes complete desorption of krypton 
} 


from charcoal at elevated temperatures and the com- 


t 
plete retention of the bromine daughters by the use of 


silvered charcoal. The radioactivity of each U-tube was 


measured with the Geiger-Muller counter. All five curves 
were resolvable into half-lives of 36 minutes, 17 hours, 


60 200 


and 57 hours 
isotopes Br 
the yi lds of Br 
krypton separat 
separation gave 
On several o 
storage trap 
Br, Br7®, and 
period due to | 
in any of the | 


1oOn 


the times of tran 


Was poss ble 


of Kr® as « 


The gamma-ra\ 


use of a thallium-acti 


256-channel pul 


for these experiment 
Kr on the alum 


( 


tube. The analyze! 


in th ral 





ACTIVITY (cpm) 








60 60 ) 120 


CHANNEL (1 unit =O. 0189 MEV) 


Phys. Rev. 88, 683 (1954 


he bromine 
\ graph of 
f bromine 
daug! ter 
lite ol Kr 
| from tl 
due to 
is a hour 
never observed 
information, and 


it 
t 


nve stigated by 
cted toa 


sour°rce 








110 kev, 131 kev, 2600 kev, 510 kev, 
vere observed. All the gamma rays other thar 
it 510 kev can be attributed to previously 
known krypton isotopes. The 44-kev and 260-kev are 
ie decay of Kr while the 110-, 131-, and 
760-kev peaks arise from the decay of Kr7’. 
The 510-kev peak was counted as a function of time 


eneryvh +4 KEV, 


700 kev 


found in 


ik height was observed to decay with a 
1.2-hour half-life. Resolution 
of the curve vie lded al ailf-life for the shorter ( omponent 


of (20+7 


ind the pn 

20-minute followed by a 

minute. No other gamma rays were observed 
to decay with a 20-minute half-life 

Che beta spectrum of Kr” was investigated by use of 

nthracene crystal connected to a photomultiplier 

! used with the 256-channel analyzer. The an 

rystal was tested by running beta spectra of 

, and Pa™, Fermi-Kurie plots of these spectra 


maximum beta-energy end points which, when 
’ } 


versus channel position, gave a straight line 

ng linearity of the crystal with energy. The 
krypton-74 source was prepared in the same manner 
: for the gamma-ray analysis. 

Che beta spectrum from the krypton source would be 
expected to be quite complex because of the number of 
different beta groups present. During the decay of Kr” 
vould also expect to observe the positrons from 
1.86 Mev), Kr” (0.60 Mev), and the Br”* daughter 

3.57 Mev, 1.7 Mev, 1.1 Mev, and 0.6 Mev 
ny positrons associated with Kr”, In order to 
he contribution of Kr” betas to this « ompl x beta 
im, a time analysis of many beta spectra over a 

12 hours was performed (Fig. 1). Decay curves 

ictivity versus time, for every 10 channels, from 

60 to 180 were then constructed and resolved 


various nponents. A typical decay curve 





activity, presumably due to the 
Br**, 


finally 


owed a long-lived 
3.57-Mev positron of 
1.86-Mev 8-4 Kr 
The activity of the 20-minute period was extrapolated 
back to the end of bombardment and the extrapolated 
ilues plotted versus a beta spectrum 
for the 20-minute Kr 
\ Fermi-Kurie plot was constructed from 
iown in Fig. 3. Analysis of the 
Fermi plot yielded a maximum beta energy of (3.1 
+0.1) Mev and showed that the decay was associated 
with no other electrons of energy greater than 1.0 Mev. 
Phe total decay energy of Kr* is 4.12 Mev. The pre 
given by Cameron? is 4.0 Mev 


followed by the 1.2-hour 


ind a 20-minute period 


1o give 


) 
Fig. 2 


energy 
' decay 
this 20 


minute activity and is 


dicted decay energy as 
Che logft value for this beta transition is calculated as‘ 
5 corre sponding to an allowed (normal) decay. Kr’, 


would be expected to have 


5.3 
be ing an even-even nut lide. 
a spin of 0 and an even parity. This transition to Br’ 
would thus be expected to be accompanied by a spin 
change, AJ, of 0 or 1 with no parity change. Nordheim’s 
rules predict a ground-state spin of J = 1 and even parity 
n agreement with this beta transition 
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Radioactive Decay of Lu’ 
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Y tte iche 81.4% wu 170 mass imber i 
activity deca cle capture with a half-life of (2.05+0.05 
Lu he entifica f the ytterbium A ray and by comparisor 
imilar | udiati f each of the other enriched isotopes of y r I iv 
consists of the im / ray, gamma ra with energies of 84, 193, 245. 1010, 103K 1¢ 141 
2035, 2365, 266 RH) 308 eV, ar iall amount of annihilatio udia Be 
aciat ‘ he le of dec of Lu lely by electron capture to Y Ga 1-va 
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L and A x rays of ytterbium were detected in the 
activity of Lu'” with a Geiger tube used with aluminum 
ind beryllium absorbers. Figure 1 shows the gamma-ray 
spectrum which is complex and extends past 3 Mev 
Some gamma rays are resolved in the gamma-ray 
spectrum and others have been observed in gamma 
gamma coincidence measurements. The observed 
gamma rays have energies of 8441, 19345, 245+5, 
1010+ 20, 1030420, 1165430, 1275420, 1415+30, 
2035415, 2320440, 2665+ 20, 2890240 and 3085260 
kev. No evidence of particle radiation was found by 
the method of plastic scintillation spectrometry nor by 
the use of a Geiger tube with aluminum and beryllium 
ibsorbers. A small amount of annihilation radiation 
does exist in the gamma-ray spectrum but was shown 
by absorption measurements with a plastic scintillation 
spectrometer to be the result of the annihilation of 
positrons produced by the high-energy gamma radia 
tion. The mode of decay is therefore essentially by 
electron capture to Yb!” although the ground state of 
Lu'’’ is at least 3400 kev above that of Yb!” as discussed 
later 

\s seen in Fig. 1, the low-energy portion of the 
gamma-ray spectrum consists of the ytterbium A x ray 
and a strong 84-kev gamma ray. Two coincidence sum 
peaks are also observed ; one is the sum of two coincident 
K x rays and the other is the sum of 84-kev gamma rays 
and K x rays. These peaks were shown by absorption 
measurements to be coincidence sum peaks. 

(samma-gamma coincidence information was obtained 
for the activity of Lu'” with a coincidence circuit of 
time 27r=1.5 ywsec and two 12 X2-inch 
crystals. Table I is a tabulation of this coincidence 
information 


resolving 


DISCUSSION 


lhe existence of a weakly populated level at 278 kev 
4+) in Yb'” is further confirmed here because a 
weak 193-kev gamma ray is in coincidence with the 
&4-kev gamma ray. The ratio of the number of 193 
to 84-kev transitions was calculated to be 0.055 from 
the data of references 2 and 7 which is consistent with 
the fact that the 193-kev gamma ray can be seen only 
in the coincidence spectrum. A level with a spin of 0 is 
proposed at 2120 kev because (1) the 2035-kev gamma 
ray is in coincidence with the 84-kev but not with the 
193-kev, (2) no 2120-kev crossover transition is 
observed, and (3) the relative number of the 2035-kev 
transitions is greater than any other transition ex ept 


E ¢ O} OR] 
i ation for the activity of | 
511 1010, 1030 = 1165 1275 1415 2035 2665 

es es t es es 
es 
es 
c 
t ‘ i . 0 


the 84-kev 


by the 


Levels at 2365 and 3395 kev are suggested 
245-, 1030-, and 1275-kev 
gamma 2035-kev gamma ray. The 
245-kev transition is placed lower only because a 
2365-kev level allows the placement of the 2365-kev 
gamma ray from this level to the ground state. A spin 


coincidences of 
rays with the 


? 


assignment of 1 or 2 then seems consistent for both oi 
these levels. A possible level at 3170 kev with spin 3 is 
suggested because the energy difference between the 
2890- and 3085-kev gamma rays is 195 kev, just the 
energy of the second ground-state rotational transition. 

Che ratio of the number of counts under the spectral 
distribution of the AK x ray to that of the 84-kev 
gamma ray is 100/10.2. The K, Li, Las, Lin, M, and 
V ? internal conversion coefficients’ for an 84-kev F2 
transition in ytterbium are 1.30, 0.14, 1.76, 1.76, 1.75, 


and 0.50, respectively. The ratios of the total number of 
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inner bremsstrahlung in the 
Only 


The energy spectrum of the gamma rays emitted Dy muon decay process, 


mn +e’ +v+b+7, has been measured by means of a large sodium iodide crystal! those gamma rays 


which were time-coincident with the decay electrons were recorded. These decay electrons were detected in 


a scintillation counter telescope adjoining the crystal counter 
events with angles between the electron and gamma ray in the range from 0 
by stopping a positive pion beam in a block of material. By 


The counter geometry permitted detection of 


to 26°. The muons were obtained 


measuring the gamma-ray spectra from muons 


originating first in carbon and then aluminum, a correction could be made for bremsstrahlung externally 


produced by the decay electrons. The measured spectrum is in agreement with that predicted by the theory 


with an average ratio of 1.02+0.10 


I. INTRODUCTION 


NUMBER of theoretical the 
spectrum to be expected from the 


calculations of 
gamma-ray 
reaction 


_ 


pmet+et+it+y { 
have been made.' The most recent of these? emphasizes 
the fact that if one uses the experimentally well-de 

termined properties of the nonradiative decay mode of 
the muon, then the gamma-ray spectrum of the reaction 
of Eq. (1) is completely specified by the theory. How- 
ever, it should be pointed out that the expected shape of 
the bremsstrahlung spectrum will be dominated by the 
electromagnetic nature of the reaction. Hence, the de- 
tails of the weak interaction producing the muon dex ay 
are only slightly reflected in the bremsstrahlung spec- 
trum, and the measurement of this spectrum can only 
serve as a check on the gross features of the theory. 
Although the gamma rays in Eq. (1) have been observed 
by several worke rs,” no care ful study of the reaction rate 
or energy distribution of the gamma rays has been re- 
ported. The present expe riment is an investigation of 


both of these points. 
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Il. EXPERIMENTAL METHOD 


The 
radiative muon decay mode is shown in Fig. 1. A low- 


experimental arrangement for studying the 
energy m* meson beam is brought to rest in a carbon 
block, oriented at an angle of 45° to the direction of the 
beam. This carbon block is viewed by an array of three 
annular scintillation counters and a large sodium iodide 
crystal, which is protected by a lead collimator and an 
anticoincidence counter. The pions provide a source of 
unpolarized muons. The radiative decay of these muons 
is detected by registering a coincidence between the 
decay electron in the three ring counters and a gamma 
ray in the sodium iodide crystal. This coincidence is then 
used to open a linear gate, which permits the pulse 
sodium iodide counter to be 
registered in a fifty-channel pulse-height analyzer. The 


pulse 


height observed in the 


height spectrum obtained in this way is a measure 
of the desired gamma-ray energy spectrum. The total 
number of decay electrons was recorded in the annular 
counter telescope to determine the rate of muon decays 
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Fic. 1. The geometrical arrangement of the apparatus 
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984 KIM, 
accompanied by gamma rays relative to the nonradia- 
tive muon decay 

The primary source of background in this experiment 
was “external” bremsstrahlung of the de ay ¢ lectrons as 
they traverse the carbon block in which they originate. 
To evaluate this background, the carbon was replaced 
by aluminum and another gamma-ray spectrum re- 
corded. The difference in the 


carbon and aluminum 
spectra is attributed to “external” bremsstrahlung and 
an appropriate correction 
data before a comparison with the theory 


tempted. Although 


Vas applied to the carbon 
was at- 
a number of other systematic cor- 


KERNAN, 


AND YORK 


rections to the data will be mentioned below, this 
method of correction for the background is considered to 


be a fundamental feature of the experimental method. 


III. REDUCTION OF THE THEORETICAL 
GAMMA-RAY SPECTRUM 

The reduction of the theoretical spectrum to represent 
the experimental conditions has been carried out with 
the aid of the relations given by Fronsdal and Uberall.? 
The relative rate of radiative muon decays to nonradia- 
tive decays, which is to be compare d with the result of 
the experiment, is 


Cly | ay 
fay (y,y’ > [AQ, (A) Jers [ 
eAy’ y | d 


i 
2°*x? 


Equation (2) is obtained by limiting the type of inter- 
action producing the muon decay to vector and axial 
vector (V-A) coupling with the two-component neutrino 
Here x is the 


energy expressed in units of one-half the rest mass of the 


hypothesis, 1.€., p : 7=0. electron 
muon, and y is the ene rgy of the gamma ray expre ssed in 
6 is the between the momentum 
vectors of the and the 
A= 1—cos6. e = 1/137, and ny(x,y,A) is a function given 
by the theory.‘ The function e(x) is the detection effi- 


the same units. 


, 
angi 


gamma ray electron, and 


lor this, the results 
el al. 
the electron 


ciency of the ring-counter teles« ope 
of the Monte 
used. It was assumed that, on the ave rage, 


Carlo calculations of Leiss wert 
must traverse 4.25-cm equivalent carbon to be detected 
in the ring-counter telescope. The solid-angle function 
[ AQ, (@) jee is shown in Fig. 2, and it is discussed further 
in the Appendix. 

Cly is a function to correct for the following three 
factors 


1) Asmall increase in the solid angle due to the finite 
probability of penetration by the gamma rays through 
the edges of the lead collimator. This correction was 
calculated by using the cross section calculated with the 
Born approximation. ' 

(2) The detection efficiency of the sodium iodide 
counter.’ 


‘ny 


where 


Pa] 


) 
2x7¥ 


and yw is the rest mass of mu 

* J. E. Leiss, S. Penner, ar g 
1544 (1957), and private communication 

*W. Heitler, Quantum Theory of Radiation 
Press, New York, 1954), 3rd ed 

™G. R. White, National Bureau of Standards Report No. 1003 
unpublished 


mn, Phys. Rev. 107 


Oxford University 


(3) The small gamma-ray lue to pair creation 


in the material between the target and counter 4.* 


on of the sodium iodide 
limator. It has 


T(y,y’) is the resolution funct 
counter when mounted behind 
a different s f ex 
has been assumed to be a “universal” function through- 


the present experiment.’ 


} 
a col 


been determined ir periments and 


out the energy range of 


IV. APPARATUS 
A. Counters and Electronics 


In big. 1, the 
the incident pion 
proximately 5X 10° incide1 


counters vere to monitor 


beam I tot intensity was ap- 
The 
ring-shaped counter No. 1 was tl and one-quarter 
outer diameter, 


ninute. 


inches inner diameter and five 


while counters No. 2 and No. 3 were three inches inner 


diameter and six inches outer diameter. These three 


ide of 


ring-shaped counters were mi one-quarter-inch 


plastic scintillator and were enclosed by aluminum light 
reflectors 0.025 inch thick. Counter No. 4 was a circular 
disk of one-quarter-inch plastic scintillator, six inches in 
diameter. The sodium iodide crystal was a cylinder five 
inches in diameter and four and one-half inches high. It 
was viewed by a single Dumont 6364 photomultiplier 
tube. The lead collimator in front of the sodium iodide 
counter had a 
diameter hole. 

Figure 3 is a block diagram of 
used in the experiment. 
] 


was five inches thick and 2.8-inch 


the electronic circuits 
The coincidence of (1+2+3) 
while the (1+2+3 
coincidence sequence was used to 


was registered as an ¢ 
+4+ “fast” Nal 
trigger a linear gate of 0.1 usec duration, The time- 
coincident “‘slow”’ pulse in the sodium 


ectron count, 


iodide crystal was 
transmitted by this gate into a fifty-channel pulse- 
height analyzer where its pulse height was analyzed. 

°A.S 1959 


116, 120 


Penfold ar 





MEASUREMENT OF 


“Fast” pulses in the sodium iodide crystal were obtained 
by means of a small inductance (about 3 wh) attached to 
the last dynode of the Dumont tube. A special limiter- 
shaper circuit was used to generate a suitable fast pulse 
for the coincidence circuit 

The ring-shaped counters were tested to assure equal 
efficiency of detection at different locations on the ring. 
The measured inefficiency of the anticoincidence counter 
4 was one part in five thousand. This gave a negligible 
correction to the gamma-ray spectra observed in this 
experiment. 


B. Calibration of the NaI Counter 


The pulse-height spectrum produced in the sodium 
iodide crystal by decay electrons was taken every five 
hours for calibration purposes. To do this, the gate was 
opened by the coincidence of counter No. 4 and the 
“fast” Nal pulse. The end point of this spectrum was 
assigned to be the highest possible energy of the 
nonradiative decay electrons, after taking into account 
the energy loss of a 52.85-Mev electron in the target, in 
the Al foils, and in counter No. 4, as well as the sodium 
iodide resolution. The error in assigning the energy of 
the end point leads to an uncertainty in the number of 
gamma rays included in a given energy interval of the 
spectrum. This uncertainty has been combined quad- 
ratically with the statistical uncertainty of each point 
to determine the resultant error. By fixing only two 
points on the calibration curve, viz., zero and the 
spectral end point of the muon decay, the tacit assump- 
tion is made that the sodium iodide counter has a linear 
response. This assumption is justified for this counter on 
the basis of previous experiments with it.’ 

The electronic gate, amplifiers, and pulse-height 
analyzer were checked with the aid of a precision pulser 
at the same time the above test was performed. The 
over-all linearity was very stable and no appreciable 
drifts in the height of the gating pedestal were observed. 


Fic. 3. A block diagram of 


the electronics 
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Fic. 2. A plot of the effective solid angle for gamma-ray detec- 
tion vs @, the angle between the momentum vectors of the decay 
electron and the gamma ray 


. ae 


C. Beam Scanning Apparatus 


To determine the intensity distribution of the incident 
pions as a function of position on the six-inch square 
target, a quarter-inch, cubic scintillation counter was 
used. The beam intensity distribution was measured at 
three different times during the run, after removing 
sufficient carbon moderator in front of the counters A 
and B to compensate for the change in range of the 
pions. The distributions remained constant during the 
experiment. The statistical errors with which these in- 
tensity distributions were determined were such that 
less than four percent uncertainty was introduced into 
the numerical calculation of the solid angle. 
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V. EXPERIMENTAL DATA background n 
The data were taken in short runs whicl t 1 and carbon 


Wi Alle 


he carbon and alumi in locks with backer 


Ing no topping n iterlal ata The result of one r tne externa 


2.8 to compe! 
In 


is summariz ib] N. is tl al equations upor 
number of electror in the ring-cou ‘ the absolute value 
ope with the carbor l block in place | tt the two materia 
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4 
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lung, Nip, the xternal” bren thlung, Nep(Al), Power tor 


and the backgroun number 
ol gamma ‘ m carbor c st u / N€ss, 
V; ( . . above 

taken 


valuc 


carbon rang 


+0.01 
+0.04 
+0.02 


+0 04 


+O O05 


(1) O07 


Loss of 
tween the 
( ontamination 
rates by scatters 
Resultant 





MEASUREMENT OF 





bee 


iy 








“'’ © CCT 8.2 © Ceeer 





T4TTIhIM1 
piriiul 


T 
1 


1 


os 


a ace as a 
Liriii 


fa) 








y 
Fig.4 


Fic. 4. A plot of the calculated spectrum as an histogram with 
the experimental spectrum as experimental points with associated 
errors. The first 2 bins are increased by a factor of 4 to normalize 
to the value for Ay’=0.10. The errors are from a combination of 
the statistical error and the systematic error due to the uncertainty 
of the energy calibration 


measured spectral values to the theoretical ones gives a 
weighted average of 1.02+0.10. 


VI. DISCUSSION 


It is clear that the results of the present experiment 
are in good agreement with the predictions of the theory. 
An additional check on the internal consistency of the 
agreement can be made. If the experimental data and 
the calculated spectral values are used to evaluate the 
Michel parameter p by retaining only the ny(x,y,A 
term and the p depende nce of the numerator and de 
nominator, then p=0.725+0.056." This is in excellent 
agreement with the value 0.75 given by the theory. 
However, it does not constitute a measurement of p. In 
order to do that, the spectral calculation must include 
the other types of coupling for the weak interaction. 
This, in turn, introduces two new functions,’ ms(x,y,A 
and nr(x,y,4), together with their appropriate coupling 
This 


parameters makes it impossible to obtain an accurate 


constants into Eq. (3 introduction of new 


from a 


the error 


results 
and 


certainty above 


error 


The ur quoted 
ination of the statistical 


ertainty in the energy calibration 
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value of p from the present data. In fact, the result of 
such a determination is p=0.64+0.32." 

It is of interest to investigate the possibility of ob- 
serving effects on the shape of the gamma-ray spectrum 
due to the presence of an intermediate vector boson in 
In general, it can be shown 
that this contribution to any one spectral point can be 
of the order of 4% or less."' Because the uncertainty of 
the present data is 7% or more for each point, it is not 
possible to observe such small effects. 


the decay process of Eq (1 
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APPENDIX 
The 


telescope, 


effective solid angle of the electron counter 
(AQ. err, was 0.148 sr. The calculation of this 
number required that the the 
target be taken into account. Since the angular correla- 


beam distribution on 
tion between the elementary solid angle of the electron, 
dQ2,, and that of the gamma ray, d{,, becomes very 
critical in the calculations of the expected spectrum, all 
of the elements (dQ,/42)e¢¢ and dQ, which had the same 
angle, 8, of separation were summed in intervals of . 
This procedure was carried out with the aid of an analog 
computer which reproduced the experimental geometry. 
By making use of the fact that the decay electrons were 
isotropically distributed, the effective solid angle of the 
sodium iodide counter, for a given 8, was written 


dQ, AQ, 
an, (6) / . & 
4dr eff 4a 


eff 


[ AQ, (6) Jett 3 


total effective solid angle of the sodium iodide 


counter in the experimental geometry, (AQ,).41, was 


1.83 10~ sr. 


(AG > ee 


In the determination of this value of (AQ,).¢,, the small 
extension of solid angle due to the finite probability of 
penetration by gamma rays through the lead collimator 
was neglected. A suitable correction, taking account of 
the energy variation of the gamma-ray penetration, was 
applied to the calculated spectrum to allow for this effect 
as mentioned in the text 


‘The authors wish to thank Mrs. S. Eckstein for her help in 


carrying out these calculations 
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The simplest reactions of associated produc tion in proton-proton collisions 


of two simple models, which consider as relevant only the contribution duc 


mediate r meson or K meson, respectively 


The values of the total « 


ross sectior 


are calculated at various energies up to 3.5 Gev of the incident proton is the lab s: 


are related to the experimental cross sections for simpler processe 


and K*-nucleon scattering 
107 mb 


(first model 
the cross sections for all reactions 


production, where the results predicted by the two models differ by a factor 
values are affected by large errors, due to the uncertainty of the experimental dat: 


1 


HE simplest reactions of associated production in 
proton proton collisions are 


p+p 


p+p 2°-+ K*+ p. 


Process (1) has been already investigated’ with the 
aid of two simple models, in which it was assumed that 
the reaction takes place essentially through the ex 
change of one intermediate boson (x or K meson 

Such a process is represented graphically by the 
diagrams of Fig. 1. A rather intuitive pi ture of these 
models can be given by thinking the process to take 
place through the interaction of the incident nucleon 
with one meson of the r-meson and A-meson “cloud” of 
the target nucleon. In such a way the amplitude for any 
of the related to the 


amplitudes of the “partial” processes involving 


processes Col idered can be 


phy Si al 


the particle exchanged: This can be done by means of a 
procedure of analytic continuation from the physical 
into the unphysical region, as pointed out by Chew and 
Low.’ In the present case the intermediate particle is not 


mass she l] 


and this will be 
ations, except for the fact that the 
form factors in the left-hand side vertex (in the diagram 


on the accounted for in the 


1 


course of the calcu 


N N 


{ the processes 
rding t 


a ding to the first ‘ D) acc 
" } 
ng nucieon; 


model 
hyperon 


1 E. Ferrari, Nuovo « nto 15, 652 
?G. F. Chew and F. E. Low, Ph 


1960 
113, 1640 


Rev 


second model 
at lower energies, 10°! mb 


Ss, namely associ 
Both models give the 


it hig 


of 10 


as well as in the meson propagator will be put equal to 
1 throughout, as if this particle were a real particle. 
Such an approximation 
the vertex: 
momentum but 
integration over the momentum transfer its influence 
the factors 
course, 


is a good one for low values of 
For higher 
upon complete 


momentum transfer of the 


transfer it may not, 
lorm 
Of 
models are less reliable at very high energies, in part 


should be further reduced, if are 


supposed not to vary too rapidly these 

because of this approximation, in part because of the 

impossibility of neglecting higher order contributions. 
In this note we shall al 

(1) to (4 calculate the 

total cross section predic ted at various energies in the 


and we shall 


ply the models to all the four 


reactions from 


range from 2.0 to 3.5 Gev of the incident proton in the 
lab system. The total cross section will be ¢ pressed in 
terms of the total cross sections fi 


namely for associated 


rT pler processes, 
produ tio! ym pions, for the 
model represented by graph l(a Vi h will be called 
“first”? model) and A 


model represented by graph 1(b hich will be 


-nucleon elast attering for the 
called 


“Second” model). 


The present experimental uncertain 
the reactions involved will induce | 


and 


ty about many of 
errors in the 
numerical computations, will be 
significant only as order of magnitude evaluations. We 
for a direct evaluation of 


pri cesses 2 


arge 
some re sults 
shall also give a prescription 
the branching ratios ar 
competition. In all the 


Ul 


hypothesis of charge indepe 


non 


g (3), and (4) i 
fc 


lowing considerations 


will be supposed to hold 


We will first 
of a m meson. Processes q , (3), and (4) are then 
described by graphs (a), ’ , and (d) of | Ry 2 

All other contributions The partial 
processes of interest for tl [ 


sections are, respec tive ly, 


study the with the exchange 


cross 


for (a), 


for (b 
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for (c), at+p—Z*+Kt; 


for (d), w+ p— 2°+ Kt. (8) 

By the charge independence hypothesis, the ampli- 
tudes for reactions (5), (6), and (8) can be obtained 
from the ones for process (7) and for the following 


reactions 


r+p—A°+K°, (9) 


x +p—> D+K°, (10) 


a +p—>2-+ Kt, (11) 
about which we have a certain amount of experimental 
information. 

We shall write the differential cross section for any 


of the processes considered in the form 


da= (2lx/kW) | (T)\*6(pitki-— pa— ko—G2)d(p2e+ ¥*) 
x 6( k.? + M?*)5(g2+-m*)d* pod*hod ‘qo, (12) 


pi, ki, and po, ke, gz are the 4-momenta of the incoming 
protons and of the outgoing hyperon, nucleon, and 
meson, respectively. W?=—(pi+&,)? is the square of 
the total energy in the center-of-mass system and 
k= (}W?—M?)! is the c.m. momentum of the initial 
protons. M is the nucleon mass, Y the hyperon (A or 2) 
mass, m the K-meson mass, uw the pion mass, and W is 
given in terms of the kinetic energy T of the incident 
proton in the lab system by W?=4M?(1+7/2M). 

The contributions to the matrix element (J) come 
from two graphs of the same type, obtained one from 
the other by exchanging the momenta of the incoming 
protons (pi+> k,). If we denote by (71) and (7,) the 


matrix elements associated to these two diagrams, 
antisymmetrization of the initial state requires (7 


T:)—(T2)), ice., |(T)|2=4(((T)|2+| (72) |2?—2 


The total cross section will therefore consist of three 


parts: Upon complete integration the first two parts 


(¢) (¢) 


Fic. 2. Diagrams representing processes (1 
and (4) according to the first model. 
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give the same contribution, which will be denoted by o,4 : 


1/G | 
o A ( ) 
8a \4ar/ (kU 


G*/4x is the coupling constant of the pion-nucleon 
vertex and ao(u) is the total cross section at total c.m. 
energy « for the partial process [from (5) to (8)] 
associated with the reaction considered. The remaining 
factors, which play the role of a weight function, will be 
written explicitly at the end of this paper. 

The contribution of the interference term can be 
easily calculated only if it is assumed that reactions 
from (5) to (8) take place only in one definite state of 
angular momentum (in other words, only one phase 
shift is supposed to be relevant, the same one for any 
isotopic spin state of the same reaction). Under this 
simplifying hypothesis, the contribution gin of the 
interference term can be put in the form 


1 /G 1 “max 
_ ( ) [ 2xurog(u)T int (udu, 
Sa \4ar7 (RW)? Sumi: 


in 


2xuroo(u)l (u)du. (13) 


in 


(14) 


with 


:, 
Swr=3(2e04 


(15) 


Tint)- 


Tiot(u) is given at the end of this paper under the 
assumption that the relevant phase shift is the S phase 
shift. The expression for J int is somewhat different from 
the analogous expression of reference 1. This is due to a 
corrective extra term, which takes into account the fact 
that the intermediate particle is not on the mass shell, 
and arises from the calculation of a4: it has, however, 
been included in ojn¢ since it is phase-shift-dependent. 
In addition, in reference 1 the initial state was not anti- 
Correspondingly, numerical 
values of oy+ given in reference 1 for process (1) turn 
out to be more or less changed. 

We would point out that since in (14) the experi- 
mental cross section ¢» is again introduced, the hypothe- 
sis of the presence of only one phase shift affects only 
the structure of the weight function /;,.. We think that 


in the results which will 


symmetrized. also the 


e given, this source of error is 
negligible compared to the presumably much larger one 


due to the experimental uncertainties. 


Formulas of the type (13), (14), and (15) hold_for all 
the reactions considered: Only the values of G and ao 
will in general be different. Denoting, e.g., by o(1) the 
total cross section for reaction (1), we get 


Coupling constant 


Reaction to be used Cross section to be used 


1) Ge= G*(ppr®) 

G=G (ppr) 

(3) G=G@(pmr*) 
= 2G" (ppr®) 

(4) G=G@(ppr’) 


oo™=a(5)= 40(9) 
oo=a(6)=a(10) 
oo=o(7) 


oo=a(8)=4[o(7)+0(11)—e¢(10)] 


The energy behavior of a is needed in an interval of the 
energy of the x meson in the lab system from the 
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TABLE I. Total cross sections (in mb) predicted by the first model. T=kinetic energy o incoming proton in the lab 


T (Mev) p+p—+A4+K*4 p+p—-+ZTt+K+p p+p—+Zt+Kt4 p+ D4+Kt+p 


2000 0.0165+0.0033 0.00704-0.0013 0.011 0.0018 
2200 0.029 +0.005 0.020 +0.005 0.025 0.0041 
2500 0.041 +0.009 0.036 +0.011 0.047 0.0078 
2850 0.053 +0.012 0.052 +0.016 0.069 0.011 
3000 0.057 +0.014 0.062 +0.019 0.081 0.014 


threshold to a maximum energy £,, depending on 7.4 The evaluation (16) of the branching ratios should 
From the present experimental data about the re- practically be insensitive to the approximation of only 

actions (7), (9), (10), and (11), we have evaluated the one phase shift in the interference term. 

total cross sections given by this model for processes (1), 

(2), (3), and (4) at lab proton energies of 2.0, 2.2, 2.5, 3 


2.85, and 3.0 Gev. The present experimental informa- The second model. with the exchange of a K meson 


describes the processes (1), (2), (3), and (4) through the 
graphs (a), (b), (c), and (d) of Fig. 3. 
The secondary reactions are 


tion is not sufficient to permit extrapolation to higher 
energies. In the last paragraph of this paper the cal- 
culated values have been collected in Table I. The large 
errors for processes (1) and (2) are a consequence of 


the large errors in the experimental cross sections that for (a), (d), K 
we have used: For processes (3) and (4) a sensible 
A 


evaluation of the error is not possible and the values that !°F (b), 


we give should be taken as order-of-magnitude esti- toe te) 
mates. From the data listed in the table the branching 


ratios between the various processes in competition can By charge inde pendence considerations, reactions (21) 


be deduced: For = production a rough direct evaluation and (22) can be replaced with the following ones 
for such ratios is also possible. In fact, the variation 

of the cross sections for reactions (7), (10), and (11) 
with the energy is rather slow: Also, the weight func- 
tions 7(#) and Ji,:(u“) are very smooth functions. One 
can then extract oo(u) from integrals (13) and (14) and 


24) 


The mathematical procedure is the same as before: 
Under the hypotheses discussed, formulas (13), (14), 
and (15) still hold, and the corresponding expressions 


take an average value in the requested interval of 
energy. One then gets 


a(3):0(2):0(4)~24(7): 4(6):4(8) for the weight functions are given at the end of this 
26(7):6(10):4[e(11)+6(7)—e(10)]. (16) PaPer- The values of G* and oo to be used are the 
following: 
In the region from 2.5 to 3.0 Gev we then have (assum- ‘ ' ; 
ing €(7)~0.15 mb, ¢(10)~<0.25 mb, #(11)<0.20 mb) Process e use to be used 
a(3):0(2):0(4)=6:5:1, (17) pee 2 ) pede 4 
} 2 =o 21 


a (22 


yield S* /yield 2~11. (18) ( CY enatil 


that is 


In practice 2°’s will not be distinguishable from A°’s; for o» must be known over an interval of the energy of the 
T~3.0 Gev we get incident A-meson in the | 

maximum value -,, dependent on T.! 
(19) The values of the total cross sections given by this 


yield K*/yield K°~2.5. model are listed in Table II, on the basis of the present 


lab system from zero to a 


yield S*/yield (2°+A°)~2, 


experimental information.* Because of lack of high- 
+, is fixed through the relation «=W—M for both A and = 
production. For T <4000 Mev the dependence of E., from T is 
given (within 10 Mev) by the approximate formula £,,=0.674T 5 FE, is fixed through the relation u=W—Y i 
315 (E,, T in Mev). hyperon (A or 2) mass. For 7 <4000 Mev the following approxi 
‘We took the most part of the data from the /958 Annual mate expressions can be used: F,, =0.61 ( - Ey, =0.59377 
International Conference on High-E-nerey Physics at CERN, edited -1065 (E.,, T in Mev) for A and © production, respectively. These 
by B. Ferretti (CERN Scientific Information Service, Geneva, formulas give E,, with an appr 
1958), p. 148, supplemented with recent work by A. R. Erwin, Jr., | ever, they are not to be used just al 
J. K. Kopp, and A. M. Shapiro, Phys. Rev. 115, 669 (1959), and *For A*-p scattering and le 
F. S. Crawford, Jr.. R. L. Douglas, M. L. Good, G. R. we have referred to L. Alvarez, Kiev 
Kalbfleisch, M. L. Stevenson, and H. K. Ticho, Phys. Rev. Interaction of Strange Particles, 1959 i 1 
Letters 3, 394 (1959). Some values which were in strong disagree data on K*-m scattering have been taken from D. Fournet-Davis, 
ment with the others have not been considered N. Kwak, and M. F. Kaplon, Phys. Rev. 117, 846 (1960). Some 
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TABLE II. Total cross sections (in mb) predicted by the second model. T=kinetic energy of the incoming proton in the lab system 


T (Mev) p+p— +A°+K*t+p p+p—-+Z*+K°+>p ) “s : pt+p + 2°+Kt+p 
0.0024+0.0028 
0.008 +0.010 


0.011 +0.024 


0,0039+-0.0012 
0.015 +0.005 
0.050 +0.012 


2000 
2200 
2500 


0.0054+0.0011 
0.01734-0.0032 
0.047 +0.008 


9.0214-0.004 
0.043 +0.006 
0.085+0.012 


2850 
3000 
3500 


0.145+0.018 
0.170+0.021 
0.266+0.024 


data (above 300 Mev) and the very large 


(especially 


energy 
experimental errors in A*-n scattering 
elastic scattering),’ we cannot give definite results for 
(2) and (3) 
magnitude calculation for the higher energies. Here also 


data without 


reactions and even attempt an order-of- 


those that we report error are only 


indicative. In the calculations we assume G*(pA°K* )/ 44 
G*(p2°K*)/4r=1.5; 
stants only enter as multiplicative factors and any 


taken 


however, these coupling con- 


variation of their values can be readily into 
account. 
The argument about the evaluation of the branching 


ratios yields: 


a(3):0(2):0(4)~6(24): (23): 34(20), (25) 


the present uncertainty about the experimental data, 
however, does not allow us to make sensible predictions 


= 


for the relative yields. 


EX § 
| 


(¢) 


1G. 3. Diagrams representing processes (1 
and (4) according to the second model. 


), (2), 3), 


earlier data on K*-m interaction for energies larger than 100 Mev, 
contained in the CERN report, are not consistent with later 
determinations and have not been considered. 

7 After examination of all data relative to reactions (23) and (24) 
we have chosen the following determinations for 7(23) and o(24) 


o (24) a (23) 
3.0+3.5 mb 


3.4+3.9 mb 
1.2+4 5 mb 


0-100 Mev 
100-200 Mev 
200-250 Mev 


0-100 Mev 
100-200 Mev 
200-300 Mev 


50+ 1.5 mb 
6.0+2.0 mb 
9.0+2.0 mb 


0.12 
0.16 


0.096 +0.013 
0.119 +0.015 
0.206 +0.025 


4. DISCUSSION 


The calculated numerical values for the total cross 
section are summarized in Tables I and II. 

At low energies the cross sections obtained by the 
two models are of the same order of magnitude: At 
higher energies there are some remarkable differences. 
Both models predict a rapid increase of the cross section 
with energy: on the average, the second model gives a 
larger contribution than the first. If we take into account 
the large experimental errors, we see that only for one 
reaction [namely reaction (4) ] does the result appear 
Also, for A® 
production at energies ~ 3000 Mev there is a remarkable 
In the 
production of neutral hyperons is enhanced. 


to be strongly dependent on the model. 


difference between the two models: second the 

A better founded theory would perhaps include the 
contribution of the two types of graphs with both # and 
for the 
total cross sections equal to the sum of the correspond- 


K exchanged: We would roughly expect values 


This amounts to 
different 
valid arguments to 


ing two values listed in Tables I and II. 


neglecting the interference terms between 


graphs: There are, however, no 
support this hypothesis. A more rigorous calculation of 
these terms is impossible at present for lack of experi- 


mental knowledge. 
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First model: 
Unmin=VY+m; tUnmx=W-—M; 


u?)/2u; «= (E*?—M*)§= (1/2u)[ut— 2(M?+ py?) w+ (M?—p?)? 
m=M; v=p; w’=(1/2W)(W?+M"?—12); 
ys T=wW-—2M*+p?; a=2kk'/T. 


Second model : 
2. tmin=M+m; tmz=W—Y 


m®)/2u; (E?— M?*)'= (1/2u)[u4 
M my v=m;, w'=(1/2W) 


wW—Y?—M?+m'*. a=2kk’ 
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Experimental Study of the Magnetic Structure of the Neutron* 


J. I. Frrepman, H. W. KEnpbALL, AND P. A. M. Gram 
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A measurement of the ratio of the magnetic form factor of the neutron to that 
carried out by comparing large- and small-angle elastic electron-deuteron scatterir 
momentum transfers. The experimental result for the average value of the rati 
transfers from 1.6 f-! to 2.25 f" is F2,/F,= (0.9140.05)+0.07 ; the first error is 
from experimental uncertainties, and the second from theoretical uncertaintic 
ments of the ratio of the nucleon isotopic scalar form factors have also beer 


The average value of /;"/F;* for the same range of momentum transfers h een found t L-() 06-+-0.09 
+-0.13. The small-angle scattering data have been used to determine the charg rm factor of the iteron 
in the range of momentum transfers from 0.98 {-' to 2.8 f". The result 


model of the deuteron 


I. INTRODUCTION can be related to free neutron and pri n cross sections. 


The second was a measurement* t our-momentum 


DETAILED knowledge of nucleon structure ‘ 
: transfer dependence ‘lectroproduction of pions from 


rrovides an important test for any meson theory 
hydrogen at the onal With the use of 


While measurements of electron-proton scattering : 
give direct information about the proton’s charge and dispersion r aprnadion tion has been shown’ 
magnetic moment distributions, the impossibility of ‘ depend on the neutron and proton magneti form 
studying electron scattering from free neutrons makes !@C*OFS. lhe present experiment uses measurements of 
it much more difficult to obtain comparable infor- “ different process to give information about the 
mation about the neutron. Until recently, two types of neutrons — Structure. method CONSISTS ol 
experiments have provided information about the ©°™Paring elastic electron-deuteron scattering at large 


magnetic structure of the neutron. The first was the 


and small angles for a c four-momentum 


; ‘ sfer. ie ratie Tt ti 
measurement’ of i istic electron-deuteron scattering ener pas . . a 
' ; , . virma tins 
cross sections whic! the impulse approximation good approximation does 
model, is a function of the neutron and proton magnetic 
* This work wa , joint’ prog no form fac tors a id thus Cal p ovide i mn parison of 
of Naval Resear t ry n Sos : 
the Air Force Off enti ; 
“ms. E. Chambers a1 ae ys. Rev. 103, 1454 measured here is the ratio of the neutron and proton 
1956) 
*F. Bumiller ar : hed 
*R. Hofstadter, ia Review of Nuclea ience (Annual It is also of theoretical interest to study the 7 de- 
Reviews, Inc., Pal ) ail . >» we see especially 7 
71 


their magnetic structures. In particular, the quantity 


anomalous magnetic form fact 


pp. 267-2 
4M. R. Yearian and R Iter eV 134 (1958), *W. K. H. Panofsky ar \. Allt ev. 110 
‘Vv. Z. Jankus, Phys. Rev 1958 
*R. Blankenbecier, Ph v 95 9S | 
7A. Goldberg. Phys. R« 1958 
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pendence of combinations” of these form factors which 
correspond to the isotopic scalar and vector parts of a 
general nucleon form factor. If the four relevant 
nucleon form factors were all known, the isotopic form 
factors could be constructed from them. In the absence 
of such information, it is useful to measure these com 
binations directly. The present experiment can be 
analyzed to provide information about the isotopic 
scalar form factors. In a procedure identical to that for 
the previous case, the measured cross sections have 
been used to determine the ratio of the magnetic and 
electric isotopic scalar form factors. 

In addition, the small-angle electron-deuteron scat 
tering data have been used to measure the charge form 
factor of the deuteron, extending the most recent work 
on the subject to higher momentum transfers 


Il. THEORY AND METHOD 


The theoretical basis of this experiment is an impulse 
approximation calculation by Jankus® of the cross 
section for elastic electron-deuteron scattering. With 
the omission of a few small terms, which will be dis 


cussed below, the expression for the cross section for 
scattering electrons of incoraing energy Fo through an 
angle @ in the laboratory system is 


do e? \? cos?(6/2 2E ; 
= ( ) - 1+ sin*(@/2)| G 
dQ 2E, sin*(@/2) MA? 


(Eo,0)G?, 


On 8s 


where 


a 
GC | f (u?+w 


g 
~(upt+pn)*2 tan? (6 2)+1 
4M? 


M is the nucleon mass and M, is the deuteron mass; 
u, and uw, are the magnetic moments of the proton and 
neutron, respectively; « and w are defined by the 
standard representation of the deuteron wave function, 

Vam= (40)~ 9 [ u(r) +-8> bw (0) S32 |X.” 
where 

3(@,°T) (@-r) 
S12.=— ri 
r? 


and X,™ is the triplet spin function; g is the four- 
momentum transfer which, for elastic scattering, is 


S. D. Drell, in Proceedings of 1958 Annual International 
Conference on High-Energy Physics, edited by B. Ferretti (CERN 
Scientific Information Service, Geneva, 1958), p. 20 

“uJ. A. McIntyre and G. R. Burleson, Phys. Rev. 112, 
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given by the expression 


Eo 2/ 
2— sin(6/2 1+ 


M a : 


sin? (0/2) 


gr/ 2)dr is the form factor 
the deuteron’s 
denoted 


Lhe quantity So" (w+ 4") J 
of the spherically symmetric part of 
charge distribution and will henceforth be 
F4(q). In the original calculation of the scattering cross 
section [Eq. (1) ], the proton and neutron are treated 
as point particles; however, the result may be general- 
ized to include nucleon structure, with this modifi- 
calion: 


gq 


1 


34M% 


} Fi, q 


9 


T x,f° n q) T Kyl’ oy q) | 
<[2 tan?(6/2)+1 i 


ip(g) and F,,(g) are the charge (and Dirac 

form factors of the and neutron, 
respectively; F2,(g) and F2,(g) are their anomalous 
magnetic moment form factors; and «x, and x, are their 
anomalous magnetic In the range of g in 
which our measurements were carried out, Fi, and 
to be equal within the errors of 
both in the 
measurements of their ratio. 

I’, where F, will represent 
further assume that 


where F 


moment proton 


moments 


F,,, have been found 
measurement, model-dependent analysis 
of the data and by direct 


We will thus take /,,=/ 
ctor. If we 


; 
the proton form fa 


F,,=0, 


given in the following simplified form 


the expression for the cross section can be 


da/dl=ayn.s.(Fo,9)F @(q)F y*(q) 
Fon(q) F | 
+ pn [2 tan?(6/2)+1]}. (2) 
34M% F,(q) 
The sensitivity of the results to these assumptions is 

discussed in Sec. VII. 

It can be seen that small-angle scattering is pri- 
t large angles there 
is a significant contribution from magnetic scattering. 
This difference in angular dependence may be used to 


marily charge scattering, whereas a 


separate these two effects 
It is convenient to form the ratio R: 


da It da 
(6,,E.)on ~ Os, FE 
dQ dQ 


(6s,E2)on.9.(61,F1) |, 


where the cross sections do(6,,/:;)/dQ and do(6s,F2)/dQ 
are measured at large and small angles 6, and @sg, at 
incoming energies £,; and £2 chosen so both scatterings 


2D). R. Yennie, M. M. Lévy, and D. G 
Modern Phys. 29, 144 (1957 
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have the same four-momentum transfer g. Using Eq. 
1+3(¢ 


1+3(¢ 4M?° {up 


This ratio is independent of F/(q), and the only 
unknown that appears is F2,(q)/F,(q). By measuring 
R it is possible to measure the magnitude of F2,(q) 
relative to F,(qg) without having the results depend on 
the choice of the deuteron model. 


The data of the 


analyzed 


also be 
F,! 


nucleon asso- 


experiment may 
to yield measurements of F2*/F;" 


present 
where 
scalar form factor of the 


is the isotopic 


magnetic moment distri- 
form 


moment distri- 


with its anomalous 
and F, is the 


associated with its charge 


ciated 


bution, isotopi scalar factor 


and Dira¢ 


bution. These form factors « defined in terms of 


an be 


the previous ones in the following way 
and 


isoscalar form 
, except that [up T hn f Dn F ,) | 
is replaced by [1+ (F2'/F;" It should be pointed 
out that here the construction of R requires no special 
and no information about the 

p and F,. Thus this experi- 
asure F,*/F\" without de- 
pendence on other experiments 


The expression for R in terms of the 
factors is the same as (3 


assumptions about F), 
relative magnitudes of 


ment can be used to me 
scattering cross sections at 
' to 
; they have also been made in the angular range 
>to 105 of g from 0.98 f-! to 

The latter measurements have been made for 
points in order to study the 
structure. In addition, they have 
a form factor curve for the 


Measurements of elastic 
145° have been carried out for g values from 1.6 f 
2.29 f 
of 43 
2.80 f 


’. covering the range 
comparison with the 145 
neutron’s magnet 
been used to determine 


charge distribution of the deuteron. 


Ill. APPARATUS AND DATA EVALUATION 


The experiment was carried out using the electron 
Stanford Mark III linear accelerator; 
equipment have been 
assembly had provision for 
liquid deuterium, or solid 
carbon or polyethylene targets into the beam line." 
Scattered elect momentum-analyzed with a 
36-in. magnetic spectrometer and detected with a ten- 


beam from the 
the methods and described 
previously." The 
moving liquid hydrogen, 


target 


rons were 


channel counter array’® placed along its focal plane. 
This detector has been used in earlier experiments, and 
At intervals of 


the testing procedures'® were the same. 


Modern Phys. 28, 214 (1956 
University Ph.D. dissertation, 


3 R. Hofstadter, Revs 

4S. Sobottka, Stanford 
(unpublished 

16H. W. Kendall, Trans. Inst. Radio Engrs. NS-5, 190 

6G. R. Burleson and H. W. Kendall, Nuclear Phys 
published 


1960 


(1958). 


to be 


4M°c*){u, + pal Fon (¢ 
+ HnlPon(g)/P 


NDALL, 


(2), R becomes 


F,(q) ]}°L2 tan? 


p(q) |}*[2 tan? (65 


a few hours during the . data 
the flat part of the 
scattered from 


taken at 


astic ally 


- experiment were 


spectrum of electrons inel 


a carbon target; this information was 
used to determine the relative cy of each channel 
during the hydrogen and deuterium me 
to detect imprope r operation of the e 
Absolute 


tering were 


ence! 
‘asurements and 
lipment 

CcTOSS sections for ees 


tron-deuteron 


determined by comparison with the 
tering from hydrogen ; 
previously measured 

grammed at the same la 
electron energy Eo : ie deuteron points, except for 
the point at 6=145° and / 260 Mev. Here com 
parison runs were made both at 6= 145°, Ey= 260 Mev, 
and at 0=35° with / he scattered 


determined so the 
electron energy was the 


these been 
pro- 


6 and incident 


tions have 


CTOSS Se@¢ 
Comparison runs were 


boratory angle 


n the deuterium 
measurements. 
There were uncertainties ination of the 


momentum of the scattered from 
spread in the i 


and vacuum windows, 


energy 


cident beam, energy loss in the targets 


finite acceptance angles in the 


and the finite 
intervals defined by the detecting coi 


magnetic on weaned momentum 
nter array 
final momentum resolution P, AP for all the po 
@= 145° 1/6) 10°, and other points 
(1/9) 10°. The 


resoluti ttings were a 
promise 


‘ 


was ibout 


final com- 


between obtaini: counting rates and 


obtaining high resol 


ition 


istically scattered from deuterium at 


Electrons inel 
the threshold for deuteron disintegration 
mentum only 2.2 Mev/« 
The sca 
old are appreciable for 
Because it was not practical to use | 


have a mo 
ttered 
is thresh- 


th le 
inan e€1ec 


less trons sca 


elastically. ttering cross sections at tl 


many of the points measured. 
gher momentum 
resolution in the present experiment, thi disi ilegration 
process contributed some counting rate 
measured peaks. These 
subtracted by determining experime 
mentum resolution functions of the 
parameters of each elastic cross section and using this 
information to find the corrections to the elasti« peak 
Each data point for given Ey» and @ aken in a 
number of separate runs. Up to 30 ten-channel profiles 
of the scattered electron spectra 
Eo and 9, interspersed with hydrogen 
carbon normalization runs. The data 
for the relevant channel efficiencie 


to a number of 


elastic contributions were 


ntally the mo- 


apparatus for the 


was | 
were taken at each 
comparison and 
were corrected 
normalized to a 
given integrated incident beam ind combined by 


the method of least squares to give the momentum 


distribution of sca 


ttered electrons. The hydrogen com- 
The 


tron 


parison runs were evaluated in the same manner. 


corrections to these - ‘ arising from ele 
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bremsstrahlung" in the target assembly and from the 
Schwinger correction':'* IB\M-610 
digital computer. program used the 
observed momentum distributions 
and other experimental parameters to develop mo 
mentum spectra which would be observed in the 
absence of radiative effects. Contributions to the elastic 
peaks from the poorly resolved inelastic spectra were 
subtracted using an iterative numerical technique to 


were made on an 
The correction 
scattered electron 


determine the resolution functions appropriate to eacl 


‘ 


set of parameters (£8). The Jankus theory® was used 
to predict the shapes of the inelastic electron spectra 
near disintegration threshold. These curves were folded 
into approximate resolution functions determined from 
the partially resolved elastic peaks. The folds were 
normalized to the observed spectra at points about 
5-8 Mev away from the elastic peaks so that the 
corrections would not be dependent on the magnitude 
of the Jankus cross section, and were then subtracted 
from the observed spectra. A second approximate 
resolution function was prepared by averaging the 
elastic peak resulting from this subtraction with the 
first approximate resolution functions. The folding and 
subtraction processes were repeated until the approxi- 
mate resolution functions no longer changed by more 
than a few percent per iteration. In practice the pro- 
cedure converged rapidly and rarely were more than 
two iterations necessary. From this analysis both the 
elastic and the inelastic 
obtained for the 6= 145° 
data. 

These data plus the data at 190 and 200 Mev were 
analyzed independently by two different 


techniques to determine the elastic 


scattering cross sections were 
and 500-Mev forward angle 


unfolding 
Ss attering cross 
sections alone. The errors introduced by differences 
between these results were about 13%. 


IV. MEASURED CROSS SECTIONS AND 
DISCUSSION OF ERRORS 


The elastic electron-deuteron scattering cross sections 
as determined in this experiment are given in Table I. 
The first errors indicated are the total errors arising 
from all sources; the second are standard deviations 
arising from counting statistics only. The estimates of 
the errors are discussed below. 

Contributions to the uncertainties in the measured 
cross sections arise from (1) uncertainty in the primary 
electron beam energy, (2) uncertainty in the densities 
of the target materials and possible impurities, (3 
multiple scattering by the target material of electrons 
entering the spectrometer, (4) instability of the ele 


tronic equipment, (5) theoretical uncertainties in the 


radiative corrections. 


he errors in the cross sections arising from (1) vary 


from 1% to 3% in the present experiment. The primary 
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electron 


Tasle | clastx 


The I ; if | ros ect 
ering trom deuteriu The errors give with the cross sections 
standard deviatior I 


ther 


yunting errors and the 


ncertainties di 


Counting 
error 
only* 

10-2 cm?/sr) 


/ da /dii* 
Mev) 10°" cn 


500 7 io 
500 1.61 
500 2.22 0.726 +0.07 
500 0.217 +0.02 
500 2 0.0947 +0010 
500 0.033540 0337 
200 g 39.2 3.7 
190 20.1 +1.9 
200 3 353 +034 
200 1.08 +-0.10 
179 0.185 +0018 
204 0.0825 +0.009 
228 : 0.0579+6 006 
200 2 0.0192+0.0023 


+045 
£0.15 


+0.12 
+0.05 
+0.025 
+0.009 
+0.0041 
+0.0015 
+1.4 
+07 
+0.12 
+ 0.05 
+0.007 
+0.004 
+0.003 
+-0.0012 


beam energy was known to about 4°} and was constant 
during the runs within less than 0.1% 

Uncertainties in the target densities and the meas 
ured impurities contributed much less than 1% un 
certainty to the measured cross sections. The liquid 
hydrogen and deuterium were operated with 3-5 psi 
pressure above atmospheric pressure 

Each deuterium point and its associated hydrogen 
normalization were measured at the same primary beam 
energy. In all cases the electrons passed through ap- 
proximately 0.02 radiation length of scattering material 
in reat hing the detector; there was no more than 10% 
variation in this between the hydrogen and deuterium 
runs. Errors introduced in the measured cross sections 
by multiple scattering effects were less than 1%. 

Instabilities in the electronic equipment were not a 
serious problem. The determinations of each scattered 
electron spectrum were interrupted at intervals of 
about two hours for calibration by inelastic electron 
scattering from a carbon target. In each calibration 
run the efficiency of each channel was determined to 
within +3%. Few variations of these efficiencies were 


found beyond what from 


was expected counting 
statistics. 

The radiative and bremsstrahlung correction spectra 
applied to the data were the same within a few percent 
for each deuterium peak and its associated hydrogen 
normalization. Although the theoretical approximations 
used in the derivations of these corrections are expected 
to be valid, errors in the corrections cancel to first order 
in the experiment. The Bethe-Heitler and 
Schwinger corrections were applied to both the elasti 
and inelastic electron spectra. 


present 


The computer calculations were required to deter 
mine, on the average, only 7% of the area of each of 


the elastic peaks, the remainder of the area being free 


from inelastic contamination. Uncertainties in the 
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SCALE) 


Fic. 1. Momentum spectrum of electrons scattered from deu 
terium: Eo= 260 Mev, @= 145°, g= a) shows the inelastic 
spectrum predicted by Jar multiplied by |F,|* in the regior 
of electrodisintegration threshold, and the same spectrum folded 
into the experimental momentum resolution function. (b) shows 
the observed spectrum, including the elastic scattering peak. The 
folded curve of (a) has been normalized to fit the experimental 
Ihe errors indicated are standard deviations arising from 
rhe elasti ross section as determined fron 
x 10°“ cm?/sr. The statistical error in this 

that in any other measured point 


2.25 f 


KuUS 


points 
counting statistics 


b) is o@ 1.92+0.25 


measurement is larger thar 


elastic peak corrections were arbitrarily assumed to be 
50% of the value of the corrections, which we feel is a 
conservative estimate, so the consequent errors in the 
o. The data of the point 
of lowest elastic cross section measured in this experi- 
the predicted inelastic 


cross sections were less than 34° 


ment are shown in Fig. 1 with 
spectrum and the momentum resolution function. 

The Jankus theory was used to predict the shape of 
from electron-deuteron 
scattering near the elastic peak. No use was made of 


the inelastic electron spectra 


the predicted absolute cross sections as these were 
found to disagree with the experimental results by as 
much as 30°. Measurements of these inelastic cross 
sections are discussed in more detail in a separate 


paper.” Improvements of the Jankus theory are not 


expected to alter significantly the shape of the inelastic 
Kendall, and P. A. M 


# J. I. Friedman, H. W to be 


published ). 
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electron distribution withi pproxil tely 6 Mev of 
the elastic peak 
Uncertainties in the measured * proton cross 


sections contribute to the uncertainties in the absolute 


* normali 
‘ the 
These errors are included in the 


values of our measure d cross sections 
zation errors approximately cancel out evalu- 
ation of the ratio R 


total errors ol the cross sections IIs 


V. EVALUATION OF RESULTS 
ratio R was 


most efficient 


rhe 


carried out 


evaluation of Fo, F, from the 
fas 


use of the data » scatteris 


n an iterative ion for the 
ig cTOoSS Set tions for the 
points at angles of 105 less were first assumed to 


result from pure charge scattering. This is a good 
iverage magnetic contribution 
A curve of the 


then constructed 


approximation since the 
to these cross sections is only about 5% 
first approximation of | p \g I q 

from the charge scattering points u 2). It was 
then convenient to introduce a 1 which is 
defined in the same way as R of Ex cept that the 
denominator is unity. The ratio R’ is constructed from 


R by replacing da(6s,F2)/dQ by 


With the use of the 
curve of Fy i F 
I p\4 


magnetic 


was calculated 
contribution 


sections was deter 


Fic. 2. The qua 
momentum transfer 
The errors in the ex; 
arising from counting stati 
values of g at which the measu 
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constructed, and a new set of values of F:,/F, calcu- 
lated. Because of the small original magnetic con- 
tamination, this procedure converges very rapidly, 
and the second set of values was used. In constructing 
the curves of F?(q)F,?(q), linear least-square fits were 
made to points plotted on semilog paper. It was found 
that quadratic terms did not increase the goodness of 
fit. The theoretical predictions in this region of g are 
themselves approximately straight lines. A family of 
curves representing RK’ as a function of F2,/F, for 
6; = 145° is shown in Fig. 2. Each curve was calculated 
for a value of g at which a 145° measurement was made, 
and the experimental values are shown with their errors 
The resulting curve of F2,/F, as a function of g is 
shown in Fig. 3. Since there is no statistically significant 
variation as a function of g, it is possible to form a 
weighted average of these values for the range of 
measurement. The average value of F2,/F, 
(0.91+0.05)+0.07 for 1.6Sq2.25. The first error is 
an experimental error resulting from statistical error 
and the uncertainties discussed in Sec. IV. The addi- 
tional uncertainty of +0.07 is due to uncertainties in 
the analysis; these uncertainties are discussed in Sec. 
VII. 

The values of F:*/F;" are shown as a function of q 
in Fig. 4. The average value of F,*/F* in this range of 
g values is (+0.06+0.09)+0.13. The first error results 
from experimental uncertainties and the second from 


is 


uncertainties in the analysis. It is of interest to compare 
the experimental results with the value of F2'/F;" at 
g=0 which is determined from the static properties of 


the proton and neutron. Since by definition F2,(0) 
F,,(0)=F:2,(0)=1, and F;,,(0)=0, the 
F,'(0)/Fy'(0 -0.12. Thus the results indicate 


this ratio remains small up to a g of 2.25 f-". 


value of 
that 


VI. CORRECTIONS AND APPROXIMATIONS 
IN THE ANALYSIS 


A. Omission of Terms 


In Eq. (1) a number of small terms were omitted 
which appeared in the original Jankus result for G*. 


3. Experimental values of F;,/F, as a function of the four 
entum transfer g. The errors are standard deviations from 
ting statistics. The errors associated with the 

are discussed in the text 


mean value of 
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Fic. 4. Experimental values of F;"/F," as a function of the four- 
momentum transfer g. The standard deviations from 
counting statistics. The errors associated with the mean value of 
F,*/F ,* are discussed in the text 


errors areé 


(ne of these is 


F? fr u“ 


which corresponds to scattering from the deuteron’s 
quadrupole moment. This term, which does not cancel 
out when the ratio R’ is formed, is model dependent. 
For a Yukawa (II) model of the deuteron," the cor- 
rection resulting from this term decreases the average 


-& hw) 12( hgr)dr 


’ 


value of F2,/F, by 0.9%, whereas for a Gartenhaus 
model'':” of the deuteron there is a 2.5% decrease. 
Since nucleon-scattering results favor a repulsive-core 
potential and electron-deuteron scattering results are 
not inconsistent with this model, the latter correction 
has been chosen as the proper one 

The corrections due to the small magnetic terms 
which have been omitted are relatively model inde- 
pendent. For the Gartenhaus model of the deuteron 
this correction increases the average value of F2,/F, 
by 2.8%, and for a Yukawa (II) model* by 3.3%. The 
total correction due to all omitted terms is thus +0.3%, 
which is. negligible compared to the experimental error. 
However, these terms introduce into the final results 
a model dependence of about 2% which is included in 
the total error. 


B. Relativistic Corrections 


In the Jankus calculation the deuteron is treated 
nonrelativistically. His expression for the cross section 
thus contains the three- rather than the four-momentum 
transfer. Since a completely relativistic result would be 
i function of the latter, the difference between the two 
must be regarded as introducing an uncertainty, and it 
is not clear which is the better quantity to use in the 
Jankus expression. It is customary to represent the 
nucleon form factors as functions of the four-momentum 
transfer, and we thus chose to use the four-momentum 


7 100, 900 (1955 
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transfer in the expression for the cross section also. 


Since these two quantities differ by only 0.3° 
mol I r F 
There are, 


highest g at which a determinati¢ was made, 


this uncertainty is unimportant 


i 
however, 


other uncertainties in the cross section, introduced by 


relativistic corrections. Blankenbecler has carried out 


two calculations which demonstrate how these may 


enter the result. The first?! was a covariant calculation 


of elastic scattering from a point particle having the 


Terms appear in his 


stati properties of the deuteron 
expression for G? whi ive 


Jankus result. The mo 


no counterpart in the 
gnificant of these are 


sin? (6/2) 


terms in the 

average value of F2,/F, 

0.5%; hence they do not constitute a large uncertainty. 
In his 


scattering 


analysis would 
by only about 


second Caiculation, 


from a deuteron 


Blankenbecler considered 


model which consists of 


two bosons. The effects of the rel itivistic contrac tion 


of the final-state wave function and the retardation of 


taken 


iverage 


the binding potential ar into account. These 


effects correction to the 


for 1.6<q<2.25 


result in an cross 
On the other 
different 

section 
His 


final-state 


section of about 10° 
} and, 


model, 


. culation using a 


Bernstein,” in a ca 
found a 10° 


arising from the 


increase of the cross 


retardation of the nuclear force. 


calculation omits the contraction of the 


function The unm in the CTOSS section 

s estimated to be about +10%, 

resulting uncertainty in the average ratio of 
tO.07 a + 0.13 


wave ertainty 
from these effects is t} 
and the 
F;,,/F » is 


C. Assumption that F,,=0 


The neutron’s charge form factor F has not been 


measured in the range of momentum transfers of the 


present experiment. Measurements of the low-energy 
that 


the expansion of F), 


tron-neutron int icllol indicate the co 


around 
zero; and the assumption that 


0 at higher lues has not led to any incon 


sistencies in the analyses of electron scattering experi 
ments*® at hi 


transfers. There is, however, 


_ 


th momentun 


no theoretical justification for this assumption, and 

2! This calculation is 34 reference 3 | 259 
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1958 (unpublished 
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The analysis of the dat sO us the result from 


electron-proton s ~F..: 
the determinat 


insensitive to a poss 
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equal to Fs, These re ¢ 
and the 


less than 


resulting uncertain 
+0.005. As the 

terms of F,"/F," requires 

F,, and F2,/F,,, the det 


course unaffected by 
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VII. DISCUSSION OF FORM FACTOR RESULTS 


The result for tl \ fe \ | of | I for 


, 
1.6S982.25 


The first error 
and the 
uncertainties ir 


ments, 


The conclusion 
ment is essentially 
previous experiments 


anomalous magne 
similar, but possibly 
ment compares the two 
of about 0.5 {. whereas 
investigated then 
It is of great intere 
proton show iny 
the present 
experiments prec! 
the deviations 
significant 

The measu 


< 2.25 from the present 


t-() 06+ 0.09)+0.13 


where he errors |! 
above. The result 
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VIII. CHARGE FORM FACTOR OF THE DEUTERON 
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The present experiment provides an additional meas 
urement, made with improved equipment, and extends 
+} 


1e latest work on the subject to higher momentum 
transfers. From the definition of this form factor F, 
given in Sec. II, it can be seen that these measurements 
information the deuteron’s 


function and consequently about the neutron-proton 


can yield about wave 
potential. With the use of the previously measured 

values of the proton’s form factor F’,, the measurements 
of FF,° discussed in Sec. VI can be compared with 
the predictions of various deuteron models. This com 
parison is shown in Fig. 5, in which are also shown the 
theoretical curves calculated from three models which 
have been extensively discussed in the previous work. 
The present results, which extend to a four-momentum 
transfer of 2.8 f-', favor a Gartenhaus potential. This 
is in agreement with the results of McIntyre and 
surleson,'' who have carried out measurements up to 
ag of 2.4 f-'. Blankenbecler however, has pointed 
out that relativistic corrections affect the scattering in 
much the same way as a static repulsive core. His 
covariant two-boson model, which uses a Hulthén wave 
function, agrees quite well with the static nonrelativistic 
repulsive-core model in predicting electron-deuteron 
scattering. Thus the results indicate that a static 
relativistic 


non- 
treatment of the problem requires a re- 
pulsive core, but it not clear at the present time to 
what extent the repulsive core appears in the actual 
force or results from relativistic corrections. 
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Counter techniques have been used to measure decay asymmetries for polarized A°® and 2 
~* hyperons were produced by 1.13-Bev/c x* in the reaction r*+p — 2*+K*. The A° 
produced by 1.00-Bev/c x* in the reaction r*+d —+ K*t+A°+p. The asymmetry for eact 
node was measured with a counter arrangement which detected separately charge 
neutral pions. The protons from the hyperon decay were also detected to confirm t] 
decay modes. The product af was measured, where a is the asymmetry paramet 
polarization of the hyperon. The following results were obtained for the various 


> 5 gh tig aP = +0.03+0.08- 
r—> w+» aP= +-0.75+0.17; 
-r+p, aP=+0.55+40.06; 


> +n, aP = +-0.60+4.0.13 


lhe results for E* are fitted to the triangular relationship demanded by the | A/ + and absolute values 
decay are predicted. The ratio a(A® — °+n) /a(A® = +1.10- 0.27 is in 
ue +1.00 predicted by the | A/| =}4 rule for hyperon decay 


for the asymmetries of = 


agreement with the val 


INTRODUCTION those measurements were (a~):/’ = +0.02+0.05 ; (at 
= ; s : , a n ) 7. (o®\~P L() 70-4 1) 5 The ost 
presage RVATION of parity in the pionic de- 0.02+0.07; (a aie +0.30.° The most 


cay modes of the hyperons can produce an nificant conclusions whi 1 be drawn — 
z “Peeks feat + ses sults ¢ lv that a)s' >0.70+0.30 ¢ 2 
asymmetry of the decay pions with respect to the initial Tesults, namely , , and that 


: : . (at)s| <0.03+0 were based upon the value 
hyperon spin direction. The form of the asymmetry is (a*)s| $0.03+0.11, wer es a vom of 
1+aP cos6, where @ is the angle between the decay pion (a®):P with its larg My il uncertainty. For this 


er Page , ”- 1° moantedt confirmed the previous 
and the hyperon spin direction, P is the average polari- @4Son, we have repeated nfirmed the previou 
: Mi ; : : * mente of the S+ decay metries with ate 
zation of the hyperon, and ais the parity-nonconserving ™easurements of the 2" decay asymm<e with greater 
: ; ‘ fi ar ane TE wre 

parameter.' Asymmetry in the decay A°-—> + pis now @°Curacy. [n addition, w 


to measure the asymmetri harged and neutral 


the technique 
well established.? It is necessary to measure the asym- ngsvipay see 
A® decay modes, of whi | not been previ- 


metry for other hyperons as a first step towards under- athe ; ~— 
ously measured. In particular, we have measured aP for 


standing the particular weak interaction that is re- 
. , he f in¢ P r mode 
sponsible for the decay.’ In a previous paper (called following decay mod 
paper I) we have reported measurements of the asym- s 
metries for 2*- and =~-hyperon decays.‘ The results of 
. v4 
* Work done u r tl ispices of the U. S. Atomic Energy 
Commission 
t Supported by the Joint program of the Office of Naval Re 
search and the U. S. Atomic fF nergy Commission 
1A discussion of parit nonconservation in hyperon decay is 
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DECAY ASYMMETRY 
for reactions (5) and (6), respectively. Figure 1 shows a 
schematic view of the apparatus. The reactions wert 
selected by the identification of A* mesons in a counter 
telescope. A detailed discussion of the operation of the 
K* telescope has been given in paper I. The only change 
in the Kt 
the particle produced in the A* decay emerge from the 
stopping counter and pass through a scintillation counter 


telescope was the additional requirement that 


that surrounded the stopping counter. This measure was 
taken to reduce the accidental background in the K* 
telescope. The incident pion beam had a momentum 
width that was +2.5% rhe 


beam was 2 in. wide and } in. high at the center of the 


of the mean momentum 


target. 

Pions from the hyperon decay were detected in two 
identical counter systems placed to the right and left of 
the production plane. Each system consisted of two 
18-in. by 18-in. scintillation counters separated by 
0.25 in. of lead. The counters closest to the target are 
called L’ or R’, the other counters are called L or R. The 
passage of a charged pion through the system was 
characterized by pulses from both L’ and L or R’ and 
R. The conversion of a y ray from the w® decay in the 
lead was characterized by a pulse from L or R with no 
pulse from L’ or R’. The kinematics of the hyperon 
production and decay are such that the decay nucleon 
rarely struck these counters. However a large fraction of 
these nucleons must pass through counters located 
downstream from the target. The geometry of this decay 
proton counter (called P) is such that 60% of the 
protons of decay mode (2) and 80% of the protons of 
decay mode (3) pass through it and give a pulse. The 
efficiency for neutron detection is very small, so that 
modes (1) and (4) rarely give a pulse in P. When a K* 
was detected, the coincident pulses of all the counters 
mentioned above were displayed on an oscilloscope and 
photographed. 

The direction of the incident pion momentum Py ine 
and the A+ momentum px determine the production 
plane. The polarization of the hyperons is along the 
direction + (Pz ineX px). The asymmetry parameter a is 
defined as negative if the decay pions go more frequently 
in the direction (py ineX Px 

The angular distribution of single y rays from the x’ 
decay can be related in a simple way to the original 2° 
distribution. If the #° distribution in the rest system of 


the hyperon is 1+a/ cos#, then the distribution of 
rays, when detected individually, is 1+kaP cosé. The 
factor k is less than unity; it expresses the smearing of 


the asymmetry due to the x° decay into y rays. The 
value of k depends principally on the energy of the x” in 
the hyperon decay. It also depends somewhat on the 
relative y-Tay detection efficiency as a function of 
energy 

For each decay mode we define an experimental 
asymmetry 6=(Ni,—Ne)/(Nit+Nr), where NV, and 
Ne are the number of decays to the left and right, 
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» 
Cerenkov 
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Geuterum 


PLAN VIEW 
Fic. 1. Schematic view of experimental apparatus. 


respectively. The values of 6 for the up and down X 
telescopes should be equal but of opposite sign. An 
average 6= (6,—6,)/2 eliminates systematic errors duc 
to misalignment of the apparatus or the pion beam. The 
value of aP is related to 6 by a= ({/k)é, where f is a 
geometrical factor that takes into account the effective 
solid angle of the counters which detect the decay pions. 

The symmetry of the apparatus was checked by 
the Kt telescope. Charged 
particle or y-ray counts in the pion counters come from 
inelastic pion production which can have no asymmetry. 
The experimental asymmetry for these events we call @. 


The degree to which é is different from zero is a direct 


selecting fast particles in 


measure of any intrinsic asymmetry of the apparatus. 


x* MEASUREMENTS 


lhe 2+ hyperons were produced by reaction (5) with 
1.13-Bev/c #* mesons striking the hydrogen-filled tar- 
lhe 2* hyperons selected by the A* telescope were 
produced at a center-of-mass angle of 87415 deg. The 


get 
>* hyperons had an average momentum of 800+40 
Mev/c. The laboratory production angle was 15+5 deg. 
The experimental yields for charged particles and y rays 
per detected K+ agreed within 5% with calculations of 
these yields based on the known branching ratio for =* 
decay. Half of the y rays were accompanied by a count 
in the decay proton counter P which is consistent with 
the efficiency expected for that counter. Table I gives 
the experimental asymmetries and summarizes the steps 
leading to the value of aP. The following corrections 
that 8% 
charged particle yield was due to y rays that converted 


were applied. A calculation showed of the 
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TABLE I. Derivati 


-0.03+0.07 
+-0.43+0.10 


t-0.06+-0.07 


+-().36+0.07 


and R’ 


0.03." In 


walls ahead of the counters L’ 
Correction for this effect reduced (6*)y by 


order to correct for bac kground in the K* 


in the target 
telescope and 
accidentals in the pion counters both (6+); and (6°)s 


were increased 14°). The K* 


empty was 15% of the rate when full. Sufficient data to 


yield when the target was 


determine asymmetries with the empty target were not 
taken. If the empty-target 
increased by 15%. It is unlikely, 


events have no y-ray asym- 


metry, (6 should be 
however, that the empty-target asymmetry can be any 
larger than the measured asymmetry. Therefore, (5°) » 
was increased by 7.5% and the uncertainty of +7.5% 
folded 
factors k and f were calculated from the kinematics of 
The this 
calculation are small compared to the other sources of 


was into the probable error. The conversion 


the reaction and the geometry. errors in 


P and (a°)P are given in column 
instrumental asymmetry €@ is given in 


error. The value for (a 
6 of Table I. The 


the last column for comparison. 


A° MEASUREMENTS 


The A hy perons were produc ed by reaction (6). There 
that 


deuteron behave in most 


1S good expe rimental evidence’ in high-energy 


reactions the nucleons in the 
respects as free nucleons. In reaction (6) the proton, for 
the most part, play s the role of a spec tator, and in the 
final state will be left with a momentum spectrum that 
is its internal momentum spectrum in the deuteron. 
Most of those protons then have momenta less than 200 


Mev/c and do not emerge from the target. We were then 


MENTUM 


Excitation functior \* produced by 


m target 


Fic. 2 


® We use the sam 
for 6 
A. P. Batson, I 


Proc. Roy. Soc Londo 


0.04+0.03 


0.01+0.035 


effectively using tl 


which is charge 


Reaction 


reactions 


and 


can also take place in the deuteron. For a nucleon at 
thre 1.03 Bev/c. In 
the deuteron, tl 


motion of the 
this thre 


A”, 2 


rest the 
because 
nucleons, hold is reduced vields of 


and S* in association wit! * were calculate 


function of incident 7 

produc tion cross sect 

of the A* detector. 7 

in the deuteron was inserted into t alculation in 
detail. Figure 2 shows tl ults he calculation. 
Plotted on the 


an excitation functior 


same grap 


| tal points from 


th the 


are experime! 


measured wi 


ipparatus. 


The agreement is very good. Chargs holds 


ymmetry 


between reactions (7) and (8) to an experimental accu- 


racy of +30%. At 1.00 Bev/c, where the data wer 
taken, the hyperon 
86% A°, 9% 2, and 5% = 

The measured yields of y-ray counts and charged pion 


nt in P 


based on the 


composit computed to be 


counts that were accompanied were in 


agreement with calculations 
known branching ratio for A 1) he A°® hyperons 

ni gie ol 97+15 deg. 
The laboratory angle of produ { l 15+5 deg, and 
70 Mev ible II shows the 


] ony Irom those 


were produced at a center 


the momentum was 6304 
results. The value of 6 , was obt 
charged pion events that were als 
pulse in the counter P. The re julr I i ul in P 


de ay. 


ompanied by a 


eliminated processes other 


Among these processes art small 


fraction of S* 1 convert 


produced ; (b 
walls; (c) events in which the decay proton 
yunters. All of 
in charged 
The ex- 
+0.19 


in the target 


in the charged mode strikes 
} 


these processes have asymmet 


A° decay or asymmetries of t 


perimental asymmetry for t! 


8 1959 Annual Internati 
at CERN, edited B. Fer 
Service, Geneva 1958), p 


Radiation Laboratory 
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TABLE IT. Derivation of aP from the experimental asym 


Decay mode 6 6 (corrected 
A®° — w®-+n 


Aor +p 


+-() 204-0.032 
+0.41+0.033 


+0.25 


+0.05 
+0.48 5 


+0.0 


5 
5 


+0.035 which shows the dilution of the asymmetry by 
these unwanted processes. 

), and (5°), were 
lo correct for accidentals in the pion counters 


The following corrections to (4 
made. 
and background in the A* sample, we increase (6~), and 
(6 4 by 1% and 9° oc, Tespective ly. The yit ld of A* for 
the empty target is less than 5% of the full target yield. 
No correction made for the empty-target yield. 
Corrections must be made for the presence of the small 


~° and St 


1s 
z contamination. The A® resulting from 2° de- 
cay have a polarization which is 4 of the S° polarization. 
If the >° and Y+ background both have high polariza- 
tions comparable to the 
hydrogen then both (6 


v4 


polarization produced in 


, and (6°), should be raised by 
5%. On the other hand, the polarization of the >* 
s 


and 
may be small since they are produced with very little 
center of mass energy. In this case (5-), and (6°), should 
be increased by 7% and 16%, respectively. Assuming 
some intermediate situation, (4-), and (6°), were in- 
creased 6% and 16%, respectively. An uncertainty of 
+5, was folded into the probable error to account for 
the lack of knowledge of the polarization of the 2* and 
>® bac kground. The probability that a A° will scatter off 
the “spectator” proton in the same nucleus is about 
10%.* It is not known if this process depolarizes. If 
depolarization were complete (6-), and (8°), should be 
increased by 5°% and 10°(, respectively. If there is no 
depolarization the correction is only kinematical and is 
very small. We assumed partial depolarization and in- 
creased (6 


a and (8), by 2.5% and 5%, respectively. 
A 2.5% uncertainty was folded into the probable error 
for (),. The errors in the calculated values of K and f 
are negligible. The values for aP are given in column 6 
of Table II and the corresponding intrinsic asymmetry 
of the apparatus is given in the last column. 


CONCLUSIONS 


The values for (a+):P and (a®):P are in excellent 
agreement with the measurements of paper I.4 The ex- 
perimental asymmetry (6°): is five statistical standard 
deviations away from zero, so that the existence of an 
asymmetry for 2+ — x°+ p is now well established. The 
value (a°)sP is a lower limit for both P|. 
From the limit |P| >0.7540.17 we can set the upper 
limit | (a*)s| <0.04+0.11. 
an be understood within the framework 
rule for hyperon decay.” In general the 
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deca rhe symbols are explained in the text 


aP é 


+0. 60+0.13 
+-0.55+0.06 


+-0.005+0.015 
+0.01540.022 


asymmetry parameter in the decay of ; 
is 


spin-4 hyperon 


p 


where s and p are the amplitudes for s-wave and p-wave 
decay of the hype ron 
th 
of 


introduced between s and p by final-state interactions is 


lime-reversal invariance imposes 
e condition that s and p are real except for the effect 
final-state 


interactions. The relative phase shift 


negligible. The amplitudes s and p can be plotted in a 
two-dimensional space as a single vector a, with the 
components sand p. The magnitude of ais (|s|?+ | p*|)4, 


which is proportional to the square root of the decay 
The Al } (at )s+v2(a")s 
a~)y. Since p > 


rate rule requires that 


the rates for the three modes of decay 


are nearly equal,'' an approximate right triangle is 


formed with v2(a as the hypotenuse. The experi- 


meatal ratio (a*)yP/(a®)sP =0.04+0.11 determines the 
angle between the vector (a*): and the s or p axis to be 
1+3 deg. This determination is not affected by the 
uncertainty in the shape of the triangle. Figure 3 shows 
the orientation and shape of the triangle that is a best fit 
to the data. The s and p axes may be interchanged and 
the figure reflected about either axis. The triangle thus 


determined predicts the following absolute values for 
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the three asymmetry parameters: 
0.14+0.20, 
0.99_ og 
0.04+0.11. 


arises principally from the 
lifetimes. 


The large error in | (a 
error in the relative = 

Recently Franzini ef al. have measured (a@ »P under 
conditions where the polarization of the =~ is known to 


be large." The =~ were produced by the reaction 


(11) 


nw +n—2+K 


Reaction (11) is charge symmetric to reaction (5) which 


produces a large * polarization, hence one expects a 
large >~ polarization. Under this circumstance, Franzini 
ef al. find (a@~):P = +0.0140.17 which indicates a small 
value for | (a rhus all the experimental data for 
2+ decay asymmetric 
dictions of the | A/ } 
The value (a P 


closely in magnitude with the value 


are in agreement with the pre- 
rule. 
+-0.55+0.06 agrees in sign and 
+-0.7+0.1 measured 
in bubble chamber Since we have produced the A® 
with a lower momentum pion beam than that used in 
most of the bubble chamber experiments, it is reason- 
able to expect a lower polarization. The ratio (a@°)4/(a da 
+1.10+0.27 is in agreement with the value of +1.00 
predicted by the | A/ } rule. The pionic decay of the 
A°® has been discussed by using the universal Fermi 
both | A/ Al 3 
Phe predic tions of the lowest order calculations 
Al 
hould reduce the ratio (a@°), 


interac tion, which allows } and 
decays 
are identical with the rule. Corrections to the 
lowest order calculation 
(a), below unity.:The experimental ratio is not suffi- 
Al| =} from 


the universal Fermi interaction theory. 
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lastic 


proton-proton scattering reaction with a bound target proton 
depends on the probability of finding inside the nucleus a proton 
with a momentum equal to the momentum transfer required by 
kinematics. This momentum transfer is determined if the incident 
energy and the energies and angles of the two outgoing partners 
f a proton pair are measured. Events involving s and p protons 
can be experimentally distinguished by noting that more energy 
is required to remove an s proton from the nucleus than a p proton 


The cross section in impulse approximation for a quasi- 


Thus the momentum eigenfunctions of each state can be explored 
experimentally by varying the momentum transfer, keeping con 
stant the energy sum of a proton pair. Two methods of doing this 
to bring out the difference between scattering from s and p protons 
are discussed. They are (1) examination of the distribution of 
events as a function of the energy sharing between the two out 


I. INTRODUCTION 


HE first direct demonstration of proton-proton 
scattering with the target protons located inside 
a complex nucleus was carried out by Chamberlain and 
Segré.! Bombarding a lithium target with 340-Mev 
protons, they detected both product protons in coin- 
cidence and measured their angular correlation. This 
p,2p) reaction is usually called ‘quasi-elastic 
proton-proton scattering”’; the incident proton interacts 
with a proton bound in the target nucleus, and in first 
order approximation the interaction is thought to pro- 
ceed as though the target nucleon were free, except that 
it has an initial momentum and that energy is required 
to remove it from the nucleus. 
Wilcox and Moyer® measured the energy distribution 
of one of the coincident protons. Tyrén, Hillman, and 
Maris’ measured the sum of the energies of both partners 


type ol 


of a proton pair and showed the existence of definite 
group structure on a plot of number of proton pairs vs 
energy sum. The existence of these groups is interpreted 
in terms of the protons being located in different states 
of the shell model. This should make it possible to select 
target protons in a certain state of the target nucleus by 
selecting the energy sum of the proton pairs. Extensive 
measurements at 153 Mev with the most loosely bound 
protons in carbon have recently been reported by 
Gooding and Pugh.‘ The work presented here was car- 
ried out at the same time as the Harwell experiments 

158-Mev protons and a carbon target were used 


4 


is very little overlap in the two studies. 

* Supported by the joint program of the Office oi 

arch and the U. S. Atomic Energy Commission 

1Q. Chamberlain and E. Segré, Phys. Rev. 87, 81 (1952 

2 J. M. Wilcox and B. J. Moyer, Phys. Rev. 99, 875 (1955 

+H. Tyrén, P. Hillman, and Th. A. J. Maris, Nuclear Pt 
7, 10 (1958 

‘*T. J. Gooding and H. G 
ished). We are 


vailable 
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indebted to the authors for making a preprint 


to us 


I here 


going protons, at fixed scattering angles, and (2) examination of 
the angular distribution of events having fixed sharing. Born 
approximation calculations are presented for predicting the regions 
of maximum sensitivity to differences between s and p protons. 
These predictions are used in the design of two experiments on the 
‘!2(p,2p)B" whose results are reported. They show good 
qualitative agreement with the predictions for p protons, namely 
that the sharing will tend to be unequal if the scattering angle of 
each proton is near 48° [type (1) experiment ] and that the angular 
distribution of events of equal sharing will have a minimum at 45° 
? 


type (2) experiment]. The predicted behavior (opposite to that 


reaction ( 


for p protons) for events involving s protons is not observed, and 
this fact is discussed in the light of possible inadequacies of the 
theory or of the experiment 


The ultimate hope of quasi-elastic scattering experi- 
obtain detailed information about the 
nuclear momentum distribution inside nuclei, and possi- 
“off the energy shell’”’ proton-proton scat- 
tering. At present most of the effort is going into study- 
ing the validity of the reaction model. We will first 
discuss which of the many possible experiments with a 
given target are most likely to yield the desired informa- 
tion, and then report our experimental results. 


ments is to 


dly to study 


II. DISCUSSION OF POSSIBLE QUASI-ELASTIC 
PROTON-PROTON SCATTERING 
EXPERIMENTS 


In such experiments, a proton of momentum ko is 
incident on a nucleus of mass A (we set h= M=c=1),. 
Two protons emerge with momenta k, and ko, the re- 
sidual nucleus (mass A—1) recoils with a momentum 
—q (not measured directly) and an excitation energy 
E,=Ep—Eo. Eo represents the binding energy of the 
most loosely bound proton and £, represents the net 
decrease of kinetic energy in the reaction, which is the 
energy absorbed by the target nucleus if the nuclear 
recoil energy can be neglected. Conservation of energy 
and momentum require 


b 


We will find it 


parameter” 


useful to define an “energy sharing 


(2) 


w! ere <x 
In the spirit of the impulse approximation, the above 


reaction is the result of a proton-proton interaction in 
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which the target proton is bound. If it is assumed that 
the incoming and outgoing protons have no other inter- 
actions with nucleons in the target nucleus, individually 
or collectively, then the momentum of the target proton 
+q, 
moving with a momentum —4q, 


before the collision i the remainder of the nucleus 
a motion which is un 
affected by the interaction. Eg, represents the binding 
the the 
excitation energy /, of the residual nucleus according 


to E,=Ep—F 


The state of the target nucleus is represented, accord 


energy of target proton, which determines 


ing to the single-particle model, by a product wave 
¥ ; 


Neglect 
ection for scattering of a proton of 


function of individual nucleon wave functions 
ing spins, the cros 
momentum ky by a bound proton of momentum q re 


ulting in two protons of momenta k;, and ky is given in 


Born approximation by 


=!) 


o (kokyk 


‘amp (r)dr 


The first term in this result represents the cross section 
for free proton-proton scattering (laboratory system) in 
the ‘‘off the energy shell’’ region spec ified by Eq. (1 
The second term represents the probability of finding 
the target proton with momentum q. As will be dis 
cussed later, important corrections must be made to 
this treatment ; however, Eq. (3) will be used as a guide 
to the type of experiment which will verify the theory 
of quasi-elastic proton-proton scattering, and which will 
give information on the nature of the single-particle 
wave functions in the nucleus. 

bound 1s and four 
less tightly bound 1p protons present. Using three- 


dimensional oscillator wave functions® 


In carbon, there are two tightly 


harmoni and 
assuming that the proton-proton ‘‘off the energy shell”’ 
matrix element is constant, the following quasi-elastic 
sections are obtained: 


Is o (ko, kik 


proton proton cros 


© exp 


lp 0 k Jk, k 


exp 
pb 
8 represents a characteristic nuclear momentum which 
is related to the corresponding characteristic nuclear 
size a by 8=1/a. If we measure ko, k;, and k, in the 
experiment, then g and Fx are determined by Eq. (1). 
To measure the detailed differential cross section with a 
beam of known energy, it is thus necessary to measure 
both the angle and energy of the two partners of a 
proton pair to completely determine the problem. 


’P. M. Morse and H. Feschbach 
McGraw-Hill Book Company, In« 


Vethods of Theoretical Physics 


re 
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Since s and p protons have different bit 
selection of pairs according 
expected to allo 
sand p proton 
a function of g*(k 
transform of the 
incident energy 
g can be varied by « 

6, or 02, or by varying the 
practice it is de 
method in order to have a 


irable t iry g by more than one 
k on the 
validity of the reaction model 

Two types of experiments in which g iried 


fixed Ex are the fo 


lora 


lowing 


(1) Two detectors are kept angles 
6, and 62 and the energy « 


The 


proton 
pair is measured 
only proton pair 
are detected,‘ or alter 
and then divided int 
For each group of fixed / 


for analysis. 
of the number 
of pairs as function of the energy parameter 2. 
» accept only 
fixed x?. An 


heory, carrying 


(2) Two detectors = ©€ 
energies corresponding 
angular distribution is tl 
out experiment (1) by accepting proton pairs at a 
large number of angles wi tomatically give the in 
formation of experiment > of values 
of Ex and 2". 


to separate the two type 


However, in « eems best 
oO prevent 
very long runs or poor statist racy in sensitive 
regions. The rate of s severely 


limited by the count tor for both 
} 


accidental and dead-time nce only a very 


small fraction of the proton nted in each detector 
correspond to the d 


cient ] 


obtain sulh- 


statistical accuracy I thus advantageous to 


Fro. 3. Ce 
the energy 


three scatteri 
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Fic. 2. Calculation of the effect of varying the nuclear momer 
tum parameter §? on the cross sections for 1s and 1p protons, if 
Ep=18 Mev and 0,=6,=45 


limit the proton pairs that are detected to those that 
have strong angular (or energy) characteristics and, as 
will be discussed below, this requires a sharp selection 
of x? and FE, or 6and Fg. For the same practical reasons, 
it is desirable to have similar counting rates in both 
detectors. This can be accomplished by using detectors 
of similar efficiency at the same scattering angles 6, and 
6, and by varying both scattering angles together, so 
that 4; remains equal to @. (@ depends only on ¢ 
whether ¢ is varied by keeping 6, constant and varying 
§. only, or varying both simultaneously, is immaterial.) 
Using an incident energy of 160 Mev, predictions of 
Eq. (3) for the results of Type (1) experiments are 
plotted in Figs. 1 and 2 for several values of the varia- 
bles. In Fig. 1 the cross section for scattering from 1p 
protons given by Eq. (5) is plotted as a function of the 
sharing parameter x* for three scattering angles 0;= 62 
and for 2 values of the binding energy Eg assuming a 
momentum constant §*= 6.3 Mev. In Fig. 2 are plotted 
the cross sections for scattering from 1s and 1p protons 
(Eqs. (4) and (5) ] at 6:=6,.=45° and Eg=18 Mev, as 
a function of the sharing parameter x for various 
values of §°. 

The general shape of the 1s proton cross section vs x? 
curve (Fig. 2) is characteristic for other angles besides 
45°; the smooth rise toward high values of x? reflects the 
fact that for s protons zero momentum is the most 
probable and they therefore tend to behave like free 


protons, with all kinematic relations smeared out by 
the nuclear momentum distribution. 

The cross section vs 2* curves for 1p protons are quite 
similar to the corresponding curves of 1s protons, except 
in the vicinity of the scattering angles 0;=62= mio 


which correspond to g=0. Since p protons. have zero 


probability for this momentum value, the cross section 


must vanish at 6;=0@.=6min. The value of 6,,;, aS a 
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function of Eg is inferred from Eq. (1): 


1 ko 
(6) 


COSF i: 


V2 (ko?—2Ep)! 


values of 41° and 30° for 
50 Mev, respectively. The 
cross sections for 1s protons have maxima at these 
50 Mev at 45° looks very 
much like an s proton curve, but the characteristic p 
proton behavior appears at Onin= 30 

Some predictions for the results of experiments of 
Type (2) are shown in Fig. 3 for both 1s and 1p protons. 
lhe characteristic behavior of the angular distributions 
is closely connected with the discussion of Fig. 1 and 2. 
The sharp cross section dip predicted at Omin for 1p 
1 when g=0. The 
large-angle cross sections are sensitive to the value of 8: 


his gives minimum angle 
binding energies of 18 and 


angles. The curve for Ex 


protons occurs only for values of x 


Since they can be measured with fair accuracy, Type (2) 
experiments should be more useful than Type (1) ex- 
periments in obtaining information on nuclear momen- 
tum distributions 

The above results are based on an idealized reaction 
model and a Born approximation calculation. Using as a 
guide the comparison of Born approximation calcula- 
tions with the results of elastic scattering experiments,® 
we expect in fact a pronounced smearing out of all 
characteristic angular and energy features. This corre- 
sponds to the neglect of refraction, reflection, and ab- 
The neglect of 
secondary interactions, varying from small energy losses 
to complete absorption, is not expected to seriously 


sorption in the approximation used 


affect the qualitative features of the results for the most 
loosely bound p protons except for the absolute cross- 
section value, but might affect more seriously the pre- 
dictions for s protons. s protons having a larger value 
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of Ex cannot be distinguished from p protons having 
lost some small energy in a secondary interaction. The 
purity of the shell-model states will also affect the 
accuracy of the calculation. The assumption of a con- 
stant proton-proton scattering matrix element should 
affect the over-all shape of the cross-section curves, but 
not the details such as the minima for 1p protons 
Maris’'* and Riley’ have discussed some of these prob- 
lems, and have made more accurate calculations, but 
mostly in a form not directly applicable to our experi- 
ment. Other more complete calculations are reported in 
progress."” 

The effect 


tions shown in Figs. 1-3 


of these corrections on the simple calcula- 
is such as to reinforce the 
previous conclusion that in order to detect the charac 

teristic features of the theoretical predictions, it is ad- 
visable to sharply select 6 and Ex in a Type (1) experi- 
ment, or x? and Fy, in a Type (2) experiment. A great 
deal of information will be lost by experimentally inte 
grating over various parameters such as Ep or 2°. It is 
on this basis that the carbon measurements reported 
and that further 


in the next section were carried out, 


work is being planned 


III. EXPERIMENT TYPE (1): 
ENERGY SHARING 


A. Apparatus 


The unpolarized proton beam of the cyclotron was 
focussed by two quadrupole magnets to a spot about 
3 in. in diameter (Fig. 4) 
ground to a thickness of 0.020 in., was used. Two very 


\ flat carbon target, surface- 


Fic. 4. Block diagram of the experimental apparatus 
*Ta. A. J 
7, 1 (1958 
* Th. A. J. Maris, Nuclear Phys 
*K. F. Riley, Nuclear Phys. 13 
J. Nuttall and K. | 


Maris, P. Hillmar Nuclear Phys 
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through tl 
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ind L3 output pulses of the or 
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r. After 1 
R3 pulse 
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anode serving as a collect: 
delay between the 13 and 


1 
hey were mixed, 
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triggered by a coin between 
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vn in Fig. 4 
ducing a time 
delay between the R and rresponding 
to the travel time of the | \roul he cyclotron 
The coincidence circui uy ‘rated with an &-yuse 
resolving time. Scaler 1 the number of particle 
passing through the R and L telescopes, respectively, 
and the number of R-/ 

The oscilloscope was 
ment of high resolution, lin 1 
play was photographed by a D lograph movi 
camera, the film moving continuou he film wa 
re. der wl i I 
rhe 
he microfilm 


linearity ‘ 


subsequently read on a st 
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prior run nd tne 
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B. Data Taking and Analysis 


At the beginni 


to give the re 


ng ol tl 


for each teles« ype 


degraded to know1 











QUASI-ELASTIC p-p S( 
the Berkeley range-energy tables." Points on this cali 
bration were repeated during the run. In addition the 
free proton-proton peak (see below) served as a valuable 
check on the stability of the system. 

A pulse pair was accepted for further analysis only 
when neither member seemed to ride on another pulse 
Of a total of about 10 000 pairs recorded on the film, 
5000 pairs were accepted for analysis. A small correction 
was applied to the right pulse for the residuum of the 
left pulse which had preceded it. 

rhe right and left pulses of each pair were separately 
converted to energy using the experimental calibration 
curves. These curves proved to be linear except at small 
energies since a zero-height pulse corresponded to 25.3 
Mev, not 0 Mev, due to the thickness of counters 1 and 
2. Within the accuracy of the experiment, the recoil 
energy of the target nucleus was negligible. The energy 
sum of the energy quotient of each pair were computed 
The quotient was taken in whichever way gave a result 
less than 1 (a study of the data had shown that the 
R/L and L/R distributions were the same). The data 
were then arranged in matrix form, the row index of 
each event being its sum and the column index, the 
From this matrix the distributions to be dis- 
cussed were drawn. 


quot ient. 


C. Results 


Figure 5 shows the distribution of events as a func- 
tion of their energy sum. The abscissa represents Ez, 
the “energy lost to the nucleus,” that is (neglecting the 
nuclear recoil energy), the incident energy the 
energy sum of the pair. The dotted curve represents the 
normalized accidental contribution. 


less 


The events fall into four main groups. The first peak 


at Eyx=0 is due to scattering from hydrogen contamina- 


Fic. 5. Measured distribution of pair events as a function of 
Eg. Note the change of vertical scale at 4 Mev. An arrow indicates 
the point to the left of which the indicated competing reaction can 
contribute to the spectrum. The dotted spectrum is the accidental 
ntribution of the pair 


ce distribution 


1M. Rich and R. Madey, University of California Radiation 
Laboratory Report UCRL-2301 (unpublished) 
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tion of x* for various groups + 
of Fig 5 The range of En w 80 
defining each group is indi- & 

cated, as is the total number 
of events in that group. The 
arrow on the left of each 
diagram indicates the aver 
age detection threshold for 


26 TO 42 MEV 
804 EVENTS 


(C) 






events in that diagram. The — 43 TO6I MEV 
envelopes on each histo I 605 EVENTS 
gram represent the statisti (0) 


cal error 





tion of the target. This small contamination was a happy 
accident, as it provided a continuous stability check on 
the equipment, and also gave an experimental resolution 
curve for both the energy sum and the energy sharing 
hould be 2*=1) of both pulses of a 
The energy sum resolution of 1.9% 
full width at half maximum) is in good ayreement with 
the energy resolution of the individual telescopes. The 
distribution in 2 [ Fig. 6(A with the 
geometry and the accuracy of the calibration procedure. 

The sharp peak, centered at 17 Mev and extending 
from about 13 to 25 Mev, corresponds to protons from 
the C"(p,2p)B" reaction in which the residual nucleus 
is left in its ground and/or in low-lying excited states 
which cannot be resolved from each other. We postulate 
that this peak corresponds to the scattering of the inci- 
dent proton with one of the ~ protons in the carbon 
nucleus, since these are the least tightly bound. The 
distribution (as a function of 2*) of the events included 
under this peak is shown in Fig. 6(B). It indeed has the 


parameter (which 


coincidence pair 


is consistent 


general shape predicted in Fig. 1 for the scattering from 
a p proton. A second broad peak due to carbon events 
extends from 26 to 42 Mev. The sharing parameter 
distribution for events under this peak is shown in 
Fig. 6(C) and differs little from Fig. 6(B). The remain- 
ing events of Fig. 5 have been somewhat arbitrarily 
divided into two groups. The sharing distribution of the 
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group from 43 to 61 Mev is much the same as those of 
the whereas that of the lowest 
group, from 62 to 99 Mev, is broadly peaked toward 


equal sharing. It i 


preceding two group 


possible that this is at least partially 
the 
energy of the protons approaches the telescope thresh 


the result of a decreased detection efficiency as 


old. All the measurements presented in Fig. 6 have a 
definite cutoff value for x? due to the finite range of the 
defining counters. The average cutoff point is shown on 
arTTow 


each diagram by ar In addition there is some 


evidence (Sec. D below) of reduced scanning efficiency 
of x? so that the peaks in the middle three 


diagrams of Fig. 6 may be somewhat lower than they 


for low values 


should be. The general features of the energy sum dis 
tribution of Fig. 5 agree with the corresponding dis 
tribution reported by Tyrén et al. and Gooding and 
Pugh* with somewhat poorer energy resolution. Gooding 
and Pugh also present energy sharing results for many 
scattering angle combinations for proton pairs lying 
under the 17-Mev peak from carbon. Their result closest 
was obtained at 0,;=80 1) 


limited statistic 


to ours and within the 
; available, does not seem to show the 


1 of Fig. 6(B) obtained at 0,;=80 $4 


i¢ 


minimum at a 


D. Experimental Errors 


We have considered the following experimental errors : 

1. Accidental coincidences, measured as explained in 

Sec. IILA, are plotted in Figs. 5 and 6 normalized to the 

same number of incident protons as the real coincidence 

counts. The effect of | 
) 


iccidentals is seen to be small. 
2. Film scanning bias 


Because of the relatively large 
rejye ted by the 


number of pulse pairs scanner on the 





SCATTERING ANGLE OF EACH PF 6, 


(DEGREES) -= 
Measured ar 


h Ep=17 


Fic. 7 
scattering events wit 
the experimental points serves merely to guide the eve 
in the absolute cross + 10% 
corrected for accidental coincidences 


gular depender of the 


Mev and #1 


cross section tor 
The line through 
rhe error 
The data have 


section is beer 


AND K 


basis of our accept ne possibility of 


1. About } of the data 


was read by a second canne careful examination of 


scanning bias must be cor 
the events missed by eit! to show any bias 
which might seriously iring diagrams of 
Fig. 6, except for a re ency for pairs 


with small values of 2*. Bias anners 


would not have been detect 


A fa 


3. Energy calibration is Insufficiently 
taken is that a 
small uncertainty in the calibration will cause the ap- 
parent 
energy to vary with the \ Protons really lying 
at 21 Mev in Fig. 5 might appear to lie at 21 Mev for 
x?= 1.0 but at 23 Mev fora When we drew sharing 
distributions dividing the 17-Mev peak of Fig 
finely we observed sharp changes in the 
trum which were due to 


appre¢ iated at the 


energy pairs having the same actual 


5 more 
} sharing spec- 
the 


ligible 


However 
uncertainties in the calibr 
effect on the 
in Fig. 6. 


haring parameter dias as presented 


IV. EXPERIMENT TYPE 2: 
ANGULAR DISTRIBUTION 


A. Apparatus 
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At each angle a small correction was made in the 
telescope absorber to take into account the variation in 
the energy of the recoiling nucleus, as the angle between 
the telescopes was varied. The sensitivity to this correc- 
tion proved, however, to be negligible, as was shown by 
purposely omitting it on one occasion. 

There was a 10°, background (target out) rate in the 
individual telescopes (presumably due to air scattering) 
but none at all in the RZ rate. 


C. Results 


The measured angular distribution shows a dip at 
about 45° as predicted by the simple theory (Fig. 3) on 
the assumption that the incoming proton interacts with 
a p proton of carbon. The fact that the dip is relatively 
shallow is probably due to the neglect of diffraction and 
refraction in the calculations of Fig. 3, and the experi- 
mental necessity of detecting events in a finite range of 
rv’. The absolute cross section on Fig. 7 has an error of 


+100, due mostly to the uncertainty in the absolute 
charge measurement of the Faraday cup. It has been 
corrected for nuclear absorption in the telescopes. The 
angular resolution of each telescope was 2.0 degrees 
full width at half height of the beam profile). 


V. DISCUSSION 


Those proton pairs corresponding to the narrow peak 
at kp=17 Mev in Fig. 5 will be considered first. The 
position and width of this peak indicates that it includes 
proton pairs emitted such that the residual B" nucleus 
is left in its 7= % ground state, and possibly in the first 
excited =} state at 2.13 Mev.” The present experi- 
mental resolution does not permit an estimate of the 
relative contribution of these two residual states to the 
observed width. In pure j-7 coupling only the ground 
state can be excited when a pf; proton is removed by a 
direct proton-proton collision. In pure L-S coupling 
both the J 


interaction. 


+ and 3 states can result from such an 
The pairs belonging to the 17-Mev peak have the 

ic properties predicted for p protons by the 

3orn approximation calculations of Sec. II. There is a 
strong tendency for the two correlated protons to share 
their energy unequally when both are emitted near 45° 
to the incident (Fig. 6(B) ] and it is 
relatively unlikely for two protons of equal energy to be 


characteristi 


beam direction 


Fig. 7 
Figure 5 shows that proton pairs corresponding to val- 
ues of Eg larger than 21 Mev are emitted with a rather 


scattered 45° each to the incident direction 


broad distribution of binding energy peaked around 35 
Mev. There is evidence for fine structure at -g=31 
Mev, 36 Mev, and 46 Mev corresponding to an excitation 
of the residual nucieus to 15 Mev, 20 Mev, and 30 Mev. 
Due to limited statistics the evidence is not conclusive 


2F. Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1 
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Proton pairs originating from collisions with s protons 
are expected to appear around Ey= 36 Mev. The energy 
sharing distribution [ Fig. 6(C) | is not that expected of 
collisions with s protons, but that found for p protons. 
Grouping the events included in this diagram into finer 
energy intervals does not change this conclusion. It is 
only for the very lowest-energy proton pairs [ Fig. 6(E) ] 
that a change appears to occur toward an s-type shape 
of the energy sharing distribution. However, it is diffh- 
cult to estimate how seriously this last distribution is 
affected by decreased detection efficiency for low-energy 
pairs. Accidental coincidences make it very difficult to 
obtain angular distributions with a well defined value of 
the sharing parameter 2* for proton pairs under the 
broad peak and no such distribution is available as yet. 

Some of the possible causes of the discrepancy be- 
tween the observed energy sharing distribution for 
values of Ey>26 Mev and that expected for s shell 
protons are these 

1. Either the incoming, or one or two of the outgoing 
protons involved in a collision with a p proton, has a 
secondary interaction in the target nucleus. Such a 
secondary interaction can lead to the excitation of the 
target nucleus without a large change in the angle of 
the outgoing particles. Cross-section estimates based on 
the results of Gooding and Pugh‘ and Tyrén and Maris” 
suggest that a sizable fraction of the observed pairs 
could come from such processes. 

2. The thresholds for certain reactions 
other than C'?(p,2p)B" are shown by arrows on Fig. 5. 
In the presumed s proton region, the (p,pd) reaction 
products seem the most likely contaminants in this 
experiment. Future experiments will test for this possi- 
ble contribution. The number of p-d pairs is expected to 
be much smaller than the number of p-p pairs under the 


observing 


17-Mev peak, and thus it does not seem likely that the 
(p,pd) reaction contributes appreciably. 

3. The reaction model is too simple, especially when 
the residual nucleus is excited to a relatively high 
energy. Further experiments with lighter nuclei (where 
secondary interactions are less important) and at higher 
energies (where in addition the calculations are more 
reliable) are clearly desirable. 

Comparing the angular distribution of Fig. 7 for 
angles larger than 55° to Born approximation calcula- 
9 Mev is found to be 


satisfactory. (At smaller angles the Born approximation 


tions for p protons, a value of & 


results are dominated by the minimum and thus not 
applicable.) Considering the approximate nature of the 


lation, the agreement of this value of 8 with the 


Caicu 


j 


value of 7.6 Mev calculated from the characteristic 


nuclear size parameter a= 1.65 10~" cm obtained by 


electron scattering’ from carbon is satisfactory. 
H. Tyrén and Th. A. J. Maris, Nuclear Phys. 4, 637 (1957) 


‘“H. F. Ehrenberg, R. Hofstadter, U. Meyer-Berkhout, D. G 
Ravenhall, and S. E. Sobottka, Phys. Rev. 113, 666 (1959). 
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This agreement reinforces the previous conclusion 
that the reaction model used is satisfactory to explain 
the results obtained, at least for proton pairs emitted 
such as to leave the residual nucleus in or near its 
ground state. It must be emphasized that quasi-elastic 
scattering experiments tend to emphasize those fea- 
tures of the target nucleon wave function which corre- 


spond to this nucleon not being close to another nucleon. 


VOLUMI 
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he influence of multiple scattering on straggling and consequently on the ionizatior 


close to the end of their range is derived 


rhe effect due to nuclear reactions is shown 


by protons 


340 Mev. 


rhe observed data at this energy are satisfactorily accounted for 


N range-energy measurements for protons at 340 
Mev! and 660 Mev? the relative ionization in argon 
produced by the protons after penetration of the ab- 
sorber foil is measured. This ionization is produced by a 
combination of stopping power and straggling. Using a 


pure Gaussian for the straggling function folded with 
2) |, the theoretical result is 

in disagreement with the experimental data of both 

references 1 and 2 

In this Article it is proposed that most of the dis- 

is caused by 


the stopping power [Eq. ( 


agreement neglecting the influence of 
multiple scattering on the straggling. 
Che effect of protons 


tering has to be considered. It is assumed that 


suffering inelastic nuclear scat- 
all the 
can be treated according to the 
Metropolis et al The elastic 
Coulomb scattering is included in the multiple scat- 


inelastic processes 


theory discussed by 
tering theory employed. The question posed is: How 
many protons appearing in the ion chamber after pene- 
trating thickness ¢ of material have suffered energy 
losses not connected with conventional electron stopping 
power and multiple scattering processes? It is important 
for ¢20.95Ry (R 
a relatively small energy loss AE due to a 
the stopping material will prevent 
the proton from appearing in the ion chamber. The 


to realize that mean range of the 


protons 
nuclear reaction in 


* This work was suy part | the Atomic Energy 


( ommussior 

1R. Mather and I 
Vv. P 
U.S.S.R.) 36, 658 
461 (1959) ] 

IN Metropolis, R 
Miller, and G. Friedlander 


Segré, Phys. Rev. 84, 191 (1951 

Zrelov and G. D. Stoletov, J. Exptl. Theoret. Phys 
1959) [ translation: Soviet Phys-JETP 36(9), 
Bivins, M. Stor 
Phys 


\ Turkevich 
185 (1958 


m J.M 
110 


Rev 


limiting energy loss is given by the expression 


A Ey R 


where E is the energy which 
undergoing the nuclear reaction. In the experiment of 
reference 1 with 340-Mev protons in lead, ¢> 116 g cm™, 
Ro~ 122 g cm™ and for a proton in the middle of the 
foil, E~220 Mev. With dE/di~2.2 Mev g 
obtains AF, < 13 Mev 
Using the results of Fig 
that only about 3% of a 


the proton has just before 


cm* one 


15 of reference 3, it is seen 


ll the protons scattered in- 
elastically will lose between 0 and 10 Mev, and only a 
fraction of them will b« 
tion into the ion chamber 
o~1.7 barns 
energy, Fig. 11 of reference 3), 
will be transmitted without inelastic nuclear interaction. 
Thus, it is seen that the number of inelastically scattered 
the unaffected 
nergy, their energy 


scattered in the 
With a total 
approximately independent of 
about 50% of the protons 


forward direc- 
inelastic cross 


section 


protons amounts to less than 3% of 
protons. Because of their reduced « 
loss in the ion chamber will be higher, on the average by 
a factor of about 2. Thus, the contribution by extra 
in the detector will be less than 


this effe: 


protons to the ionizatior 
6%. For the present purpose t is neglected. 
nuclear interactions could also 
} 


The products of the 
imber, but their ranges will 
o the 


ionize the gas of the ion « 
be very small, and the number penetrating int 
detector will be small. 


The multiple scattering cont s discussed in 





IONIZATION OF PROTONS 


BW =C/ 
dy res 


Fic. 1. Straggling dis 
tribution for y=AR/e 
=(t—R)/c. (a) Broken line 
no multiple scattering (pure 
Gaussian). (b) Solid line 
with multiple scattering, 
t=1 
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a recent paper’ in connection with range energy 


measurements around 20 Mev. It was found that the 
observed straggling distribution C(R) is obtained by 
folding the pure Gaussian g(R) of straggling with the 
multiple scattering distribution {(R). The parameters 
employed are (a) the width a of the straggling distribu- 
tion (called AR, in reference 4), (b) the multiple scat- 
tering parameter r (called AR in reference 4), and (c) the 
ratio £=0/r. The variable used is AR, which is the range 
difference measured from the theoretical mean range 
Ro. A typical result for C(y) for an experiment with 
fixed beam energy and variable absorber thickness is 


given in Fig. 1 with y=AR/o as abscissa, for = 1.0, 


together with g(y). The results published in Table I and 


Io) 


Fic. 2. Relative ioniza 
tion in 340-Mev range- 
energy experiment in Pb 
reference 1). (a) Broken 
line: No multiple scattering 
correction, according to Eq 
2 (b) Solid line: Theo 
retical curve with multiple 
scattering, €=1.1. (c) Ex 
perimental points from ref 
erence 1: ©. The experi 
mental mean range R is 
obtained by adding 27/15 to 
the value of tat x=0, where 
t is the abscissa of Fig. 1 of 
reference 1. 





as 


Fig. 1 of reference 4 are the integrals of curves of the 
type of Fig. 1 of this paper, converted to an experiment 
with fixed absorber thickness and variable beam energy. 

It is immediately seen that the extended tail of the 
new distribution curve C(y) will tend to fill up the gap 
between theory and experiment of references 1 and 2. 
Results described by Fig. 1 would be obtained in an 
experiment in which the number of individual protons 
with zero energy would be detected as a function of the 
absorber thickness. If on the other hand the ionization 
I(AR) produced by the protons emerging from the foil 
is measured (as in the high-energy experiments), it will 
be the result of folding C(AR), with (d//dR)(AR), as- 
suming that the energy w for the formation of an ion 
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pair is independent of R; thus we may write additional sma 


. amounting to 
AR mentally. 
The experimental rar 
R= 122.8 g cm™ in very 
Results of a numerical calculation using &=1.10 and the | 1. The experimentally dete 
correct stopping power for argon are given in Fig. 2. The found here is also 
r xperime ntal points tor lead from reference 1 are plotted sponding theoreti 
for r= 1.50 g cm rhe straggling parameter is ¢=1.65 while the stragglin; 


g cm~?. The experimental error for — and r is estimated — expe rimental valu 
to be about 10%, while ¢ can probably be determined to theoretical value 


an accuracy of +2°%. In Fig. 3, the theoretical ioniza- the ene rgy pread or the 


tion for £=0.69 and r= 2.24 g cm™ is compared with the Unfortunately, the « 
experimental points. In this case a is 1.55 g cm™, and is do not cover a s 


ullici 


consequently not very sensitive to the value of & The value for Cu. Also, i 
ionization curve for a pure Gaussian, effect of the meso 


660 Mev, an effect 


dE The effect of diff { “ eatt , } ; 
‘ 4 =< (cS)dz (9) 7 ice f ) 
J idl dR - is lected. For Pb, the protons with wavelength 4 will ap- 


proximately be confined to an angle a~A/ R,~0.03 rad 
is also given, and the displaceme nt between J(x) and (with radius R, of t] 
Io(x) gives immediately the multiple scattering correc- to the angle produc 
tion for the eXp rimental points mate ly 0.3 rad lr} 
In particular the thickness R corresponding to the 


of the ionization curve 
theoretical mean range can be found immediately from 


to the range V be 
the curves as the point where the center of the original 


Gaussian lies. For & 1.1 this occurs for 7 49° Ds An W.H. Ba 
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The elastic scattering of 5-Bev negative pions on hydrogen has been observed in a large propane bubble 


chamber. We report below the results of this observation. It is shown that 7+3 
elastic are probably background. The observed angular 
suggests that diffraction scattering is the dominant process at this energy 


% of the events called 
This fact 
The theoretical analysis of the 


distribution is strongly peaked forward 


distribution is in terms of the optical model, It is shown that the proton acts like a partially opaque sphere 


of radius 1.04 10 


3 cm+5°%. The total elastic cross section is found to be 


5.6+0.5 mb. From the extra 


polated value of do(0)/d2=29.8 mb/sr+.10% in the center-of-mass system, a value of 29.142.9 mb was 
calculated for the total hydrogen cross section. The opacity of the sphere is thus 0.69+0.05 


INTRODUCTION 


INCE the discovery that # mesons interact strongly 

with nucleons,' much time has been and is currently 
being spent studying these interactions. It is now fairly 
certain that when a satisfactory theory of nuclear 
forces is enunciated, pions will play a dominant role. 
Among the many interactions of pions with protons 
at moderate energies (<1 Bev), elastic scattering can 
be studied most readily. The information that is ob- 
tained in one of these experiments usually consists of 
(a) the pion-proton interaction radius; (b) the angular 
distribution of the elastically scattered mesons; (c) : 
test of one or more models of the nucleus; and (d) the 
total elastic-scattering cross section. The experiment 
to be described yielded data not only on the above 
quantities, but also on the total hydrogen cross section. 
The calculation of this cross section was made on the 
assumption that the elastic interaction at this energy 
is almost wholly diffraction scattering. The observed 
angular distribution is thus treated by the conventional 
optical model in which the behavior of the nucleon is 
described by an opaque sphere? 


PION BEAM 


The geometry of the beam is shown in Fig. 1. A 
beryllium target placed 14 deg upstream from a radius 
through the center of the west straight section was 
plunged periodically into the path of the circulating 
proton beam of the Bevatron. Negative pions emitted 
at zero degrees to the proton beam were deflected 29.95 
deg from this beam through a thin window in the vac 
uum tank. They then passed successively through two 
standard 8-in. quadrupole triplets, each of which was 
operated as a single lens. A 5-ft analyzing magnet having 
a gap of 7 in. then bent the mesons through 7.2 deg 
into the position occupied by the 30-in. propane bubble 
chamber. This chamber, which has already been de- 


* This work was done ur Atomic 

Energy Commission 
'C.M. G. Lattes, G 

160, 453 (1947) 

2S. Fernbach, R 

52 (1949 


der the auspices of the U. S 


P. S. Occhialini, and C. F. Powell, Nature 


Serber, and T. B. Taylor, Phys. Rev. 75, 


13 


scribed,’ is 304 in. by 21} in. by 64 in, It operates in a 
magnetic field of 13.5 kgauss. 

lrajectories followed by 5.5-Bev/c mesons were com- 
puted, and the chamber was placed so that negative 
pions of this momentum passed down its center. The 
operation of the quadrupoles resulted in an image of 
the target at the chamber that was 2.8 in. wide by 1 
in. high. The momentum spread was about 80 Mev/c 
per in. The uncertainty in momentum at any point in 
the chamber 224 Mev/c. The momentum 
spread was deduced by the use of wire orbits and 
counters.’ Because the beam was concentrated in the 
region where the momentum was lower than 5.5 Bev/c, 


was thus 


the average momentum was lower than this central 
Three to determine this 
average. In the first method we combined the observed 


value. methods were used 


flux distribution with the momentum distribution across 
the chamber as determined by the wire orbits. The 
second method consisted of the direct computation of 
the average from the curvature measurements of mo- 


BUBBLE 


Fic. 1. The beam geom 


CHAMBER 


7W. M. Powell, W. B. I 
Instr. 29, 874 (1958) 
‘We are indebted to Mr 


computations 


owler, and L. O. Oswald, Rev. Sci 


Howard White for making these 


by Dr. Robert W. Birge and his 


‘This apparatus was set up 
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Fic, 2. Outlir 
by inner reciar 


Re gion {1 is bounded 


The distance betweer 


two adjacent 


menta of a series of beam tracks. An elastic constraints 
program, which is described in more detail later, pro- 
vided the third determination of the average momentum. 


The weighted average of the three determinations was 


5.17+0.05 Bev /« 
SCANNING 


Approximately 11 000 pairs of pictures were scanned 


on a machine that contains two projectors mounted 


above a sheet of formica that serves as a viewing screen. 


Mirrors reflect the light from the projectors on the 


screen. Because of the nonuniform flux distribution 


across the chamber, two different fiducial regions were 


chosen. These are shown in hig 2, which contains an 


outline of the bottom glass of the chamber. Region A, 


which is bounded by the inner rectangle, is 40 by 30 
The 
50 by 40 cm. Flux 

1 only 
tracks between the 
the right made the 
in this area very difficult 


cm. outer rectangle bounds region B, which is 


is counted on beam tracks that 


entered region because the large number of 
boundaries of the two regions on 

curate counting of beam tracks 
and tedius. The angular dis 


tribution, however, contains all observed elastic events 


whose origins were inside the larger rectangle. 


IDENTIFICATION OF EVENTS 


Most el: 


\ isual ( h 


istic events at this energy possess certain 
iracteristics that permit their tentative identi 
fication in the process of scanning. Since this is pri- 


marily small-angle scatte i considerable fraction of 
the el: 


that 


istic events X] ted to have recoil protons 
stop in the liquid; we found that 63% of the 
The tracks made 
tion which is well above 


of 


elastic events had protons 
by these particies | 
The sc 
neighborho« xd of 60 1 


the scattered 


minimum the proton is in the 

The track of 
ionization and 
2 to 5 deg with the 


ingles were measured roughly 


in general. 
meson OW minimum 
makes a small angle of the order of 
beam pion. The scatt 
with a protractor in 


ering 


ind ro rd 


* process of scanning, 
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agreement with 


com] 


s« attering plane was f uirly 


liffere: 


Two slightly « 
more definite informa 
nearly 2000 events 
ment. In the firs 
imposing the foll 
elastic events must sa 

(a) Angular corre 
tum was assigned fror 
cording to the lo« 
and tables containi: 
of incident moment 
tion of a sample I 
tering angles of 5 deg 


(b 


angle for stopping reco 


and was imposed 


(a) 
the proton stoppe d ir 
criterion since the r 
higher degree of pre 
other parameters 

(« Coplanarity 
angle y¥ 
formed by 


bet ween 
+} 
This angie is zero W 
elastic event 

The requirements o 
vation were not impos 
¢ ] 


ments not maa¢e 


to be 


were 


meaningtiu t) 


made with infinite 


muted 


Correlation of p1 


considered satisfied wi 


Fic. 3 ngular 
curves sh Ww the 
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ELASTIC SCATTERING 
with the expected ones within experimental errors. For 
events in which the recoil proton stopped in the liquid, 
the scattering-angle errors were defined by the equation 


AA; = |0,—0, 


for j=m,p. Here 6, is the tabulated scattering angle for 
an elastic event with incoming momentum equal to the 
wire-orbit value and a proton range equal to the meas- 
ured value. The angle 6, is that computed from the 
geometry of the event. The subscripts m and p stand 
for the meson and proton, respectively. 

The principle sources of errors were: (a) distortions 
of tracks caused by turbulence in the oil through which 
the chamber was photographed; (b) errors inherent in 
the measuring technique (a traveling microscope was 
used to obtain points along a track in each of the two 
views. These coordinates, which were punched on IBM 
cards, permitted the determination of the spatial orien- 
the track. 


technique involve the 


tation of The errors associated with this 
accuracy of following a track 
with the microscope); and (c) multiple scattering af- 
fecting curvature and measurements of angles. This 
latter phenomenon and the oil distortions mentioned 
above were the primary limitations on the accuracy of 
momentum measurements. A quantitative study of the 
errors was made by analyzing the optical system used 
in photographing events and by repeatedly measuring 
a series of beam tracks. Following this study, the limit- 
ing errors on the measurements of angles of elastic events 
were assigned as follows: A6,,<2.5 deg; 40,<4.5 deg; 
¥<3.5 deg. 

In the second method of classification of events, the 
measured scattering angles and momenta were used to 
define functions F,(6;,P;,Po) that are zero for an elasti 
event measured with infinite accuracy. This is the 
method of approximate linear Lagrangian constraints.*® 
The F,, which are four in number, express momentum 
unbalance along and transverse to the beam, energy 
unbalance, and noncoplanarity of a two-prong event. 


For example, momentum unbalance along the beam 


Fic. 4. Distribution in M for elastic events 

® Frank T. Solmitz, Data Analysis Development. General Data 
Analysis IBM Program. Least-Squares Adjustment with Cor 
strains, UCID-153, November 21, 1957 (unpublished) 
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5. Distribution of proton-scattering-angle errors for events 
having ranges > 1 cm and Aé,,<2.5 deg, ¥<3.5 deg 


direction is expressed by 
PF, P 4, COS m + P, cos6,- Po. 


Introducing the Lagrangian multipliers a, one finds 
the most probable values of the nine quantities associ- 
ated with a two-prong event (two spatial angles and a 
momentum described each track) by minimizing 


9 4 
> X; X ;*)? u,+-2 > ayF’,(X;,). 


— 
i! ml 


M(X ay) 


The quantities X,;" are the measured values of the 
variables, and ; are the standard deviations assigned 
to each measured value. These errors are determined 
from the least-squares fit of a parabola to the projection 
of the trajectory of a particle on a horizontal plane. 
Because of the nonlinearity of the constraining equa- 
tions, the process of minimizing M is actually an itera- 
tive one. The values of the functions F, for elastic events 
range from ~ 10-*| to |10 

the range is from ~ |10°'| to 


, while for inelastic events 

10°* . We deduced that 
a value as large as 50 for M was not unreasonable for 
an elastic event of poor measurability, and in a few 
cases even larger values were admitted. We also found 
that, while inelastic events generally have M values 
greater than 50, a rather large fraction (~ 20%) have 
values of 50 or less. The distribution in M for the elastic 
events is shown in Fig. 4. The tail of the distribution 
is due to elastics having poor quality and to background 
events indistinguishabie from the elastics. 

Comparing the results from the two methods, we 
found that they were in agreement most of the time. 
In 15% of the cases, however, the conclusions drawn 
from the two as to the identity of an event were not in 
agreement. It was found that the assumed errors used 
in the constraints program were incorrectly estimated in 
those cases where there was disagreement, and the final 
decision was made following the more searching study 
of the errors mentioned previously. 


BACKGROUND EVENTS 


To check the assignment of maximum-scattering- 
angle errors for elastic events and also to determine the 
background from inelastic events, we constructed three 
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Fic. 6. Deviations of the scattering angles and coplanarity of 
background events from values expected for elastic scatters having 
the same proton ranges 


error distributions for all events having stopping recoils. 
In each plot two of the restrictions were invoked on 
the selected events. Figure 5 shows the A@, distribution 
for events having ranges of 1 cm or less. All of the events 
had Aé,,<2.5 deg, y< 


figure represents the Gaussian 


3.5 deg. The solid curve in the 
fit to the data obtained 
error of 4.5 deg on the 
proton scattering angle of an elastic event. Under the 
assumption that the background is flat in the acceptance 
region, it was found that 10% of the accepted events 
are probably inelastic. Similar plots of the other dis- 
tributions showed a smaller background when we im- 
posed the same assumption of constant background. 
This largest effect therefore predominates and fixes the 
background at 10%. 

The assumption of a constant background in the ac- 
ceptance region was investigated by plotting the three 
error distribution for inelastic events having stopping 


when one assumes a limiting 


recoils. The results are reproduced in Fig. 6. It is seen 
that the distributions in both Adé,, and wW for inelastic 
events tend to rise in their acceptance regions. This 
suggests the possibility that background events are 
likely to have relatively small meson scattering angles, 
and that the coplanarity of these events is likely to be 
good by our criteria. The A@, histogram in Fig. 6 shows 
that the assumption of constant background is, in this 
case, a good one. Assuming that no strong correlations 
exist between the three angles for inelastic events, one 
can define probabilities P,,, P,, P., that the errors in 
the meson scattering angle, the proton scattering angle, 
and coplanarity, respectively, of an inelastic event will 
be less than the corresponding limits for elastic events. 
At least partial verification of this assumption was ob- 
tained by removing the inelastic events in the interval 
3 deg<0,n<8 deg. We found that when these same 
events were removed from the A@, histogram, the shape 
of the latter was left unchanged. With the large number 
of reactions that can take place at this energy, and the 
lack of a one-to-one correspondence between 6,, and 6, 
in inelastic events, it is unlikely that strong correlations 
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one obtains: 
0.648+0.04. 


event simultaneously 


exist. From the three distributions 
P,=0.428+0.03; P,=0.211+0.01; P 
The probability that an inelasti: 
ind is called elastic 
The final] 


elastic events 


satisfies the three angular criteria 
is P»P,P.=0.058+0.01. separation of the 
events yielded 375 and 436 
events. The remainder of the measured events were 


inelastic 
obviously inelastic. The background becomes 436/375 
X0.068~ (7+3)%. The error is larger than statistical 
and reflects the uncertainty of the limits on the three 
angles. This figure was used to correct the elastic events 
for background. 

The identity of the elastic events that did not have 
stopping protons was made by assuming that the meas- 


ured meson scattering angle was correct to 0.75 deg. 


a 
A maximum error of 2.5 deg was then allowed on the 


measured value of the proton scattering angle. These 
criteria were checked by looking at elastic events in 
the interval 4 deg<@,,<5 deg. This is the transition 
region in which some of the recoil protons stop and some 
do not. Weighting factors were applied to each event in 
which the recoil stopped These factors were calculated 
by assuming azimuthal symmetry around the incoming 
beam direction, and corrected for events in which the 
proton would hit one of the physical boundaries of the 
chamber. By this procedure we estimated that 29 events 
have non 


in the above interval would be expected to 


stopping protons. By actual count, we had 33 events in 
which the protons left the chamber. The good agreement 
between these two numbers means that very little bias 
was introduced by these criteria 


RESULTS AND CONCLUSIONS 


1 of the elastic 


The sharp peak 


The uncorrected angular distributiotr 


events is plotted in Fig. 7 in the for- 


ry 
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ELASTIC SCATTERING O1 
ward direction is characteristic of diffraction scattering 
which is, without doubt, the dominant process at this 
energy. One also observes that no events were found 
in the backward hemisphere, a result that was reported 
earlier.’ This fact is additional evidence for the diffrac- 
tion nature of the elastic-scattering process at this en- 
ergy. The corrected angular distribution, represented in 
Fig. 8 by the circled points, contains only the events 
for which the meson scattering angles were greater than 
6.8 deg in the center-of-mass system. The identification 
of elastic events was particularly difficult below this 
angle because the proton recoils are less than 1 cm in 
length. Multiple scattering and the shortness of the 
track frequently cause angle measurements to have ab- 
normally large errors. Moreover, many events are missed 
as one approaches the forward direction from 2 deg 
because the recoil is too short to be readily observable, 
if at all. In addition to the correction for background, 
the observed angular distribution was corrected by a 
factor of 2% for events missed in both of the two scans 
of the film. Corrections for the orientation of the scat 

tering planes of the events were computed from Fig. 9 
which contains the folded azimuthal distributions of the 
elastic events. The azimuthal angle ¢ is that between 
the planes defined by the incident pion and the scattered 
meson, and the incident pion and the vertical. The 
ranges on the meson scattering angle in the distributions 
were chosen so that approximately the same number of 
events appear in each distribution. Each distribution 
should be isotropic in @ and the observed anisotropy 
is an indication of the number of events missed. From 
the histograms, a correction of 32% was deduced for 
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Fic. 8. The corrected angular distribution of the elastic events 
The solid curve is that obtained when the proton is pictured as a 
black sphere 
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Phys. Rev. 108, 850 (1957) 
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lic. 9. Folded azimuthal distributions of elastic events 
the interval 6.8 deg<@*<13.3 deg, while the events 
observed in the interval 13.3 deg<6* < 180 deg must be 
increased by 16° 
In principle, the corrected distribution can be fitted 
by a cosine series, but the number of parameters that 
must be determined is prohibitively large. At 5 Bev, 
one might angular momentum states up to 
1=10 to contribute.. Furthermore, the observed dis- 
tribution justifies the use of an optical model. The con- 
ventional one was used in which the elastic differential 


expect 


cross section is expressed in the form 


da (6* J, (6 sin@*) |? 


dQ b sin#* 

The solid curve in Fig. 8 is a modified least-squares 
representation of the corrected data. The constants were 
determined to be a=119.2 mb and 6=7.78. From the 
above equation one finds that the zero occurs for 
6,* = 29.6 deg, and that da(0)/dQ is 29.8 mb/steradian 
in the center-of-mass system. This value of the differ- 
ential cross section is compared in Table I with values 
deduced from total cross-section data obtained in other 


These calculations were made by using 


experiments. 
the optical theorem, and assuming that the real part 
of the forward coherent scattering amplitude is negli- 
gible at this energy.® It is seen that our value is in good 
agreement with that deduced from the total cross sec- 
tion measurement of Wikner et al.* From the above 
value of 6 and the wave number in the center-of-mass 
system, K=7.46X10" cm ~, the pion-proton in- 
teraction radius was found to be 1.04 10~ cm+5%. 
This radius is in agreement with that obtained by Stein- 
berger et al., which is 1.08+0.06 & 10-"* cm at 1.44 Bev." 
We are also in agreement with Maenchen et al., who 


14 5¢ 
} 


] R 
1956 

* Frederick Wikner, thesis, University of California Radiation 
Laboratory Report UCRL-3639, January, 1957 (unpublished ) 

“ M. Chretien, J. Leitner, N. P. Samios, M. Schwartz, and J. 
Steinberger, Phys. Rev. 108, 383 (1957) 


Cool, D. Clark, and O. Piccioni, Phys. Rev. 103, 1082 
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( omparison ol val 


the forward direction 


raBLe I ies of the c.m. differential 


cross section ir 


oT Energy da (0)/dQ 
mb) sey mb/sr) Reference 
0 Extrapolated fror 32 Cool et al.* 
lower energy data 
to 5.17 Bev 
22.542.4 4.7 18+12°; Maenchen et al.” 
28.74+2.6 4.3 29.1412°, Wikner et al.’ 
1 


29. 8+10°; This measurement 


(0.9+0.15)« 10 
conclude on this basis that there is substantially no 


obtained cm at 5 Bev. One might 
change in the radius, within experimental error, be 
tween 1 and 5 Bev 
whether the lower values observed by Maenchen and by 


On the other hand, one wonders 


us are indicative of a decrease in this parameter with 
energy. The possibility that R changes with energy has 
been previously advanced.'' One might explain such a 
decrease crudely by assuming that only the first few 
angular-momentum states are important, even at high 
energies. The curve in Fig. 8 was continued beyond the 
first minimum in order to learn where the second max- 
imum would be expected if diffraction scattering con- 
tinued to prevail at large angles. The pattern becomes 
very broad after the first zero, and the second peak 
occurs at ~ 43 deg. The differential cross section is only 
~0.5 mb/sr at this peak. These characteristics make 
the second peak, if it exists, very difficult to observe 
with these statistics. 

rhe total elastic cross section was calculated from 
the track length and the total number of events ob- 
{ of 


12.22 10° cm was calculated by counting tracks and 


served in Fig. 2. The track length of 


region 


“uW. B. Fowler, R. P. Shutt, A. M 
Whittemore, Phys. Rev. 103, 1489 (1956 


Thorndike, and W. L 


rHOMAS, JR 


events in every tenth picture. Contamination from mu 


mesons was estimated at 4%. The calculation was based 
on beam geometry and the momentum selection of the 


steering magnet. An estimate of electron contamination, 


made by counting the number of electrons that lost 


90% or more of their energy in th juid, resulted in a 
/€ » 

value of 0.1%. Contamination by electrons is thus 
negligibly small compared to that from muons. The 
number of events found in fiducial region A was 237 
In addition, 56 events with meson scattering angles in 
the interval 0 deg<6,,< 2 deg were missed. This number 
was computed from the theoret curve of Fig. 8. 


cross section of 5.6 0.5 


These data yield a total elasti 
mb, which is in agreement with the 4.7+1 mb value 
obtained by Maenchen et al Che ass imption that the 
absorb ng sphere, however, 

34 mb 


and the opt 


proton acts like a totally 
From the extrapolated 
total 
s found to be 29.14 10% 


ere is thus 0.69+0.05 


results in a value of rR 
da (QO) /dQ 
hydrogen cross section wa 
The opacity of the sp! 
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Search for S= —2 Negative Heavy Meson in Nuclear Emulsions 
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A search for the D™ meson was conducted in an emulsion stack exposed to the 300-Mev/c K~ beam at 
Berkeley. The stars initiated by the beam particles were investigated for possible emission of two strangeness- 
carrying particles, and in addition mass measurements were done on the short-range tracks. In about 10 000 
events examined, no possible S= —2 particle has been observed. Hence the upper limit for the D--meson 
occurrence in the present experimental conditions is ~1/100 from the double strangeness observation and 


~1/6000 from direct mass determinations. 


ECENTLY, an unusual example of an interaction 

of a “heavy” A~ meson in nuclear emulsions was 
published.!? Since both a 2+ hyperon and a possible hy- 
perfragment emerged from the interaction point, the 
event was interpreted as due to a nuclear absorption of a 
negative particle (named D~ meson in references 1 and 
2), having a strangeness quantum number —2. At the 
same time a possible example of a positive D meson 
was discussed by Wang Kang-Chang.® 

A search for the D~ meson was conducted in an 
emulsion stack exposed to the 300-Mev/c K~ beam at 
Berkeley.‘ Since the ionization of the D~ meson at the 
entrance to the stack is expected to be only 30-50% 
larger than the K~ ionization, the D~ would have been 
picked up by the scanners. 

The present work was performed in two stages: (1) 
search for stars emitting two visible strangeness-carrying 
particles, namely the reactions D~+nucleus— 2+2, 
=+hyperfragment, hyperfragment+hyperfragment, 
K~+hyperfragment, or K~+2; (2) direct mass deter- 
mination of short-range particles coming to rest in the 
stack and producing a typical capture star. 

The procedure which we have employed in the first 
stage was as follows: In a scan (along-the-track) of the 
above stack about 8000 K~ stars were found. From 
these stars, about 800 > hyperons and clear hyperfrag- 
ments were observed. We have then traced all the grey 
and black prongs emitted from the above 800 stars, 
and searched for possible other 2’s and hyperfragments 
The same procedure was repeated for the stars at flight 
from which a K~ was seen to re-emerge. No clear ex- 
ample of any of the above 5 possible reactions of D 
was observed. In a few cases, in addition to a hyperon 


1T. Yamanouchi and M. F. Kaplon, Phys. Rev. Letters 3, 
283 (1959). 

* T. Yamanouchi, Phys. Rev. Letters 3, 480 (1959). 

* Wang Kang-Chang, International Conference on High-Energy 
Physics, Kiev, 1959 (unpublished). 

‘The present search was conducted in a stack exposed to the 
same beam [W. Barkas et al., Proceedings of the Seventh Annual 
Rochester Conference on High-Energy Nuclear Physics, 1957 (Inter- 
science Publishers, New York, 1957), p. VI-12] in which the 
Yamanouchi and Kaplon stack was exposed 


1021 


or hyperfragment, a short track gave rise to a capture 
star. These were all consistent with being slow x 

mesons. In a few other cases, the secondary tracks 
(clear baryons) from the 800 stars were deflected before 
coming to rest, or had an associated blob at their end. 
In order to check this point, we have examined the 
endings of 100 protons emitted from 2+ — p decays. 
The behavior of the baryons emitted from the 800 K 

stars, containing one clear } or hyperfragment, re 
sembled very much, in all respects, the behavior of the 
protons from decay. Nothing unusual was found. 
Since the lightly ionizing particles (g*S2.5) emitted 
from the above 800 stars were not followed, this method 
searching is valid for Mp—~<750 Mev. 

In the second stage of this work we have looked at 
the range distribution of all the particles which came 
to rest in the emulsion block (see Fig. 1). For a 300- 
Mev/c momentum, the expected range of a K meson is 
37 mm; the range of a 650-Mev mass particle should 
be ~21 mm of emulsion and protons would stop after 
about 8 mm. The experimental histogram of about 
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Fic. 1. Range distribution of the K, stars in the emulsion stack 
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6000 AK, events (K~ capture stars at rest, giving rise 
to at least one secondary particle) is shown in Fig. 1 
The main body of the K~ beam (~ 99%) indeed stops 
at the exper ted position corresponding to an entrance 
momentum of 300+10 Mev/c), with a tail in both the 
high- and low-range sides. All the particles having a 
range less than 25 mm were more critically examined. 
Entering pions (13 events) and protons (1 event) were 
immediately removed from the analysis. On all the 
rest of the short-range tracks (see Fig. 1), careful ioni- 
zation measurements were performed, using as reference 
tracks K~ mesons from the main body of the A~ beam 
The measurements showed that all the short-range 
tracks were due to ordinary K~ mesons. Again, nothing 
unusual was observed. 
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M. Derrick, J. G. Ferkovicu, T. H. Fretps, Anp J. Dear 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania 
Received June 17, 1960 
Internal electron pairs from the two reactions (1) r +p + n+7° — n+~y+¢ f 
te*+e have been studied in a hydrogen bubble chamber. 2184 cases were s« 
selected 1523 of these as suitable for momentum measurement. By an analvysis of tl 


the Panofsky ratio was measured to be 1.51 +0.10. The tot 


pairs, and distri 
Kroll and Wada as recently extended by Joseph 


INTRODUCTION 


HE original experiment on the absorption of 

negative pions by hydrogen! provided several 
results which were crucial to pion physics. When a 
negative pion comes to rest in liquid hydrogen it is 
captured into a mesonic hydrogen atom and absorbed 
from an s state? by the proton. The time from atomi 
capture to nuclear absorption is about 10~-" sec ?3 
which ts very mucl horter than the decay time of 
2.5 10-* sec, so almost all the mesons are absorbed. 
This ab orption was shown expe rimentally to lead to 


two reactions 


x +p—-nt+nr 1 
“ ) 
x pon Y. ? 


The ratio between the rates of these two reactions 
P=w(9-+p— n+7°)/wla-+p— n4+7 


* This work was supported in part by the U. S. Atomic Energ 
Commission 

1'W.K.H. Panofsky, R. L. Aamodt, and J. Hadley, Phys. Rev 
$1, 565 (1951 

?T. Day, G. A. Snow, and J. Sucher, Phys. Rev. Letters 3, 61 
(1959) 

3T. H. Fie lds, G. B. Yodh, M. Derri k, and J (y Fetkovich, 
Bull. Am. Phys. Soc. 4, 402 (1959 Further results will be pub 
lished shortly 
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INTERNAL PAIRS FOLI 
counter techniques so a measurement using a bubble 
chamber was undertaken.” 

Dalitz" pointed out a possible alternative decay made 
of the 2° meson, 


and calculated the internal conversion probability 
2p2= (9 — yt+et+0-)/ (2° > +7). 


Kroll and Wada" extended this to the second reaction 
and calculated the internal conversion probability of 
the + ray, 


py=(a- +p nt+et+c)/ (a +p— +7) 


Such electron pairs were seen in a diffusion cloud 
chamber.” A more detailed theoretical investigation 
of the processes involved has recently been made by 


Joseph,"* who obtained 
p-,/2px°=0.00710/0.01196 = 0.594. 


This experiment consists of a bubble chamber study 
of these electron pairs. 


APPARATUS AND PROCEDURE 


A 6-in. diameter bubble chamber in a 9460-gauss 
field was used to stop #~ mesons from the Carnegie 
Institute of Technology synchrocyclotron. A 120-Mev 
x beam impinged on a 2-in. copper absorber fastened 
on the outside of the chamber. About 15% of the pions 
in the beam stopped inside the chamber, yielding about 
12 stopping x~ in the liquid per picture, with an equal 
number going into the glass windows. Figure 1 shows 
one of the pir tures. 

The film was scanned by projecting the two views 
on a translucent screen at about twice life size. Electron 
pairs were scanned for by looking first for tracks 
curving in the opposite sense from the beam curvature 
and secondly for all tracks making a large angle with 
the beam direction. Each such track was traced back 
to its point of origin and the second track searched for 
Then an area scan was made looking at all the m 
endings. All the events reported were examined by a 
physicist and Events were accepted as 
internal pairs if the secondary tracks seemed to be 
minimum ionizing and came from the end of what 
appeared to be a stopping # track. The entrance 
position and angle of the x track were suitably re- 
stricted. All such events were sketched on sheets which 
were used by the measurer to locate the event. All the 
24 719 frames used were scanned twice by two inde- 
pendent scanners, and on 13251 of these frames a 


classified. 


 M. Derrick, J. G. Fetkovich, T. H. Fields, and J. Deahl, 
Bull. Am. Phys. Soc. 4, 401 (1959). 
R. H. Dalitz, Proc. Phys. Soc. (London) A64, 667 (1951) 
2 N. M. Kroll and W.Wada, Phys. Rev. 98, 1355 (1955) 
3C. P. Sargent, R. Cornelius, M. Reinhart, L. M. Lederman, 
and K. Rogers, Phys. Rev. 98, 1349 (1955). 
4 1). W. Joseph, Nuovo cimento (to be published) 
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Fic. 1. One view of the stopping pion beam, 
showing an electron pair 


third independent scan was made by the two scanners 
with highest scanning efficiency. 

Each event machine which 
punched out the Cartesian coordinates of any point 


was measured on a 


on the picture when set in coincidence with a fixed 
mark.'*'* The common point of the pair and four other 
points along each electron track were measured on each 
view together with three fiducial marks. 

The space angles and momentum of each track were 
calculated on an IBM 650 computer. The computer 
program was based on an iterative procedure wherein 
an orbit in the chamber was constructed which dupli- 
cated the observed film initial angles and average 
curvatures. The calculation, which took 3.5 minutes 
for each electron pair, allowed for energy loss of the 
electron in the liquid hydrogen 


RESULTS 
1. Total Conversion Rate 


The total number of electron pairs per stopped pion 
has been measured by counting the number of stopping 
pions. 78 random frames were taken and all the stopping 
pion tracks, satisfying the same entrance criteria as 
used for the pions giving electrons pairs, were counted 
and paired off on the two views. The end points of 
these tracks were measured and their spatial distri- 
bution calculated. The depth distribution of the stops 
and the events are shown in Fig. 2. There is some 
indication of loss of events near the windows, which is 
not surprising since immediately at the window, for 
example, only one half of the events can be seen. In 


16M. Derrick, T. H. Fields, and R. W. Findley, Proceedings o, 
the International Conference on High-Energy Accelerators and 
Instrumentation, CERN, 1959 (European Organization for Nuclear 
Research, Geneva, 1959 


*T. H. Fields and R.W 
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Findley (to be published) 
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INTERNAL PAIRS 
Three observed. A more extended 
study of such double pairs has been reported previously 
by the Columbia group.” 


been seen. were 


3. Panofsky Ratio 


To select events for use in the determination of the 
Panofsky ratio, a geometrical cutoff was made using 
both the direction of the bisector of the two tracks of 
the pair and the location of the vertex. This gives a 
criterion for the measurability of an event since the 
pairs usually have a small opening angle, and yet does 
not bias the event selection. The bisector was projected 
until it intersected the chamber wall and the projection 
of this distance on the glass window taken as a measure 
of the precision to be expected because of the track 
length. This was multiplied by a function of the space 
angles, which gave the error to be expected in a, the 
(For events 


angle with the magnetic field direction. 
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Fic, 4. Distribution in polar angle, a. Very steep events with 
short projected lengths occur near 0° and 180 


near the plane defined by the two camera lenses and 
the center of the chamber the error in a predominates. 
The resulting number was called the precision parame- 
ter. The energy spectrum was examined as a function 
of this precision parameter and an arbitrary cutoff 
decided on to minimize the total error. The spectrum 
corresponding to this cutoff is shown in Fig. 5. As the 
precision parameter is reduced the spectrum improves, 
with a smaller fraction of the events in the valley 
between the two peaks, but the statistical error becomes 
larger. An experimental check on the constancy of the 
Panofsky ratio for different precision parameters was 
made, and no bias was evident within the statistical 
accurat y- 

The energy resolution 
separate cleanly the two 
spectrum 


was not good enough to 


cinds of event so a calculated 


has been fitted in order to estimate the 
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PaB_e III. Results of stop count and calculation of number 
of events expected in central volume of chamber.* 


Number of frames scanned z 

Mean number of pion stops in 
the central volume per frame 

Total number of pion stops in 
central volume 

Number of pairs expected 

Number of pairs found in the 
central volume 

Number of pairs found, correcte 
for external pairs and charge 
exchange scattering in flight 


24719 
6.99+0.34 


= 172 78648404 
1728484 


1636+ 54 


1618455 


number of stops and rs include an ut 
to allow for 


® The observed ward correction 


scanning | 


contribution from each reaction. Since the high-energy 
peak corresponds to an almost unique energy it was 
fitted first. Several effects broaden the line, the two 
most important coming from multiple scattering of the 
electron by the liquid hydrogen and the error in meas- 
uring the curvature of the track on the film. For high- 
energy tracks with a small sagitta the measuring error 
is more important while for low energies multiple 
scatte ring pre dominates. These two errors were com- 
bined and summed over the experimental track length 
distribution in the chamber. A further sum was made 
over the energy distribution between the electrons in 
the pair assuming all fractions equally likely. The 
resulting spectrum was then corrected for radiative 
energy loss using the Bethe-Heitler theory.” The final 
curve is shown in Fig. 5 normalized to the same total 
number of events as the experimental points for the 
high-energy half of the curve. The same constants were 
then used to fit the x” curve for different values of the 
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TABLe IV. Number of events found 
parameter and classification as 


Y 
> 100 Mev 


selection by precisior 


total energy <100 Mev 


alter 
event 


or y event, total energy 


r 


954+31 
132412 


Number of events found in fir 

Number of events found ir 

Calculated number of events or 
film which were not found 

lotal events 

Corrected events 


t two scans 

third scan 

rest ol 
113+10 
1199 
1191437 


the best 
fit and corresponds to a mass difference of 8.8 electron 


n —n mass difference. The one shown gave 


masses. This mass difference agrees within its error of 
with a accurate measurement? 


&.991+0.020 electron masses. 


about 0.6 m, more 


which gave rhe upper 


curve between the two peak is the sum of the w° and 
y curves 
the valley 


make 


region the 


and makes a sati lactory fit to the points in 
A cutoff energy of 100 Mev was chosen to 
the area under the two tails in the overlapping 
same. All events with ene rgy less than this 


were considered to come from the 7” reaction and rest 


from the y reaction. 
ol background must be corrected 
are created very close 0.1 


track so that they look like 


7 x pairs and 5 y pairs. The 


Two small 
for. A few external pair 
cm) to the end of a pior 


internal pairs This give 


Ources 


second source of background is provided by charge 
scatterings in fligh 
This 


energy pair. Multiplying these numbers 


exchange t followed by the Dalitz 


decay of the x”. provides an extra 5 low-energy 


pairs and 1 high 


by the ratio of events used to all events present, which 


is 0.69, gives 8 x” and 4 y events to subtract. 


Finally, there are 1191 2° events and 468 y events: 


1191 
1.51+0.10. 


Panofsky ratio 168) «0.594 


The statistical error on the high-energy events is 
( 


© and for the low-energy ones 3%. 


5 An uncertainty 


in the exact cutoff energy introduces a 2% error. The 

fact that not all the 

o the actual number of events 
The 

2¢ 


addition a 3% 


statistical errors include the film 


was scanned three time 


found are not those given above. data are sum- 


Table IV. In systematic 
error has been included to account for a possible LOSS 


marized in 


of events as discussed in the next section. (This meas- 
urement of the Panofsky ratio depends on the correct- 
ness of ratio of the two theoretical conversion proba- 
bilities. 
total conversion rate 
of the 


Assuming this ratio, then the results on the 
factor 
probabilities. ) Recently, 
1.62+0.06 has been obtained by Samios 
method.” 


checks the common scale 
theoretical conversion 
of P 
using this 


a value 


same 


K. M 


1959). TI 


™ R. P.Haddock, A. Abashiar Crowe, and J. B. Czirr, 
Phys. Rev. Letters 3, 478 is paper gives references to 
other accurate measurements of t r r® mass 
2N. P Bull. Am. Phys. Soc. 5, 71 (1960 
2% N. P. Samios, Phys tters 4, 470 (1960 


caifference 
Samos 
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5+0.1 was u | ) imilton and 


A value 
recent discu 


Woolcock® in a 
1 


They found 


energy 


pion 


between the 


TOOK 


phenomena 


low-energy s-wave hifts calculated from photo- 
s of the Panofsky ratio 


urements trom 


? ids 
production experiments by meat 
and the 
ments. 


direct mea scattering experi 
4. Internal Pair Production 


The theory of in 
observed here 


ternal pair creatio by the 


has 1 studied | 


Al 


pro esses 
ed by V iuthors,.!!!*-44 
tudy, in which s e( 


and 


contribution from 


The most detailed ond-order 


corrections coming from fi magnetic 


moment effects of the proton 


al 
| 


hic. 6 
are those 


Distributior 
calculated | 
r/k-~0.007 


transverse photons 


zero at 
tic moment and siz 
Both the dotte 
corrections included 
are for the y react 


for the x 


magne | 


contribution 
Che 
are 


react 


longitudinal photons (lor the 4 been 


considered, is that of Jose ph ' Sing 


which 

nonzero 
probability is 
neasured by the 


gives rise to the pairs is virtual it « 
mass. The 
carried out in terms of thi 


calculation of 


four-momentum of the 


total el 
momentum of electron pa his can be 


where k lergy ( ctron pair, =total vector 
ipproximated, 
rest mass of tl trons 


to their kinetic energy, a 


by neglecting the 


where k,, k_=mom 


6= opening angle between 





INTERNAL PAIRS 

The observed distribution in x, expressed as 2x/E, 
where / is maximum energy available to the pair 
(138.1 Mev for the y reaction, 135.1 Mev for the x° 
, is shown in Fig. 6. 

The strong peaking at small values of x/E indicates 
that the photons involved are nearly real so the calcu- 
lated conversion probabilities are very weakly structure 
dependent and should be quite reliable. The dotted 
curve is for the w° and the full curves for the y reaction. 
The lower full curve represents the contribution from 
transverse photons and, since the magnetic moment 
and size effects almost cancel, the area between the 


reaction 


two full curves is essentially the contribution from 
longitudinal photons. It is clear that the experimental 
points are not sufficiently accurate to detect the small 
effects. The points at small x/£ correspond to small 
opening-angle pairs for which the fractional error in 
the opening angle is large. 

The distribution in opening angle @ should go as 
1/0 for 6>1.7°." The results are shown in Fig. 7, for 
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Fic. 7. Opening-angle distribution of events 
Both #° and y pairs are included 


all events grouped together. The 2° and y pairs follow 
the same curve within the errors. The experimental 
points fall slightly below the curve for large 0.” 


‘D. W Joseph 


+} 0 


private communication) has pointed out that 

he x° decay the 1/@ law holds only for the angular region 
5°<@< 100° and that for @ — 180°, dp/d@ vanishes linearly with 4 
This is a result of the fashion in which phase space vanishes. Such 


a curve is in good agreement with the data presented in Fig. 7 
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Fic. 8. Distribution of pairs in momentum partition, The curve 
is folded over and plotted as a function of | y|. The theoretical 
from Kroll and Wada (reference 12) is the same for both 
® and y pairs 


curve 


The other parameter of the theory is the momentum 


partition, y, defined as 
y= (ky —k_)/| ky, +k 


The 


have 


the y events 
total number of 
events as the #°’s. The theoretical curve is essentially 
For both kinds of 
event there seem to be slightly fewer cases of high y, 


results are shown in Fig. 8, where 


been normalized to the same 


the same for both 2° and y events. 
corresponding to very asymmetric energy sharing, than 
would be predicted by the theory. This is possibly 
correlated with the lack of wide-angle pairs shown in 
Fig. 7. A 3% systematic error has been included in P 
to account for this. The Panofsky ratio has also been 
calculated taking only events with y<0.7. The result 
is 1.53+0.12, which agrees with the measurement using 
all the events. 
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Present results show, nevertheless, ‘that a 


similar approach will reproduce the experimental data 


results. 


if one includes (a) the approximate energy dependence 
of the matrix elements, which are neglected in the 
Fermi model, and (b) the 
Ball and with partial waves 
involved in annihilation. The present model cannot be 


results of the calculation of 
Chew respect to the 
considered a statistical model in the Fermi sense, but 
under certain restrictions reduces to it. 


Il. THE INTERACTION MODEL 
A. Formulation of the Proposed Model 
In thi 
action model, for treating complicated production 
problems in a relatively simple way. As the essential 
physical approximation, we assume that the primary 
features of a given process are produced by an inter- 


section we will develop a model, the inter- 


action confined to a small volume in coordinate space 
and further characterized by a parameter giving the 
coupling strength. In order to implement this approxi- 
mation, we begin by writing the scattering amplitude 
in the coordinate representation. The resulting integral 
equation is rewritten in terms of some complete set of 
these states being chosen for their convenience 
in describing the process. The coefficients of these 
tates, the partial-wave scattering amplitudes, are 
coordinate integrals over the interaction operator, and 


States 


we introduce the above approximation by restricting 
the limits of the integrals to a small volume of space. 
Of course, these contributions must be such that the 
appropriate quantum numbers are conserved. This 
physical approximation is closely related to that in 
the Fermi model, and in fact we shall show that under 
certain restrictions the interaction model reduces, 

ily, to the Fermi model. 

begin by constructing the state to describe a 
given system of particles. Proceeding in the usual way, 
we describe physical one-particle states by a complete 
orthonormal set 


Hilbert 


particles of different types, i.e., nucleons, pions, etc., is 


of one-particle state vectors in a 
subspace. The subspace describing a state of n 


given by the direct product of m one-particle subspaces 
corresponding to the appropriate type of particle. The 
total Hilbert space is given by the sum of all such 
subspaces. We may choose as the basis set for the one- 
particle state vectors the coordinate eigenvectors, and 
the m-particle subspace basis set for particle types 
i, --+, j, is therefore 


Te a r,*)- ++! 7,7). 


Of course, depending on the nature of the particles, we 
must symmetrize the state vectors appropriately. 
In the following, we shall confine ourselves to nucleons 


and pions for which we will use |r) and | &), respectively. 


ANTINUCLEON 
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\ system of nucleons and pions is thus given as 
5 


Mini fn; €1°* Ey), (1) 


where Wap(tiv* fn; £1°° ep) represents the probability 
amplitude for finding n nucleons and p pions at their 
t> If | Nx) 
represents a system of noninteracting particles, then, 
of course, we have Wap(ri: Ep) = (ri) = Wlrndb(Er)-- 
o(é, and (£,) represent the appropriate 
one-particle wave functions for describing nucleons and 
pions, respectively. 

In the Schrédinger picture, the time development of 
such a system of particles is given by the Schrédinger 
equation, 


respective positions, 7, --*, fj; & 


n> $1) 


, where (rr, 


(H,+V)\y¥ i(0/dt) |W), 

where |y) is the state vector for the system and H, is 
the Hamiltonian operator for a system of noninteracting 
and pions. The operator, V, 
contains all of the interaction the 
creation and destruction of particles. 


nucleons interaction 


and can include 

If we consider this as a stationary-state scattering 
problem in which there is a continuous incoming and 
outgoing flux of partic les, we have 


which gives 


We thus 


and we apply the usual scattering formalism. 
have the formal solution, 


/ 


7 p 


+ $o( Eo) Vi), (2) 


where |@o) and go(/o) are defined by the equations, 


Ho) | go) =9, (3) 


and 


Ho.) go( £0) = I, (4) 


and I is the identity operator 
vector do 


As seen from Eq. (3), 
a free-particle state of 
nucleons and pions with a total energy Eo, and from 
Eq. (4), (Eo) is the free many-particle Green’s 
operator for the parameter / 

For definiteness, we 


the state represents 


can take |@») to represent a 


state of m’ nucleons and p’ pions for which we have 


Eo= E(N,)+-+-+E(Nw)+W(91)+---+W (x,y). 

Thus the probability amplitude for finding a state of n 

nucleons and p pions is given by the scalar product of 

¥) with the subspace describing the system of n 

nucleons and p pions If we use the coordinate basis 

set for this projection, then we find, from Eq. (2), 
Sp Pin’ p 


+r; 


fp £o(Eo)V y), (5) 
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. . ; a, 67 
Onn'O pp’ Tt fon + +@E, 


which is an integral equation to determine |y). 


Ais 
Y\op 


X Bo(r1 


If we confine ourselves to the problem of particle 
produc tion in collisions and annihilations, then Eq. (5) 
becomes 


Wri 


Tasbi° fs 


Xdolri-: t,’ Viv). (6) 
We now introduce a complete set of states in terms of 
the these states are energy eigen- 
functions with additional quantum numbers chosen for 
their 
Representing these states by vy and n for the nucleons 


identity operator ; 


convenience in treating a particular problem. 


and pions, respec tively, from Eq. (6) and using 


E V4 E;\ v, and E Ni Wi! Ni), 


we have 


W(ri--: 


To be precise, we must, of course, define the Green’s 
function properly, but we will take the point of view 
that the primary effect is to impose energy conservation. 


That is, we know 


T ab 2rié I \T ab and 7 ak 


(ba,VWs-). 


Additional factors will occur, but in the actual calcu- 
lations we will work only with ratios for which we may 
assume that these factors balance out. Thus we replace 
the Green’s function by a delta function (Kronecker 
or Dirac, depending on spectra) and write 


Wr Bp) =D rae Epp omy 


. —wy)W(r1° fi 
where'® 


XK dri’ +E, Vip). (8) 
Of course, ¥(v;---n,) is just the scattered wave ampli- 
tude in terms of another complete set. From Eq. (7) 
we have, for the total probability, 

2) 6(Ey— | m= oes — Wy) V(r." **Np) ., 


9 


Pas (9) 


+] 


16 Although not explicitly written out 
considered to include sums over the 


such integrals are always 


various Spin spaces 


AND - LEPORE 

propose an 
approximate method of calculating ¥(---n,). Re- 
writing Eq. (8), we have 


In_ the present development we shall 


This is an overlap integra 
interpret (r;’ 


fashion if we 

We 

nse tha 1 -§,'|Viy 
specifies the conserved dynamical variabl 


-§,'| Vip) as will 
adopt this viewpoint in the se 
3, remember- 
ing that the effect of the interaction operator must also 
included. In order to calculate v Np) we 
approximate the effect of (r;’---&,’| Viy 


Pp 


be 
by assuming 
that the essential features of the problem are given by 
considering only the contributions 
of the 
ourselves to be working in t 
then we will take 


from a small volume 
We will always consider 


he barycentric system, and 


coordinate space 


Gy"G,?V (r; 
= Gy"G,* vi Ti R 7,’ A(R ‘ 


Ep 
x V(r,’ 


Ep )S(N)I(Nx), (11 


, Al , 
(r++ +E, | y 


where Gy and G, are of the 
coupling constants, C is a 
interpretation of the initia 


fiverey 


V(ry',---,Ep), S(N 
mechanical spin, and isot 
tively. We take Gn, G,. 


interaction leading to 


nature of dimensionless 


constant determined by our 


1 


(12) 


and 


I(Nxw) are angular, 


func tions, respec- 
as characterizing the 
0 ) 
vi" Np). 
from the 


mation 


a lV nai state, 


pproxl 


In order to distinguish pl 


form in Eq. (10), we wil 


S(vi: + +p) GurGer f er’ 


Although we represent the effect of the interaction 


7 ee 
SP 
as an initial state, ¥(r,’---£,") can possibly have other 


by the factors Gy and G, and we interpret V(r,’ 


properties that are related to the interaction. From a 


field-theoretic viewpoint, we would expect V itself to 
be composed of particle fields combined to produce 
not unreasonable 
addi ior al 


il 


current terms. It is thus to expect 


S(v1-+-np) to have energy dependence. In 


general, this is unknown, and is suppressed in Eq. (13). 
However, since pions are involved in the process, pion 
field operators should occur in V. We can at least include 


the normalization of this field and write, instead of 
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Eq. (13), 


, 


y . . ase @ ay 7? 4 
S(vi-+ +p) Gy"G,?d'*r; ES Wea) | OF Eee 


Wir’: ° -£,’ 


Xdain*(Ep’) , (14) 
(2w,R- ++ 2wyR)! 


where we include the factor R for dimensional reasons. 
Instead of Eq. (9) we have 


*—wy)|S(¥1°° Hy) |* (15) 


In the above, W(r;’---&,’) has been taken to be a 
step function in the radial coordinates, but this is not 
necessary and other forms could be chosen. However, 
if this model is at all meaningful. the results should be 
practically independent of such variations. In the 
present case involving nucleons and pions, we should 
expect from other considerations. e.g., Fermi model or 
static model, that R should be at most of the order of a 
pion Compton wavelength. If the nucleons are con- 
sidered nonrelativistic, then the free-particle wave 
functions do not have violent changes for r< R, and we 
would not expect the results obtained by using a step 
function to vary appreciably from those resulting from 
another choice. 


B. Relation to the Fermi Model 


Before considering the problem of N—WN annihila- 
tions, we shall show that, with additional restrictions, 
the interaction model essentially reduces to the Fermi 
model. Consider the case where the complete set 
consists of plane waves. Then from Eq (13), we write 


Sap(Ki,---,K,; ki,---,k,) Gyre fer! --Pt, 


, 


exp(—iK,-r,') exp(—ik,-€,’) 
- eee ——_—_—_ \"; ** 


/V VV 


We neglect the possible mechanical and isotopic spin 
dependence of WV(r,'-- -£,') and take an isotropic 
angular distribution. Then from Eq. (11) we have 


W(r,'---&,') C6(R—r,;')---6(R—£,’ 


Sp/s 
where C, determined from Eq. (12), is 
C= ($4R*)— (9) /2, 


Typical integrals are of the form 


ji(BR) 


I(g)= fe exp(—13-0)0(R—p)=4rR° 


BR 


where j;(8R) is the usual spherical Bessel function. 
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Thus, we can write 


hy) =Ge"Gur( 


x 


S(K,- 


(4 R®)"*? 7,(KiR) 


yirtri? KR 
and 
Pap=Gu"*Ge? D 8(Eo— Ey - +e) 
K,k 
(40 R®)"*P3"t? 7P2(KiR) 7*(kpR) 
7 =+ - (16) 
rts (K,R)? (k,R)?, 


with the condition that the momentum values must be 
such that momentum is conserved. 

Now let us impose the condition that the kinetic 
energy available to the particles is small so that K,R1 
and k,R<1 for all i. Using the relation, 


BR-»( BR 
ji (8R } > ° 
3 
we have 
KR-»0 (4xR*)"*? 
>Gy"G,?” > 5(Eo— Ey vaidielanihe — Wy) 
Kk Vrtre 


| p 


Ps 


and the matrix element is independent of the mo- 
menta. Passing to a continuous spectrum and setting 
Gy=G,=1, we obtain Fermi’s result, 


trR'\ "+? 
Pas ( . ) few Pk, 5(Eo— E,— +++ —wy), 
(2x) 


with the additional constraint that momentum be 
conserved. Of course, one could certainly take the point 
of view that in the Fermi model only the product 
$7rG’R® is important. Thus if kR«1, then a two- 
parameter model, the interaction model, reduces to a 
one-parameter model, the Fermi model. 

If we had made the reduction in terms of angular 
momenta, the result would not have been as clear, but 
since we take kR<1, it follows that only S waves will 
contribute, and thus the matrix element is independent 
of the momenta. 

As pointed out in the introduction, in the case of 
N—N annihilation, the Fermi model yields a surpris- 
ingly large value for the interaction radius to give the 
correct pion multiplicity. The above remarks show that 
this is not surprising, for in N—N annihilation, if we 
chose R~1/z, we would have kR~1 to 7, and the 
restriction kRR&<1 would certainly not be satisfied. 
However, it is still possible to use a very crude approxi- 
mation in the case of plane waves to arrive at a rough 
idea of the interaction radius. We notice from Eq. (16) 
that we are summing (or integrating) over a product of 
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similar functions. One should expect that the main 
the sum should occur when 
functions are all near their maximum values, i.e., 
kR~2. Thus we consider the average value of k in a 
given process, k, and estimate R. In N—N annihila- 


contribution to these 


tions, we can write 


where M is the experimental multiplicity. Considering 
the this gives R~0O.7/pu. This 
number the effects of momentum 
conservation or of the wave-function symmetrization, 
timate leads to R~0.9/p. 


relevant quantities, 


does not include 


and a somewhat better « 


Ill. APPLICATION TO NUCLEON-ANTINUCLEON 
ANNIHILATION 


A. Analysis in Terms of Angular Momenta 


In this section we will treat the problem of multiple 


meson production in N—N annihilations. In order to 
is convenient to use as our complete 


the 


energy and angular momenta. Ball and Chew® have 


accomplish this, it 
set of states those which are eigenfunctions of 
shown that only certain partial waves in the N—N 
system annihilate to produce mesons, thus we wish to 
impose the condition that the meson system form only 
these angular momentum states. This is most easily 
done by using angular-momentum eigenfunctions. 


We 


for a 


are interested in the scattered-wave amplitudes 
ystem of p pions (we shall consider A particle 


production later), and from Eq. (14) we have 


S(m **Np} Ga" | dt): it, Py 1)*(é 


*(¢ 


WE... 
| £1 p 
XPaip 


2w,R--+2wpR)* 


} 


Since we wish to use a complete set of angular mo- 


mentum states, we take 


Ib 4 4 

- ' 

lasts ( ) je (Ribs) ¥ 1c)™® (06,60 
D 


where x1°"")(7) is an isotopic-spin wave function, and D 


is the radius of the normalization volume. Thus we 


write 


AND | 


For the probability 


ELE | hidks---kyeae, 
l m 8 


xK5(F Np 


Thus, in 
of p pions, it is nece ry 
However, before proceeding 


order to deter ine the prob bi 
the O (m Np)- 
calculation, we 


ty for a state 
to determine 

that 
must first recognize that the pions are and 
symmetrize the wave functions. We accomplish this 
approximately in the u vay by just including the 
normalization factor. Using Eqs. (17) 18), we find 


(91° ° *Np) =G,e’ 
p! 


1 
bo ons 


and 


IT ju 


1 


where J, is the numl particular state, 
(klm8), occurs. This approximation has the effect of 
neglecting possible cross terms in |.S’|?, but again since 
we will always work with ratios we may assume that 
this effect is small. 


Now consider V(¢ =»). From 11) we have 


W(E,---&,)=CO(R 


-E,)I (wr), (11’) 


where Y (£,---é,) giv ir dependence and is 
thus a superposition of angular mon 


Thus, let us write, 


entum states 


(21) 


$1 Sf 


y,™ itp) (21 f.) is an eigenfunction of 
701 i(p sums over 
angular momenta leading to an angular mo- 
We « the usual 


W he re 
Pi 2 


possible 


and }>-/ signifies 


vv 


mentum J. form VY y™ 5.1)...5¢p) in 


way as 


y,;™ 


p(1) eee 
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Equations (21), (22), and (23) allow us to express the 
amount of various partial waves in the N—N system 
contributing to the annihilation, the possible values of 
the pion angular momenta, and their m-value contri- 
butions. We write the isotopic spin part in an analogous 
way and obtain, after the angular and isotopic-spin 


integration, 
TV.) \! 
S'(m-- Np) c( ) Frayer (hip 
p: 


© \ \ 
K (day Ag i)... 
JM 


X(JI,M 3 hi: 


x( > 


| ae ie 


byl 


Mis: 


where we have set 


G, 


[sca Ii 1 (RE )O(R — §;) 


Thus, from Eqs. (19) and (24), we find 


I~ P 
P, c( ) feeds kpdty 8B er 
us 


<>: 
IMI 


(2w;R)! 


> 
I 
K | Agi)... 
I],(4,!) 
x 
p: 
where we have used the relation, 
> (JM yly- + -Lplli- + Lym: ++ my) 


xX (I',M’ hy +l, l,-+-Lymy,---my) =byy ou. 

At large distances we take the N—N system to be a 
plane wave; thus only M=O values will contribute. 
Further, since we consider an averaging over the V—N 
states, we consider the A and B terms to be independent 
of the various variables and set them equal to one. 
Finally, we impose the results of the calculations of 
Ball and Chew and take a, and b; to be one or zero 
corresponding to whether a given N—N state, (J,/), 
will or will not annihilate. The initial charge state, of 
course, determines 7,. Because of the normalization of 
the angular functions, we take C?= (R*/3)~”, and thus 
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from Eq. (26) we have 


P, 6/aR)? | kitdky---ky%dky 8(Eo— way ---—w) 


IT,(4,!) 
p! 


, oJ 
~ 
IT i) ip) 


x Fig tp) (Ri* + *Ry)[?, (27) 


> 
J 


where }>’y, means the sum over the states (J,/) 
leading to annihilations. 

This can more convenient form 
by considering summations of the /(1)---l(p) on 
F 1)..-u¢p) (Ri * * Rp) in Eq. (27). Since the integrals are 
independent (except for the energy delta function) and 
we integrate over all the momenta, we see that F is 
invariant under such permutations. Thus for a partic- 
ular selection of the J, , lp, which we shall call the 
{i,---l,}, F gives the same contribution. Since 
there are p!/P,(N,!) possible permutations, we have 


be cast into a 


set 


a 


and thus arrive at 
P,= (6 rR) [by dk,---k,*dk, 6(Eo—w 


xz, 
J. 


I 


B. Calculation of the Probabilities 


In order to calculate the probabilities, it is con- 
venient to investigate the properties of the quantities 
Fi, 1)+««] yp) (Ra: ° ‘ky ° 


know 


From the previous section we 


G,? ‘ 
[cea 
(2wR- ++ 2wpR)? J, 


DP 


xf fp dg, Jia 


X Jup k yf p)0 R—§, ++ -O(R—§,), 


Fira eee 


(kik, 


(25’) 
and thus we have products of integrals of the form 
1 pee 
2 ,. (i ( ‘ ‘ 
a} Pe jun (pap 
K ii) (RR) 
k? 


“ 


J Efdé; jue (heE)0(R— &) = 


(29) 


The quantities Kyo(k:R) have been plotted in Fig. 1 
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the condition 
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Howeve r, we notice 
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f dz H, i xp! 
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ph 


and thus, from Eq 











Ki (kR vs kR for l 0, 1, 3 
where A,(uR 


, ; under the curve 
for /=0, 1, 2. From Eqs. (28) and (29), we can write take 


Hi(uR)=may a 
Py=(0/" RG? fd kik which occurs for z=z,’. Thus H,(uR), 2:'(u¢R), and 


a,(uR) are determined, and ;R) is represented by 


" . <j f 5 gk hoy 1 t his ) ’ i , 
x fi k,R)5(EyR—aR a Gaussian forms. To show that this approximation 1s 


not a bad one, we have plotted the appropriate Gaussian 
Kis)? (AiR) up) (Re for /=0 and /=3 in Fig. 2(a) as dashed curves 
LSS J 
1 sets 2w,R(R,R)* 


This becomes," alter introduction of the 
27> k?7R*+ p?R’, 

Sy 

om 


(6 w)’G,2” >, 
J 


where 


Lic (ti; aR 
2[ 2,?—u?R? |! 

In Figs. 2(a) and 2(b) we have plotted A;,(z; uR) for 
R=1/u and R=1/2y, respectively, for various values 
of 1. 

Although it is possible to perform the integraticns in 
Eq. (30) explicitly, it is more convenient to approximate 
the functions A i)(2;; 4R) by Gaussians. Thus, let us 


take 











1, 2; pR H, exp{ [ g at a, F}, 


where H)(uR), 2,'(uR), an Lj are constants 

Fic. 2. (a) Ar(z,1) vs s for /= l nd 3 (solid curve) with 
Again, since we will wor \ rati ’ have dropped a comparison to Gaussian appr mati for [=0 and 3 (dashed 
factor of R curve). (b) A;(z,4) vs 2 for 


‘ 
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From Eqs. (30) and (32) we thus write 
P,= (6 r)?(G,")? >’ 37 T(EoRwR;l,--- 
JI sets 


where 


T( FoR, wR; li + -l,) 


j 


a ss 
f dsy-+ f dz, 6(EoR—2\— ---—z») 
R R 


‘ : p (s,—3;,’) )" 
IT A: » er =| | | 
wl a; 


This integral can be well approximated (see Appendix) 
and gives 
Ai uR)-+-Arp) (uR) 
T(EoR wR ; 1,- + -1,) 
VV 


Yor 


Table I lists the appropriate quantities for R 
1/2y. 

The value of /(£oR,ywR;1,---1,) was calculated on 
the IBM-650 computer for various values of J for 
R=1/(3y), 3/(4u), and 1/y. Further, these 
calculations were done for an incident antiproton with 
a laboratory kinetic energy of 200 Mev, and all following 
results are for this energy. 


RE,—2,'—-+--—2, 
exp} — 3 
| a+---+a,? 


1/u and 


1/(2y), 


To arrive at the probabilities, we must impose the 
various conservation laws. For a given J and 7 of the 
system, only certain sets of / values are allowed, these 
1 values being determined by the selection rules. The 


raswe I. Parameters for the Gaussian approximation 


R=1 u 
Hy(1) 


0.0533 
0.0277 
0.0170 
0.0130 
0.0090 
0.0063 
0.0046 
0.0037 
0.0035 
0.0035 


R=1 
H,(1/2 


0.0533 
0.0277 
0.0170 
0.0130 
0.0090 
0.0063 
0.0046 
0.0037 
0.0035 
0.0035 


A,(1) 


0.0939 
0.0706 
0.0520 
0.0403 
0.0320 
0.0258 
0.0225 
0.0210 
0.0205 
0.0205 


a;(1) 


0.992 
1.438 
1.725 
1.750 
2.007 
2.310 
2.753 
3.205 
3.302 


A,(1/2) 


0.1030 
0.0746 
0.0550 
0.0420 
0.0325 
0.0258 
0.0225 
0.0210 
0.0205 
0.0205 
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TABLE II. Table of selection rules.* 


S , s5;' 
® “P,° 
D dD, 
§ 2s) 
P 1p,e 
D WD)" 


éP;! YP? 


YDS DP ?D/ 
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*P;' 2 
YD? 


/D? YWDs 


* The notation employed for ;°Ly7 is as mwws: S 
oO spin state; J l 
J, the total angular 
gona! te are rer 
s t ribute 


tmhentull ‘ 


spin state; 


whital a the trans 


4 


selection rules have been discussed by many authors!?:'8 
and are given in Table II. Further, as pointed out 
earlier, Ball and Chew have shown that not all combi- 
nations and values of J and J will contribute to the 
annihilation. In Table II only those states with a 
transmission coefficient of one will contribute. Using 
the results from the IBM 650 and the selection rules 
as modified by Ball and Chew, we can now calculate 
the probabilities. How the 
de pe nd on the initial .\ 


will 
-N state. The following results 


states are selected 
are for the case of p— 7p annihilations. The probabilities 
are given in Table III for the cases when R=1/(2y), 
3/(4yu), and 1/y, where G, is adjusted to give a multi- 
plicity of 4.90. 

At this point no mention of momentum conservation 
has been made, but the quantities in Table III include 
it in an approximate way. Fermi has calculated the 
statistical weight for m outgoing particles without 
momentum conservation, and Lepore and Stuart have 
calculated the same quantity with momentum conser- 
Call Sar and § respectively. By 
including momentum conservation, the possible final 


vation."® these 


aL8, 
restricted, and this, of course, leads to a 
of the the 


statistical weights have little meaning in themselves, 


States are 


reduction statistical weight. Although 


their ratio, Sars/S,r, should give the fractional reduc- 
rape III]. Probabilities for finding a certain number, p, of pions. 


Py, R=1/ (Qu Py, R=3/(4yu P,, R=1/p 
0.024 
0.151 
0.200 
0.220 
0.174 
0.091 
0.046 
0.018 


0.008 


0016 
0.221 
0.213 
0.208 
0.179 
0.100 
0.046 
0.014 
0.004 


0.014 
0.236 
0.190 
0.235 
0.144 
0.104 
0.055 
0.017 
0.005 


IO Ue Ww 


Oo < 


17 Charles Goebel, Phys. Rev. 103, 258 

*T. D. Lee and C. N. Yang, Nuovo cimento 3, 749 (1956). 

J. Lepore and R. N. Stuart, Phys. Rev. 94, 1724 (1954); 
see also Richard H. Milburn, Revs. Modern Phys. 27, 1 (1955) 


1956 
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vs G* for constant R values 


| 
al 


tion of the statisti weight in an absolute sense. 
Since the probabilitic 5 are proportional to the statistical 
weights, this ratio should give a good approximate 
evaluation of the reduction of the probability ratios. 
Even though the Fermi model is not as general as the 
present model, the fractional reduction produced should 
be compatible with the spirit of the present calculation. 

In order to calculate this fractional reduction, it is 
convenient to use the explicit formulas of Lepore and 
Stuart which apply only to extremely relativistic 
particles. Of course, in the case of annihilation, all of 
the pions are not relativistic, but on the other hand, 
the effect is most pronounced for small numbers of 
pions, in which case the particles are at least relativistic. 
Further for larger multiplicities, the probabilities are 
small and do not greatly influence the value of the 
multipli¢ ity. The explic it formulas are 

op 


jn—1)! 


in 


r 


ime 


Q"—'(4n 
Onl 8 


In-—290in—4/(9 ! 


nr 2n—1)!(2n—2)!(3n— 


According to the previous remarks, we write, 


and the probability for 


P,* P,." 
finding m particles with and without including mo- 


where represent 


mentum conservation, respectively. It is convenient to 
work with 


where 


AND ]. 


We find 


C. Multiplicity 


lepend on two 


III have been 
n order for the 
it should satisfy 
of p—p annihila- 


As seen in Sec. 


IIIB, the probal 
parameters, R and G, which 
adjusted to give a multiplicity of 

model to have any physical meanin; 
at least two sets of data. In th 


tion, these two sets are taken to be the pion multiplicity 
and energy spectra 
The total pion multiplicity, 


Fs 


M(G,R)= Don / 
P ‘ 


where VN is the t} 


at can be 
/ In Fig. 3 
ire give! by plotting the 
stant R. 


annihilation events 


maximum number of pior 


produced compatible with the energy, ’ 


the results of the calculations 
multiplicity against G 


Sink e only cl arge d 


for curves of col 
are measured 
experimentally, it i to give probabilities for 
various numbers of prongs and for the charged, M+, 
M°®, mu tiplicity a well as the total 

results for the 
1 Qu P where G is 
gives the proba- 
resulting 
number of 


of interest 


and uncharged, 
multiplicity. In Table IV we give the 
case when M=4.9 with R=1 
adjusted appropriately. Table 
bility of finding a given nun 


ia 


IVA 


ber of prongs 


1 


from an annihilation with a certain total 
final particles, n. Table IV B gives the 
weighted to give the probability of finding a certain 
total number of particles. At the of 
Table IV B, the probabilities for finding a 
particular number of prongs. The probabilities given 
for various numbers of prongs are 
the present experimental results, although the two- 


same probability 


final bottom 


bj 


we find I D1 
in agreement with 
prong annihilation events seem to be somewhat high. 
The fractions of 
particular mode 
fractions lead to the final 


for R=1 


resulting from 
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are given in Table These 
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This is in agreement with the present experimental 
results. Given the total f 
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TABLE IV. Probabilities for various prong multiplicities 
Table IV A.* Probabilities for given numbers of prongs for a total of » final particles 
0 2 4 8 10 


0.167 0.833 0 0 0 
0.100 0.900 0 0 0 
0.033 0.567 0.406 0 0 
0.014 0.338 0.648 0 0 
0.005 0.176 0.635 8 0 0 
0.002 0.086 0.503 0 0 
0 0.10 0.10 7 0.10 0 
0 0 0.05 4 0.450 0 
0 0 0 2 0.0€ 0.20 


= 


COON OU eS wr 


able IV B. Probability for given numbers of prongs for a total of » particles, weighted according to the probabilities of m. 


R=1/(2y) R=1/y 
0 2 4 6 8 0 2 4 8 10 


0.004 0.020 0 0 0 0.002 0.012 0 0 0 
0.015 0.136 0 0 0 0.024 0.212 0 0 0 
0.009 0.147 0.104 0 0 0.006 0.108 0.076 0 0 
0.003 0.074 0.143 0 0 0.003 0.079 0.152 0 0 
0.001 0.031 0.110 0.032 0 0.001 0.025 0.091 0 0 
0 0.008 0.046 0.037 0 0 0.009 0.052 . 0 0 
0 0.005 0.005 0.032 0.005 0 0.006 0.006 0.006 0 
0 0 0.001 0.009 0.008 0 0 6.001 0.009 0.007 0 
0 0 0 0.001 0.005 0 0 0 0.001 0.003 0.001 


0.032 0.421 0.409 0.111 0.018 0.001 0.036 0.451 0.378 0.116 0.016 0,001 


- 
SOA Une Wh = 


—E =e - 


Table IV C. Fractions of charged particles from particular modes 


R=1/ (2p) R=1 
0 2 4 6 2 4 


0 0.020 0 0 0.012 0 0 
0 0.091 0 0 0.141 0 0 
0 0.074 0.104 0 0.054 0.076 0 
0 0.030 0.115 0 0.032 0.122 0 
0 0.010 0.073 0.032 0.008 0.0600 0 
0 0.002 0.026 0.032 0.003 0.030 0 
0 0.001 0.003 0.024 0.002 0.003 0 
0 0 0 0.006 0.008 0 0.006 7 0 
0 0 0 0.001 0.004 0.001 0 0 0 


lotal 0 0.228 0.321 0.095 0.017 0.001 0.291 0.097 0.015 0 


Table IV D. Fractions of charged particles contributed by modes spectra can also be described, and leads to definite 
with given values » of total numbers of final particles. 


n R=1/(2y) R=1/y 


0.030 0.018 
0.138 0.216 p! 
oa + P,(EoR wR ; 2:)dt;= (6/n)"G2? —— 

2 236 - Ps 
0.174 0.144 ya w---to) TT, Ny! 
0.091 0.107 : 

0.050 0.060 & Atay (21; wR)I(EoR—2,uR; le: ly) da. (35) 
0.021 0.020 
0.009 0 


values of G and R. 
The energy distribution of the pions is 


SOU eS wh 


We have seen from Fig. 2 that A 1) (2:; wR) is effectively 
. xce = ive »-710N * Sasi approxi i 
a Fe eRe eae zero except 1n a given region, thus as an ipproximation 
nia, Berkeley, for supplying these numbers. Those for » =8, 9, we take 


10 are estimates 


I (EoR—-21, wR; le: - -1p)—~I (EoR—21', wR; ba: - ly). 

probabilities given in Sec. IIIB, where a small difference 
is observed. This allows us to calculate these quantities on the IBM- 
650 computer in exactly the same way as was done for 
the actual probabilities. In this case we obtain the 

We have seen in Sec. IIIC that it is possible to fit energy spectra as a superposition of the energy depend- 
the experimental data for the pion multiplicity by an ences of the various angular momentum functions. The 
appropriate choice of both G and R. In this section we coefficients are determined primarily by the values of 
shall show that the data available on the energy the J(£oR—z;',uR;1,---l,) and by the fact that we 


D. Energy Spectra 
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Fic. 4. Energy spectra as functions of the barycentric pion 
kinetic energy for R=1/y, 3/(4u), 1/(2u), with G values chosen 
to give a multiplicity of 4.9 


have 


P,(EoR; wR) { P,(EoR,uR ; 2;)d2. 


“eR 


The resulting kinetic-energy distributions, P(/oR, 
uR;w), are plotted in Fig. 4 for R=1/(2u), 3/(4y), 
and 1/u. The calculations become quite tedious for 
R>3/(4y) and the curve for R=1/y is estimated by 
assuming that the increase in higher angular momen- 
tum states is linear. Although this is not correct, the 
curve for R=1/y should not be too different from that 
calculated explicitly. For the total spectra, the actual 
contributions are 


P(Eo/2p,} ; w)dw 


7.59A o(w; $)+2.29A1(w; 4) 
) 
Qu 


+0.27Ao(w; 4)+0.01A3(w; 
P(3Eo/4p,2 ; w)dw : 


, ) \dw, 


3 
[5.58A o(w; 3) T 4.16A(w; 2)+2.14A2(u; 2) 
4u 
+0.69A 3(w; 3) +0.11A4(w; 2) |da, 
and 


1 
P(Eo/u,1; w)dw=—[4.41 A o(w; 1) +5.23A,(w; 1) 
bb 


+3.22A o(w; 1)4+1.09A3(w; 1)4+0.17A4(w; 1) ldo, 
which are normalized asf P(FoRwR; w)dw= 1. 

These distributions are to be compared with the 
recent experimental data of Horwitz et al.” Agnew 
el al., and Chamberlain et al.° in Fig. 5. Although the 
experimental data have a range in incident energy of 
from 0 to 500 Mev, the fractional change in the total 
energy in the barycentric system is small, and it is 


* N. Horwitz, D. Miller, J. Murray, and R. Tripp, Phys. Rev 
115, 472 (1959) 

"L. E. Agnew, Jr., T. Elioff, W. B. Fowler, R. L. Lander, 
W. M. Powell, E. Segré, H. M. Steiner, H. S. White, C. Wiegand, 
and T. Ypsilantis, Phys. Rev. 118, 1371 (1960). 


AND J. 


LEPORE 


reasonable to compare our calculations with their data. 
It should be pointed out that the data presented are 
the charged-pion spectra, while the curves in Fig. 4 are 
for both charged and uncharged pions. However, as 
mentioned in Sec. ITIC, the probabilities for charged 
and uncharged pions do not differ appreciably, and thus, 
within the framework of the present model, we can 
expect their spectra to be essentially the same. The 
data of Chamberlain ef al. include only 4- and 6-prong 
events, but the effect of the 2-prong events should be 
small, just raising slightly the intermediate section of 
the histogram (300 to 600 Mev). The comparison shows 
that the results of the choice R=1/y give a good 
representation of the data, particularly for those of 
Chamberlain ef al., where the statistics are best. 

It is interesting to note, however, that the character- 
istic feature of the lower energy data is found in the 
height of the distribution at the most probable kinetic 
energy 175 Mev. If this has statistical significance, it 
can possibly be related to the selection rules in the 
angular momentum states. It has been pointed out that 
for annihilations at rest the angular 
momentum states contributing are S or P.™ Thus we 
should expect a relative increase in S- and P-state 
pions which will have the effect in the theoretical 
curves of raising the maximum reducing the 


predominant 


while 
intermediate and tail regions. 


IV. CONCLUSIONS 


As pointed out in the introduction, the nucleon- 
antinucleon interaction shows two primary effects, viz., 
an “anomalously” large total cross section and pion 
multiplicity. However, the data on the total and elastic 
cross sections can be understood, as shown by the work 
of Ball and Chew,® in the 
nucleon-nucleon interaction in the energy range where 
the use of the WKB approximation is justified. The 
present paper shows that it is also possible to under- 
stand the data available pion multi- 
plicity as well as the data concerning the energy spectra 
of the emitted pions, while still maintaining that the 
interaction takes place in a volume characterized by a 
radius of one pion Compton wavelength. This is 
accomplished by making two physical assumptions. 
The first of these is that only those partial waves with 
a transmission coefficient of one, as obtained from the 
results of the Ball and Chew, will 
contribute to the production of pions. This has the 
effect of restricting the number of possible initial states 
as seen in Table II. The other consists of including, 
in an approximate way, the momentum dependence of 
the matrix annihilation 
reaction. This momentum dependence strongly influ- 
ences the probability of finding a particular number of 


much the same way as 


conce rning the 


calculations of 


elements involved in the 
pions with assigned values of the angular momentum, 


2T. B. Day, G 
61 (1959). 


A. Snow, and J. Sucl *hys. Rev. Letters 3, 
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Fic. 5. (a) Spectral data of Horwitz et al™; 6 events at an 
average incident energy of 50 Mev and 75 events at rest. (b) 
Spectral data of Agnew et al; 100 events at an average incident 
energy of 80 Mev and 30 events at rest. (c) Four- and six-prong 
spectral data of Chamberlain ef al.5; 450 events at an average 
incident energy of 450 Mev and essentially no events at rest 


and thus is the essential feature in obtaining the 
theoretical energy spectra. 

In connection with these remarks it is of some 
interest to estimate the relative importance of these two 
physical characteristics, viz., the matrix element is 
momentum-dependent, and only certain partial waves 
are annihilated. If we ignore the momentum depend- 
ence, thert in accordance with the remarks in Sec. II 
we have a one-parameter model with an effective 
volume of 2(R,G)=G*(4xR*). However, using the 
curves in Fig. 3, we see that this effective volume 
varies ; in fact, to produce a multiplicity of 4.9, we have 
for Q(R,G) 


2(1/p,6) = 65, 
02(3/4y,8) = 4.2Q, 


0Q(1/2y,12) = 1.35, 
02(1/34,19)=0.4b, 


where 246= $x(1/y)*. It seems reasonable to assume that 
these differences are primarily due to the restrictions 
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on the annihilating partial waves, since the momentum 
dependence has been removed. However, using the 
Fermi model to give a multiplicity of approximately 
five, we must have Q2Q~ 100». Because we have taken 
into account approximately the effect of the partial 
waves, it appears that the discrepancy between 100 
and the figures given above is due to the inclusion of 
the momentum dependence of the matrix element. 
Therefore, we see that for R~1/y the two physical 
characteristics both produce about the same effect, i.e., 
to reduce the effective volume, but for R<3/(4y) the 
restrictions on the annihilating partial waves become 
the predominant feature. 

There remain two problems in meson-producing 
annihilations which should be investigated. Recently, 
measurements have been made on the angular corre- 
lation of the pions; in particular, the angles between 
the emitted pions have been measured in two charge 
combinations.”* On_ the momentum conser- 
vation, it is possible to obtain the angular distribution 
of these angles, neglecting the charges. In the pairing 
by unlike charges one finds approximate agreement 
with the theoretical curves, but for the like charges a 
marked disagreement appears. It has been suggested 
that this phenomena may be the result of a final-state 
pion-pion interaction, but it has also been pointed out 
that the effect of the Bose statistics should not be 
overlooked. This question is being investigated in order 
to determine whether or not there is evidence for a r— 
interaction. Our calculations do not include such an 
effect, but one should expect that even a final-state 
interaction would not change the results in Sec. III in 
an essential way since the correlation functions given 
by Kalogeropoulos™ are not very different for the two 
charge combinations. 

The second problem to be investigated is that of 
strange-particle production. The present experimental 
data show that approximately 5% of the annihilations 
involve K particles, this factor depending slightly on 
the incident energy. Although the interaction model 
can treat K-particle production, the results would not 
be definitive and have not been treated in this paper. 
At present, essentially no information is available 
concerning the energy spectra of pions produced with 
K particles in annihilation. Thus we have only one 
piece of data to fit two parameters. if it were possible 
to relate the coupling strength, G, to the various 
coupling constants in field theory, then it would be 
possible to estimate the effect on the basis of present 
data. For example, if one were to assume some relation 
between the G values and the field-theory coupling 
constants, and that the form of the r—N and K—N 
interactions were the same, then Gx would be approxi- 

%(G. Goldhaber, W. B. Fowler, S. Goldhaber, T. F. Hoang, 
T. E. Kalogeropoulos, and W. M. Powell, Phys. Rev. Letters 3, 
181 (1959) 

* Theordore Kalogeropoulos, thesis, University of California 


Radiation Laboratory Report UCRL-8677, March 6, 1959 
(unpublished) 


basis of 
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mately known, and the radius for K-particle production 
would then be chosen to agree with the experimental 
data. 

As indicated in Sec. II, the present model can be 
used to treat any production problem, and it may be of 
some interest to examine the data available on pion 


AND J 


EPORE 


the same parameters would satisfy the N—N data as 


have satisfied the N—WN data 
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which is the desired result. 
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Remarks on Schridinger’s Model of de Sitter Space 


W. RINDLER 
Department of Mathematics, Cornell University, Ithaca, New York 
(Received June 6, 1960) 


Schrédinger in his book “Expanding Universes” developed a “reduced model” of de Sitter space-time 
consisting of a certain hyperboloid of one sheet. He showed, inter alia, that timelike sections of the hyper 
boloid by planes through its center correspond to free paths in de Sitter space-time. The main purpose of the 
present note is to show that timelike sections by arbitrary planes correspond to paths of uniformly acceler- 
ated particles, and then to deduce some simple properties of such paths. What is here called Schrédinger’s 
model seems to have been first proposed by H. Wey] in Physik. Z. 24, 230 (1923) and was further discussed 
by H. P. Robertson in Phil. Mag. 5, 835 (1928) and Revs. Modern Phys. 5, 62 (1933). Schrédinger’s dis 


cussion, however, is the fullest. 


I a recent paper! (hereafter referred to as paper I) 
I showed that a timelike world-line of constant 
curvature and zero torsion vector in a general space- 
time represents the analogue of “hyperbolic” motion 
in flat space-time and thus belongs to a “‘uniformly 
accelerated” particle; if the curvature of the world-line 
is ta the proper acceleration of the particle is a; and as 
a tends to zero or infinity such a path becomes a geodesic, 
non-null or null, respectively. In de Sitter space-time 
referred to the usual metric 


dst= — 2" F{ d+ (de+sin2@d¢?)}+df, (1) 


where R is the reciprocal of Hubble’s constant, the 
world-line of any particle moving in a purely radial 
direction (6,.@= constant) automatically has zero torsion 
vector and will correspond to a uniformly accelerated 
particle if it has constant curvature. Schrédinger® has 
described a useful realization (or model) of a subspace 
$ of (1) corresponding to 6,.6=constant. This consists 
of a certain hyperboloid on which is defined a certain 
metric. Schrédinger showed that all timelike sections of 
the hyperboloid by planes through its center represent 
free paths in de Sitter space-time and that the generators 
represent light-paths. The main purpose of this note is 
to show that timelike sections by arbitrary planes repre- 
sent paths of uniformly accelerated particles, and then 
to deduce some simple properties of such paths. 

Following Schrédinger, we construct in ordinary 
Euclidean 3-space the hyperboloid 


a?+-y?—2?= R?, (2) 


(see Fig. 1) which we shall call H. Onto H we now map 
the space $ by the transformation 


(3) 


Although this mapping has many pleasant properties, 
visible symmetry is not one of them. Thus, for example, 


!W. Rindler, Phys. Rev. 119, 2082 (1960). 
* E. Schrédinger, Expanding Universes (Cambridge University 
Press, Cambridge, England, 1956), Chap. I. 


the contemporary spaces !=constant correspond, by 
(3) (ii), to the (parabolic) sections of 5C by the planes 


y+z=Re'/*® (t=constant). 


(See Figs. 1 and 2.) Hence one half of #, namely that 
lying above the plane y+2=0, suffices for the mapping 
of all the events of 8. (This suggests the so-called elliptic 
map in which antipodes of % are identified.) Another 
asymmetry: only one of the meridian hyperbolae, 
namely the section of % by the plane x=0, corresponds 
to the world-line of a fundamental particle, in this case 
the origin-particle with r= 0. The world-line of a general 
fundamental particle characterized by r= constant cor- 
responds, by (3)(i), to the section of by the plane 


Rx—r(y+2)=0 (r=constant). 


Each such plane contains the line x=0= y+-<z, and con- 
sequently intersects 3 in a hyperbola with center at the 
origin. The projection of this hyperbola on to the (x,y) 
plane (see Figs. 3 and 4) is evidently another hyperbola 
with center at the origin. Its vertex lies on the waist- 
circle x*+-y’= R? and it is easily found that its asymp- 
totes are the lines 

x=0, x=ytan2x (tanxy=r/R). (4) 
It may be noted that the x coordinate in % has a simple 
physical significance: it corresponds to the proper dis- 
tance / from the origin-particle r=0. This follows at 
once from (3) since /=re‘/*®,* 


Fic. 1. This figure shows 
K from the positive x direc 
tion, with some level curves 
of z, and 45° plane sections 
corresponding to contempo 
rary spaces 














+ See reference (1), formula (42) 
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Fic. 2. This figure is a 
projection of the same con- 
figuration onto the (x,y) 
plane 


The most important feature of Schrédinger’s model, 
however, is the simple representation of interval. By a 
straightforward calculation it can be verified that the 
substitution (3), restricted by Eq. (2), transforms the 
metric of S$ [namely metric (1) with d@=d¢@ 
follows: 


0 | as 


-ds?*=d¥* dx*+dy" dz’. (9) 


We have here defined a quantity d™* which will be of 
use below. Evidently we can eliminate dz? from (5) by 
means of (2), and thus we obtain 


(xdx-+ ydy 


R?—x2— y? 


ds? d * dx? +dy’+ 


But 
induced on a sphere 


this is formally identical with the line element 


by the metric 


ds? dx? + dy" + dz" 


of the embedding Euclidean 3-space. Consequently the 
surface 3K, structured by the “‘distance”’ d5 as in (5) and 
(6), is formally isometric with the ordinary sphere (7) 
structured by ordinary distance. We say “formally” 
isometric, the ranges of the coordinates are 
mutually exclusive: for real points on the sphere, 

v| and |y| are <R while on K they are 2R. 

We are now in a position to prove the following 
theorem: any section of 5 by a plane 


since 


ax+by+cz d (9) 


represents a uniformly accelerated particle moving with 


Fic. 3. This figure shows 
the projections of the funda- 
mental particle paths 





constant proper acceleration a@ in de Sitter space-time, 
where 


n 


R(R?-9r 


(10) 


[If a is real and nonzero the corresponding world-line is 
timelike and represents a real particle; if a is imaginary 
the corresponding world-line is spacelike and represents 
no real particle; if a is indeterminate (7=0/0 or n= R) 
the world-line is null and represents a photon; and if a 
is zero the world-line is either a spacelike or a timelike 
geodesic and represents a real particle only in the latter 
case. | 

We could, of course, prove this theorem by direct 
computation. But it is both simpler and more illuminat- 
ing to make use of the isometric sphere. Clearly any 
plane (9) cuts the sphere (7) in a real or imaginary circle. 
If it is real, it follows from simple geometry that such a 
circle (and only such a circle 
geodesic curvature‘ on the sphere, and that this curva- 


is a line of constant 


Fic. 4 
the projection 


This figure shows 
yVO’ of the 
path of a fundamental parti 
cle, the projection PP’ of 
the path of a uniformly ac 

celerated particle, and the 
projection QQ’ of the path 
of a photon, all meeting in 
the infinite future. 





ture is, in fact, given by 


K, -_ (11) 
R(R 2)4 


If the circle is imaginary, an analytic calculation must 
formally yield the same result also. The parametric 
using 2 as a parameter,° 
and (9); let us them 


equations of any such circle, 


can be found from (7 write 


formally as 
g(z; a,b,c,d). 12) 


The geodesic curvature of (12) could be calculated 
directly by use of the line element (6). But we already 
know the of this calculation: it is (11). Now 


if we set 


result 


13 


*D. J. Struik, Classical Differential Geometry 
Publishing Company, I Reading 
4-1. Equation (11 simply p 
projec tion onto the tanger 
curve 

5 If the circle is parallel t« 
parameter and apply the 


Addison Wesley 
Massachusetts, 1950), Sec 
y interpreting A, as the 
curvature vector of the 


Is mos 


we can use an arbitrary 
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the intersection of (2) and (9) has the same equation in 
2, a, b, Z, d, as the intersection of (7) and (9) has in 
z, a, b, c, d. Consequently its parametric equations are 


a= f(%;a,b,7,d), y=g(Z; a.b,2,d), (14) 


and its geodesic curvature could now be computed from 
the same line element (6) as that of (12). Evidently the 
two computations would be formally identical, and so 
for the result we need merely set 2, Z, for z, ¢ in (11) 
(actually z does not occur). Thus we find that the 
geodesic curvature of the curve (14) relative to the 
metric d§* of (6) is given by 
n ld 


K,=- : (15) 
R(R?—7?’)! 


 (@+h—2)t 
Our theorem will now follow from the remark that 
introduced this paper, provided we can demonstrate 
the following two facts: (i) if K, is evaluated relative to 
a metric d3* instead of ds*= --d¥* we obtain the same 
numerical value multiplied by 7; (ii) a curve having 
constant geodesic curvature K, in § corresponds to a 
curve having the same constant curvature « in the full 
de Sitter space-time. The general expression for K, on 
a 2-surface is® 


d*x* dx* dx” d?x! dx* dx* 
K “Bul +I .o*— )( +T 4’ - ), (16) 
2 


ds ds ds ds* ‘ ds ds 
the suffixes taking values 1 and 2 only. Since the 
Christoffel symbols [',,* remain unchanged when we 
replace gi; by —gi;, each of the three factors in (16) 
becomes minus the function of i5 that it was of s, and 
(i) follows. The formula for the curvature « of a curve 
x'=x'(s) (17) 
in full de Sitter space-time is given’ by an expression 
formally identical with the right member of (16), 
except that the suffixes now range from 1 to 4. For a 
curve in the subspace 8, two of the four equations (17) 
reduce to #= constant, @¢= constant, and it is easily seen 
that those Christoffel symbols having no suffix corre- 
sponding to 6 or @ below, have none above ; consequently 
all suffixes are summed only over the remaining two 
values, and (ii) follows. This completes the proof of our 
main theorem; we proceed to prove the statements in 
the bracket following the theorem. 

Sections of by planes subtending an angle <45° 
with the horizontal [i.e., with the (x,y) plane] are 
ellipses. They cannot contain a line element subtending 
an angle 2 45° with the horizontal and are consequently 
spacelike (ds?<0). Such sections are characterized by 
a?+—?<0 and thus make a imaginary (or zero if the 
plane contains the origin). Sections by planes subtending 


*J. L. Synge and A. Schild, Tensor Calculus (University of 
Toronto Press, Toronto, Canada, 1949), Sec. 5.223 
7 See reference (6), Sec. 2.704. 
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an angle of 45° with the horizontal are parabolae, except 
those by planes through the origin which are pairs of 
parallel generators. The former are evidently spacelike 
and make a imaginary [in fact, Eq. (10) givesa=i/R], 
while the latter are null and make », and consequently 
a, indeterminate. Sections by planes subtending an angle 
>45° with the horizontal are hyperbolae whose asymp- 
totes are inclined at exactly 45° to the horizontal, as can 
be seen by a simple projective argument. These sections 
fall into two main classes, according as to whether (i) 
the real axis or (ii) the conjugate axis is horizontal. It is 
clear that sections of class (i) are timelike (ds*>0) since 
their slope everywhere exceeds that of their asymptotes, 
while sections of class (ii) are spacelike since their slope 
is everywhere less than that of their asymptotes. Class 
(i) is characterized by 9° < R’, class (ii) by 9?> R?, and 
these classes are separated by the class (iii) of sections 
by tangent planes, which have 7’= R® and consist of a 
pair of generators which are null. Consequently, by (10), 
class (i) hasa@ real and nonzero, class (ii) has a imaginary 
and class (iii) has @ indeterminate. Since we have 
Schrédinger’s result that all sections of by planes 
through the origin represent geodesic world-lines and 
that the generators of K represent light-paths, all state- 
ments in the bracket have now been established. 

Not all uniformly accelerated motions in de Sitter 
space-time are purely radial, even if we allow the origin- 
particle to be chosen arbitrarily.* Thus, although the 
model 5 is sufficient for the description of the most 
general ‘‘free’’ motion in de Sitter space-time, it can be 
used to describe only a subclass of uniformly accelerated 
motions, viz., those which are radial with respect to 
some fundamental particle. This is, however, the most 
important case in practice. Let us, therefore, now con- 
sider an arbitrary timelike section of by a plane f. 
By a suitable rotation of axes about the z axis, # can be 
made perpendicular to the (y,z) plane; by a Lorentz 
transformation of y and z it can then be made perpen- 
dicular to the (x,y) plane; and a second rotation about 
the z axis can finally bring the origin-event (0,R,0) to 
lie on . None of these transformations has altered the 
shape of % or its metric. The conclusion from all this 
is the intuitively obvious fact that coordinates can be 
chosen so that the most general uniformly accelerated 
particle confined to $ moves from rest at r=t=0. 
Figure 4 illustrates the motion of such a particle. The 
plane x is perpendicular to the plane of the diagram, 
which it cuts along the line PP’; it makes an angle 2x 
with, the v axis and its distance from the origin is con- 
sequently given by 


n=R sin2y. (18) 


This is the 9 of Eq. (10) since c=0 in our case. It is 
clear from the diagram that the accelerating particle 
corresponding to # will asymptotically approach, but 
never overtake, the fundamental particle whose asymp- 
tote projects into OO’, where the angle POO’ is 2x. From 


* See reference (1), footnote 21. 
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(4) we see that the radial coordinate r,, of this particle 
(the suffix denotes that the meeting takes place in the 
infinite future) is given by 


r= R tanx (19) 


The acceleration a corresponding to an 7 as in (18) is 
found, from (10), to be 


a=R tan2x, (20 


and this allows us to eliminate y from (19). Thus we 
easily find 
{(1+a’R 1}. (21) 


Va a 


The same result was obtained analytically in paper I, 
which should be consulted for the connection between 
r,,and the “a horizon.” If a is infinite, the “accelerating” 
particle is a photon. This corresponds, by (19) and (20), 
to r,=R. Hence even a light-signal does not overtake 
all fundamental particles on its line of motion, which is, 
of course, a well-known fact. 
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It is also clear from » diagram that there exists a 


photon which, sent after the accelerating particle, only 


intercepts it in the infinite future. Its projection on to 
the (x,y) plane is OO’, parallel to PP’ and tangent to 
the waist-circle. The coordinates of Q are evidently 
(O, R cosec2x, 0 . while the « 


5K whose projection is V are 


ordinates of the point on 
0. R cose 2x, R cot2x By 


3 (ii), this corresponds to a time 
berit 
which, by (20), is « qui 


R \|n a R 


] 


The subscript denotes that this is a critical time for 


photons sent from the origin-particle (r=0) to intercept 
an accelerating particle that was released there from 
rest at t=0. Photons emitted earlier intercept the re- 
ceding particle, while photons emitted later do not 
This result too was obt ill 


iined analytic y in paper 4 
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Absence of Bound States in a Gravitational Field* 


ASHER PERES 


Department of Phy 
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The Klein-Gordon and Dirac equations for a particle in the gravitational fic 
gated. It is shown that the geometrical properties of the Schwarzschild metri 


any bound-state solutions 


recently investigated the general 


( YVALLAWAY' has 
4 relativistic Klein-Gordon and Dirac equations for 
an attractive center of mass M and charge e, in the 
case M <e.? 

The opposite case, M > é, 
features: 
singular at r 


displays wholly different 
Equation (C2) shows that the metric is 
M+(M?—e&)!. We shall take here e=0, 
since this does not essentially differ from 0<e<M. 
The Klein-Gordon equation (C4) is singular at 
r=2M. The indicial equation at this point shows that 


the solutions behave there as (r—2M)#***®™, Since the 
* This work partly supported by the U. S. Air Force, 
through the European Office of the Air Research and Development 
Command 

1]. Callaway 


was 


Phys. Rev. 112, 290 (1958), hereafter referred to 
as C. There is a misprint in Eq. (C7); see D. Brill and J. A. 
Wheeler, Revs. Modern Phys. 29, 465 (1957). 

2? Natural units are used: c=G=h=1 


current density 1 
Mb 


then it follows from (C1) that fJ%d at 


r=2M. 
In the case of the Dirac equat 


J»*=y 


Expansion of (C7 
terms are 


about r that the leading 


(r—2M)F’+2MEG=0 2M )G’—2MEF=0. 


It follows that F and G behave a 2M 
here also the wave functiot not norma 

Thus, there are no bound stat n the 
field of a point ma 


gravitational 
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Divergence-Free Iterative Expansion of the S Matrix in a Field Theory* 


Kurt HALLER 
New Vork University, University Heights, New York, New York 
(Received March 30, 1960 


A new method is proposed for evaluating the S-matrix as a series expansion in powers of the coupling 
constant. The method is applicable to field theories which in the usual formulation have ultraviolet 
divergences in self-energy and vertex parts and require self-energy, coupling constant, and wave-function 
renormalization. The procedure cannot be applied in its present form to theories which allow boson self 
energy terms. In this new procedure the usual form of the Hamiltonian for the coupled system is retained. 
The theory results in an iterated solution in powers of the physical coupling constant and yields a series, 
each term of which is finite without subtractions or renormalization. It agrees up to all orders examined 
with the finite S-matrix elements obtained by renormalizing the old formulation of the scattering problem. 

It is also shown that the nth order contribution to the iterative expansion of the S matrix, where n is any 


order, approaches 0 more rapidly, at high energy, than / 


matter how smal! 


I. INTRODUCTION 


HE procedure for evaluating cross sections in 
quantum field theory can be summarized as 
follows: A kinematical scattering formalism is estab- 
lished in which the following quantities appear: the 
Hamiltonian H, and a set of asymptotic states ¢(F,,a). 
The Hamiltonian describes the temporal variation of 
Schrédinger states, and wave packets of the asymptotic 
states represent the totality of limits which scattering 
states can approach as {—+ +. These asymptotic 
states are not solutions of the equations (H—E,)y=0, 
but rather represent the scattering particles in non- 
interacting configurations. Presumably packets of these 
asymptotic state functions correctly describe the 
particle configurations identified as “incidert” and 
“scattered” when the particles involved are infinitely 
removed from each other. 
In the usual formulation the Hamiltonian is divided 
into a “free field” part, H°, and an “interaction 
Hamiltonian” H', It is then asserted that the asymp- 
totic states y(E,,a) obey the equation (H°—E,) ¢(E,,a) 
-0 so that they form an orthogonal complete set.’ 
This assertion is either made directly? or is inferred from 
an adiabatic time dependence introduced into H' for 
precisely the purpose of forcing this behavior of the 
asymptotic states.’ In this formalism the existence of a 
T matrix is established and the following can be 
derived : 


T(E,,b; E,,a)\*p(E,,b), (la) 


and 


*Part of this work was done at Washington University, 
St. Louis, Missouri; it was supported in part by the U. S. Air 
Force through the Air Force Office of Scientific Research of the 
Air Research and Development Command. 

1 The orthogonality of degenerate states for different channels is 
trivially shown though not a consequence of (H°— E,)¢(E,,a)=0 

2M. Gell-Mann and M. L. Goldberger, Phys. Rev. 91, 398 
(1953). 

* B. A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950). 


where 4 is any positive real number, no 


T (Ey,b; E,,a) = (Ey,b| H"| E,,a) 


(1b) 


f _(Ex,b| H"| Eic)T(Eyc; E,,a) 
ait ’ 


E,—E,+in 


where (H°—E,)| E,,a)=0, and the 
totic states. 

In most applications to field theory it is necessary 
to use the iterative solution of (1b). For this purpose 
the operators S, T are defined by 


T (Ex,b; E,,a)= (Ex,b| | E,,a), 


| E,,j) are asymp- 


and 
S| E,.b; E,,@) (Ey,b A E,,a ). 


The n 


S(Ex,6 ;Fq,a) = (Fx,b| E,a) — 2id (Ey — E,)T (Ex,b;E,,a), 


and 


T= (IP +H(E,— H+ in) H+ H(E,— H+ in) 
% H(E,— H+ in) + + «+H (E,— H+ in) 
XH -(E,— H+ in) H+ +++}, (2) 


within the radius of convergence of the iterative series. 
Equation (2) is trivially identical to 


S=1+>.5S,, 


where 


+" +& 
Sn= (—4)"(n!) f dty--- f dl, 


af cd 


x PT! (t;)- + 5! (tn) |, (3b) 


and where 


K' (0) lim {exp[ iH | exp[ —it je"). 
e ) 

Preliminary to the presentation of the new formalism 
we will discuss the application of the scattering formal- 
ism specified above (hereafter referred to as the “linear 
formalism”) to a nonrelativistic field theory given by 
the Hamiltonian 


H=H°+H', (4a) 
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Fic. 1. Feynman graphs to fourth order for charge-symmetric 
scalar bosons scattered from a point source. For each diagram 
of type A there is a type-B diagram with which it is related 
by crossing symmetry. B diagrams will mostly not be shown 
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where 
(4b) 


(4c) 


0 . ; 
H®=} xa Dk ak awk, 


— 


H' > k,a('k at Ona) Vk,e; 
and where 


V c.a= (Qu) tera. 


This Hamiltonian describes the charge-symmetric 
interaction of scalar bosons with a point source. When 
the S matrix is described to the fourth order by its 
corresponding Feynman diagrams, the graphs shown in 
Fig. 1 are obtained. 

The S-matrix terms for II,4, Ig, are finite; those 
for TVacy,a¢),a@.4,.4@, TV aq), 5.80), 8(),80) are 
infinite ; those for 1V 4:4), [V 2: are finite. As in quantum 
field theory in general, in all orders above second most 
diagrams give rise to divergent integrals, which can 
be classified into self-energy, vertex, and improper or 
external self-energy graphs.‘ Boson self-energy graphs 
are not allowed by this Hamiltonian; however, the 
problem defined by the latter is sufficiently complex to 
preclude an exact solution. 

It is of interest to inquire into the reason for the 
appearance of these divergences, which must be 
removed by renormalization procedures; it is also of 


«J. M. Jauch and F. Rohrlich, Theory of Photons and Electrons 


(Addison-Wesley Publishing Company, Reading, Massachusetts, 


1955), Chap. 9. 
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interest to attempt a formulation of the problem in 
which divergences do not arise, but in which cross 
sections can be computed straightforwardly, at least 
as an iterative series, from the Hamiltonian which 
defines the problem. 

In connection with these considerations, it is impor- 
tant to observe that one crucial assumption made in 
developing the linear scattering formalism, namely, 
that the asymptotic states obey the equation 


(H°— E,) ¢(E,,a) 0, 


is not satisfied in the case of field theories. For example, 
Van Hove has pointed out that in the case of theories 
with the persistent interactions characteristic of field 
theories, the eigenstates of the free-field Hamiltonian 
cannot be asymptotic states of the scattering system®; 
moreover, that quite probably® the exact and free-field 
states are orthogonal to other.’ In addition, 
analysis of the linear scattering formalism* demonstrates 
that it is valid only under conditions which in field 
theories either do not obtain, or at least cannot be 
shown to obtain. These conditions include the following: 
(1) The continuous spectrum of H and H® must coincide ; 
and (2) the 7 matrix must be bounded and must have 
a bounded derivative on the energy shell (however, 
the left-hand and right-hand derivatives need not be 
identical), Although the continuous spectra of H and 
H® differ by the self-energy of the nucleon, condition 
(1) can be satisfied’ by adding the self-energy to H° 
and subtracting it from H'. However, it remains quite 
questionable whether the resulting 7 matrix is finite 
or not. If the requirement for a bounded T(F,,b; E,,a), 
and [07 (E«¢,b; E,,a)/0Fy \ep=E, is satisfied, then 
the theory leads to unphysical contributions of energy 


eac h 


not 


nonconserving parts even at infinite times and ceases 
to be a description of collision phenomena. These 
circumstances raise the interesting possibility that the 
appearance of divergences in field theory is related to 
the improper choice of eigenfunctions of H® as asymp- 
totic states; and that a reformulation of the scattering 
theory in terms of packets of “physical” 
might remove this difficulty. 


particles 


Il. SCATTERING THEORY AND 
ASYMPTOTIC STATES 


The linear scattering formalism previously described 
requires a set of asymptotic states which are eigenfunc- 
tions of a Hermitean operator, and are orthogonal and 
complete. Asymptotic states describing physical par- 
ticles in noninteracting configurations are not orthogonal 

§ L. Van Hove, Physica 21, 901 (1955 

*The theorem is proven for the neutral scalar field in (7 
There is no reason to expect this difficulty not to arise in more 
complicated systems 

7L. Van Hove, Physica 18, 145 (1952 

*H. E. Moses, Nuovo cimento 1, 103 
Rohrlich, reference 4, Chap 

9A, Klein, Lectures ort 
Pennsylvania (unpublished 


; also Jauch and 


Pi-Mesor »*hysic Unive 


rsity of 
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and are not eigenfunctions of any Hermitean operator. 
Hence, to exclude reference to bare-particle eigenstates 
from the description of the collision process, a different 
scattering formalism, such as the one due to Ekstein,” is 
necessary. In this theory no dynamical requirements are 
made of the asymptotic states ¢(E,,a), in particular 
they need not be eigenfunctions of any Hermitean 
operator and they need not be orthogonal or even 
linearly independent. Quantities x(E,,a) are defined by 
(H—E,) ¢(E,,a)=x(E,,a set of orthogonal 
steady-state solutions of the Schrédinger equation are 
derived from the fact that there are time-dependent 
solutions which tend to the ¢(£,,a). These steady-state 
solutions are 


and a 


v (E,,@)= ¢(E,,a) — (H— E,¥in)"x(Ey,a). (5) 


In this theory, the quantity which describes the 
scattering (F,,a)—> (E,,b) is given by (x(E,,b)| Xx 
v (E,,a))"; we will call this the R matrix. Although 
the R matrix has the same kinematic significance as 
the T matrix [it replaces the latter in Eq. (1a)], in 
general it obeys an entirely different integral equation. 
In the event that the asymptotic states of the scattering 
system really are eigenfunctions of H®, the R matrix 


ITERATIVE 
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asymptotic states do not satisfy an equation (H°— E,) 
xX ¢(E,,a) =0 then such is not the case.” 

The absence of strong requirements on the asymptotic 
states in this formalism allows us to choose these states 
far more realistically than in the linear scattering 
theory. In the case of the Hamiltonian of Eq. (4) the 
wave function for the asymptotic states can be written 
as the product wave function of a “meson” and a 
“physical nucleon.” Since the bosons in this theory do 
not have any persistent vacuum effects (the Hamilton- 
ian does not allow boson self-energy graphs), the bare 
and the physical meson are identical. However, the 
nucleon has persistent vacuum effects so that the bare 
and the physical nucleon are not identical, the former 
obeying the (H°—E,)|0)=0, the latter 
(H— Eo)|0)=0. (The isotopic spin index of the meson 
and the nucleon will be suppressed.) The asymptotic 
states in this theory can then be written: a,|0), 


equation 


(2)~4at ac1yataca) | 0), +, (nt)~4at aca gay: + at qcmp | 0). 
These state functions are not orthogonal to each other 
and, unlike the asymptotic states in the linear scattering 
theory, they form wave packets which have time- 
dependent behavior proper for state functions for 
particles in noninteracting configurations." 


trivially reduces to the 7 matrix but when these 


III. DERIVATION OF THE INTEGRAL EQUATIONS 


The R matrix for the scattering of a single meson (E,,a) — (E,,b) is (x(Ex,b)\~(E,,a)), when the latter is 
evaluated on the energy shell. The asymptotic state ¢(E,,a) is a’,|0). From the commutation relations of H with 
a'x, x(Ex,6) can be shown to be V,|0),'4 and the above expression becomes (0| V;!¥,). In our notation this will be 
written R,(0;q).'* Other matrix elements which occur in this theory are (0| VilPqc1,...q)) which will be 
written as Rz(O; 9¢1).¢(2),---g(m)), Where Pqc1y,---,q(n) iS given by 


Vac),-++,q(n)* x(q(1), .q(n)), 


(Wpca),---,pim) | Vie|Wqca.--,q(n)) Which will be written R.(p(1),---,p(m); q(1),---,g(n)). The R.(0; N) 
[N denotes g(1),---,g(), collectively] are related to S-matrix elements for inelastic scattering. Ri(M; N) are 
auxiliary quantities useful for writing the integral equations in tractable form. 

Making use of the identity'* a,|0)= — (H+w,)"'V,|0), Rx (0; g) becomes 


(n!)—Sal acy: + a gen |0)— (HW — way — + * — Wainy — i 


and also 


R.(0; 9) = —[O| V,(H+w,)"'V,|0)+ ©! Vi(H—w,— in) V,!0) }. (6) 


Making use of the fact that |0) is the only “bound” state and inserting a complete set of states, including |0) 
and the steady-state solutions yy, this can be written 


R,(0; N)R.'(0;N) R,(0; N)R,' (0; N 
R, (029) =— z - - . (7) 


N= Entwe Eny—w,—in 


> includes summation over all meson numbers (inc luding .V=0, which denotes the state |0)), and over x, the 


Wick, Revs. Modern Phys. 27, 339 (1955) 

a = superscript ‘*) denotes outgoing waves. Incoming wave states will not be used here, and the ‘*) will hereafter be under 
stood. 

"For example, the equation relating exact and asymptotic states in the linear theory, ¥*)(F,,2)=[1+(£,-H4imy M] 
X ¢(Fq,a), is not satisfied when @ is identified as the physical-particle asymptotic state in the charge-symmetric scalar theory. 

4% G. C. Wick, reference 10; also, H. Ekstein, Nuovo cimento 4, 1017 (1956). Other discussions of the use of the physical 
particle representation of asymptotic states, besides the ones already cited, are Th. W. Ruijgrok, Physica 24, 205 (1958); 

R. Frazer and L. Van Hove, Physica 24, 137 (1958); R. Norton and A. Klein, Phys. Rev. 109, 584 (1958): and H. Ekstein, 

J. Swihart, and K. Tanaka, Phys. Rev. 109, 557 (1958). In the last of these, it should be noted that the integral equations (2.15) 
are not the same as the ones developed in Sec. III of this paper. 

“4 G. Chew and F. Low, Phys. Rev. 101, 1570 (1956) 

“*k and g denote Ey, 8 and E,, a, respectively; the a and 8 denote the isotopic spin state of the bosons 


” H. Ekstein, Phys. Rev. 101, 880 (1956); a special case of this is given by G. ( 
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momentum and isotopic spin variables of each boson. This equation is identical to the Chew-Low equation for 
this Hamiltonian.'*” Since the iteration procedure is to be one in successive powers of the coupling constant, an 
infinite set of such coupled nonlinear integral equations must be generated and an iterative series developed. To 
do this, the following lemmas will be proven in the Appendix: 


Lemma |] 
where 


Lemma 2 


1 . 
un*** aT 


H+» <n H+w{i,1;4 


x Vou. Vou n—l)) 
A+woii.1)4 ssl TP Wefi,t) T@yty,1) TA H+wotiajt+:: YT ¢ T We Walj,(n i +A 


Here [1,1], ---, [i], (7,1), ---, £7,(n—D] is a particular permutation of 1, ---, n-30, is the sum over the 


following permutations: all permutations of j’s among themselves; all permutations involving interchange of an 
i and a j. It does not include any summation over permutations among any i’s 


Lemma 3 


(0| atgcay* + -a*gem}0)=(—1)" D C0) Veter Veta 
PG -wet H+wetsa14 


K++ Veti.n) 
H+wet 1) 7 


Here >>»; is the sum over all permutations of i’s among themselves, and Q is any operator 


Lemma 4 
1 


Api) * * *Bp¢m) 


> 
' 


mP 


) Ate ayt: + Hopi tepy.iyt: 
1 


4 
A+ wip Hepp Hepat * + * Fepts.(m—D) 


} } t 


x 


Lemma 5 


(O Qa, mee ad» m) 


Lemma 6 


Before stating this lemma, the following notation will be defined: Consider a set a'gr, «++, @'qcn)} @pcm, ***s 
@pim)- The set i(1), ---, i(m) is a permutation of 1, ---, m. The set 7(1), ---, 7(m) is a permutation of 1, ---, m. 
Suppose i(1) is omitted from i(1), ---, i(#), and a permutation of the remainder chosen. This permutation will 


be labeled i[1; 7(1) J, #12; 7(1) J, ---, i[(m—1); (1) J. If i(1), i(2) are removed then a permutation of the remainder 


| 
L 
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is iL 1; 7(1),7(2) J, ---, i (m—2); i(1),7(2)], etc.; a similar notation applies to the 7’s. The statement of the lemma 
is as follows: 


t t 
a» 1)" * *2p¢m)@ (1) * * *@'qcn) 
4q 


=al ec Bam Bp" Apem + DL S(qli(1)],pL7(1) Dat{ q(il1; i(1) )} - - -a*{ q(t (m—1) ; 7(1) )) 


1<s(1)<n 
i<j(1)<m 


Kat pCL1; (1) )}---af pL (m—1); (1) D+ 5(ql#(1) ],p7(1) )6€qL4(2) ],pC7(2) ) 


*6(qLi(2) ],pL 7 Da'{qQiL1 ; i(1),-- 40) ))}---a"{ qi (n—D ; i(1),-- +0) D)} 
Xa{pCjL1; §(1),---, JO D}---a{pCGL(m—J) ; J(1),--- JOD)+--- 


(series ends with term /=n or 1=m whichever occurs first). 
Using these lemmas, integral equations for R,(0; V) and R,(M; NV) can be derived. In the case of the former 
we have 


Ri (0; gi,- + + Gn) = (ne!) ALO} al gery: + at qeny Ve |0)— (O} Vi — wor — + —w in) 
q ‘| L q 4 \ 


9 


XD Q a ati.1 é a ats l 114" gti (41D)"* a gtny Voi 1 0)}. (8) 
By applying Lemma 3 to the first term and Lemmas 2 and 3 to the second, we obtain 


(—1)" 1 1 
Ri (0; 91," ++ Gn) =— ,m > > Roi (0; Ni) Roti.23(Ni; N2) 


(m!)4 O<i<n P(i) NuNa-+-Ne Ey 1) +e fi,1) Enwn+ We {s,1] He fi,2) 


1 
X Rots. (Nia; VN) Re(Ni; Nuys) 
En wyt+weti 1} +W9[i,2] . sth HW (s,1) 


1 
x et ' —Roticaen) (Nua; Nye) 


En (41) —@g{i,44)] ~@g{i,ctey)— °° —1n 
(Niz2; Nay 


1 
: Rots a}(Vq;0). (9) 
, En(n)—Weli.n] — 
R,(M; N) can be written 
Ri(Pi,* ++ Pm5 Gy" ** Gn) 
= (n! m!) LO GB p(t)" * *2pim Vina" qc ---at, n) 0)—(n!)4(0 Bp(1)* * *Aoim V .(H—w, Dp °° * Wea) — 89) : 
Xx (qh,° wie (m!) 4x? (py,- . Pw) (H—w, 1)~ *— Wm + 1m) Via", ** ‘a’ a 0)+(n! m')* 
<x" (pi: . ‘ P»)(H—w, a es —Wy(my tin 
xV(H ~ Wal) °° * Wain) — 1) ‘x (@i,°** Qn) J. (10) 
The various lemmas can be applied to systematically bring all creation operators to the left, annihilation operators 
to the right and to eliminate both from the matrix elements. The resulting integral equation is given in terms of 
the quantities R,{M; N} which are 


Rif p,,- ** Pri 91° Ge = >. ~ Ruy; NiLEwwtAt' Ri ( Vi; N2)[Evat+At}':-- 
Pid) Ni, V3 


XK Rug (Ny-y; Ng \L Ew 7) TA | I. ‘L Ewes +A } 1R, r+-0+1) | V rs041); 0), (11) 
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where /(1), /(2), ---, /(r+s+1) is a permutation of the set pi, ---, pr, 9 7, Bi 
A= SF YO gkitopintj+ric 


where ¢,=1 for all g, to the left of A if A is to the left of V,; £;=0 for all g; to the right of A if A is to th 


ky Si I u Oo tne left of 
V,; &=—1 for all g,; to the right of A if A is to the right of V,; &;=0 for all g,; to the left of A if A is to the right 
of Ve; f; 1 for all p to the left of A if A is to the left of V,; ¢;=0 for all p; to th right of A if A is to the left 
of ae ¢ 1 for all p to the right of A if A is to the right of V,; ¢; (0 for all p; to the left of A if A is to the right 
of V,; and A 1 if A is to the right of V,, A= +1 if A is to the left of V,. The integral equation is 


Ri (Pry: ++, Pmi V1, 


Ril pie Pmigu ad XC Slit) LLM DR APG: JD, CGLOm—1); (DD 


m in P<a(l 
i<j(1 
(if 1;7(1)) (if (n—1);7(1) D}4 } y (of i(1) 1, pC 71) ))- - CQL 1, oC IO D 
eet 
l# 


el eries ends a Lemma 6 to R,'” (0: @) are 


IV. ITERATIVE EXPANSION OF R;(0;q) sets x [ Ra? 05 «Re 05 
TO SIXTH ORDER R (0; g > 


X 
rom the integral equations, Eqs. (9) and (12), an R 0-”)R O-n 

iterative expansion of R,(0; q) can be performed. That 14 

this can be done is appare nt from Eqs. (7), (9), and (12 n 

and from the observ ition tl at R,(0; \ include : only : ‘ ‘ . 

powers of the coupiing con tant of order n+1 or Inse rling 13a) into (14 Ne 3 ai 

higher. Therefore, to iny order g", Eq. (7) can be , - 

rigorously terminated at some finite value V. Similarly, R,' (0; q | 

the other integral equations involved in the iteration Sar : 

can be rigorously cut at some finite point in the expan- ft ate 

ion in the boson numbers M, 'V. Thus the expression , 15 

for R,® (0; g) can be trivially seen to include contribu- : « (W, n 

tions from R,(0;0) terms only. From Eq. (7) it is) 

obvious that , rr, and I ire um I pl I f 7 operators, and 
according to the sequence of 7 i particular product 

R 059 4 p?w tw, it can be associated wit! Feyni graph. Thus 

Y Ol re O6C0' 7,0 0! r.|0)(0} rg) 0) |. 13 r, -. Se eee ey eee 


bad Om i ir vitl T the ft ] S i , 1 

eisa ] per tor with respect to the total Isotopl These component part f | correspond to diagram 
ngul ntun nd ¢(0 +r.'0 > (0 +r. 0) wl ; z 
angular momentum, a g Ta 4 Ta U) where Vaz, I\ 11, I\ ‘ ind I\ respectively Similarly, 


I 
: 


g, is a new constant called the “physical” or, in the 


: if corresponds to equly ent f grapi The v s of 
more common terminology, the “renormalized coupling ill We te 
constant. Equation (13) then becomes I 2(3rats+ rar l6a 
Re (0; q)=}gtwrmkersre— ters). (13 Pps — Rrra tet 16b 
In Ea. (7), R,(O; NV) terms with V > 2 can contribute To compute R,‘° (0; it is necessary to include the 
in no term lower'than sixth, hence the only contributions following contributions 
R 0: «) Rt (0; co) +R, (0; x) Reb?" (0; & R O: KK ROT (0; yw’ 
R ( 0 = S -C S 17 
K og te KK ato, 
mu. 4 i G.S l r {fomic Spectra (Cambridge Univers P New ¥ 1935), Chap. 3 
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where C.S. stands for the terms related to the ones Taste I. Contributions to Ry (0; g) 
explicitly written by the crossing operation. 

The “‘two-meson” contributions are in turn iterated Graph Contribution 
to third order from Eq. (9); only the lowest order V1 totetls 
iterative terms, R,(0;0), can contribute to the right V1.2 3rat eV: 
side of (9) in this case. Li lh + Bs) 

The expression for Ry“ (0; g) is a sum of terms each VLS5 rarg( Ms }B,) 
of which is a product of an integral and a coefficient VI-6 Sarat ee 
which can be regarded as a sum of hexalinear products ht. H — Oi t2Bs) 
of r operators. These coefficients correspond to 6th V1-9 (tat p+ 27670) M1 
order Feynman graphs in precisely the same fashion = 1 Srarpti (1,449 
in which the sums of tetralinear products correspond VL-12 — b2ee.), nn 
to 4th order graphs. There are terms in the iteration VI-13 (ratp 2ryra) (Hi —$Bs) 
corresponding to 60 graphs. (The 6th order in the Lt. 3 are —— $8:) 
linear scattering theory gives 90 graphs, but in the VL-16 (raret+4r97..)(Ws—Br) 
iteration here developed, the 30 graphs, which in the VI-17 Drag (B, — 2B) 
old theory correspond to the ones called “improper” oa — Stari ms Bs) 

2 TaTpVls 

or external self-energy graphs, never arise.) Of these 
60 graphs one half are related to the other half by the 
crossing symmetry; of the 30 graphs in which emission gator, and correspond to identical matrix elements. 


precedes absorption, are related to others by 
reflection in a line perpendicular to the nucleon propa- 


some 


(g,)° 


6 ) 
ea! —"/ We (=) = 
32x' 


( 6 
Sie 


f f 

) 

[The A integrals arise from one-meson, the B integrals 
from contributions to R,(0;q).] The 
contributions to the various graphs are given in Table I 
and Fig. 2. 

Iterations to higher order become more tedious, 
though simple principle. It is, incidentally, worth 
noticing that the iteration is far less tedious in this 
formalism than in the old linear scattering theory. 
Although the analysis of contributions in terms of 
Feynman graphs can be given, it is not a necessary or 
even a helpful step in the iteration procedure. A much 
more straightforward procedure is to sum over the + 
operators in each order of the iteration, so that the 
identification of contributions as originating from 
specific graphs is lost. Not does this greatly 
simplify the formal iteration procedure, but the number 
of independent terms is far smaller and increases far 
less rapidly in successive iterative orders than when the 
renormalized linear scattering theory is applied. The 
number of terms in 4th order in the linear theory is 12, 
whereas here there are 2. In 6th order there are 90 


3284( (ww,)! 


two-meson 


only 


320 (eaien )4 f f. Ww,” 
K°dk | 
Ww +w,) 


(g,)° 
B= f 
328" (es, =i ( ail 


There remain then 19 independent graphs. The integrals 
in terms of which they are given are 


K *dx(x’ 2d’ 


*W. 3 (w, t w,’) (w,4 Wa) 


x°dx (x’) *de’ 


we (wet wy ba 
x?dx(x’)*dx’ 


(w,t+w,)? (wwe t Wa) 


diagrams in the linear theory, whereas here there are 
8 independent terms. The problem of determining a 
lower bound for the radius of convergence of the series 
seems therefore much less forbidding than in the old 
linear theory, 


V. COMPARISON WITH THE RENORMALIZED 
LINEAR SCATTERING THEORY 


When the series expansion of the R matrix is written 
in terms of contributions from specific graphs. it is 
simple to compare it with the results of renormalizing 
the T matrix in the linear scattering theory. The 
procedure for this latter calculation is as follows'?: In 
each superficially convergent graph (such as II,4, [Vaa, 


VI-14), the vertex factors and the self-energy factors 
are replaced by the finite, renormalized vertex and 
self-energy parts. These, in turn, are generated from 
irreducible parts, which are obtained, in the case of 
vertex and the so-called “internal vertex” parts, from 

7A. Lenard (unpublished). G. Chew, Phys. Rev. 94, 1749 


1954); Jauch and Rohrlich, reference 4 
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= - -s are constructed by inserting the finite higher-order 
vertex and self-energy parts into irreducible graphs and 
. = performing the same subtractior igaln sell-energy 
m-4 wi WI-6 and internal vertex parts are related by Ward’s identity ; 
. the connection between external self-ene rgy graphs (Figs 
= - IV4s.6) and wave-function renormalization follows from 
a mI-8 u-9 the imposition of unitarity on the renormalized T ma- 
ie <> trix. The procedure and proof of its validity are essen- 
scnetocthon tially identical to the case of quantum electrodynamics 

= = aI-l2 and will, therefore, not be discussed here in detail 
<< The renormalization of this theory to sixth order was 
a = = performed with the following results: On the energy 
¥y ‘ we shell, the renormalized T matrix is identical with the 
x » e-@ R matrix to the same order; i.e., a table constructed on 
wi-€ WI-i7 ‘we the basis of the standard renormalization procedure 1s 
identical, in detail, to Table I, and similarly for tables 

; for (g,)*, (g,)* 
VI. DEMONSTRATION THAT R 0;9q) ISA 
CONVERGENT INTEGRAL 

Fic. 2. Diagrammatic representation of sixth-order iteration Let us consider the integral equation, Eq. (7), and 


of R,(0; ¢). Graphs related to the ones shown by reflection in a ‘ 2 / 
line perpendicular to 1 nmetry use Eq. (9) to make the Z, dependence of the former 
are not shown. Note the abse e of ‘external self-energy graphs explicit ; this can be done Ince the dependence or 

matrix elements R M:N trivial.'* The typical 
the primitive graphs by subtracting out the zero-energy integral that results when the ind 


ypagator or by crossing sv1 


me 


immation in 


and zero energy-transfer parts. The reducible diagrams Eq. (7) is performed i 


F( Ba: + +a Ey’ +++ By 


K (wasnt +o38¢n) — Ee’ 41) +i) (we I n 4 18 
where ay, , a, and B, , 8, are permutations of 1, ---, m, and where 0©7<n, O< I'm. Examination of this 
integral shows that each of the factors in the denominator contains a linear combination of w,’s or w3’s, wl 
is linearly independent of all other linear combinations of the wa’s or wg’s, respectively. We can write 

¥ x 
I [ of dw + dary F (w+ + + ,Wn,wp)G(w1,***, 18a) 

nail l 

Here 
I [ ws: "WalWit*** TWat Wp ; 


and the (S; are given by 


S, 1+ ee 1+ 


t Wy & ! 
a r } » E,—tn 
1+ 1 
It can be shown that J is a convergent integral by is convergent and by subsequently showing that the 
demonstrating that Jo, where behavior of ( cannot interfere with the convergence 


of Jo. The convergence of Jo is easily demonstrable 


] f of da) -+dw f a1, Wn y@ < 18 R, 0: N)andR V - 0) are special cases of R, UW’: N 
. i as examination of Eas. (9) and (12) demonstrate 
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To demonstrate that G cannot make / diverge, we 


rewrite the entire integral in the variables ®, 2), 22 


, 2¢n—1) where 
@) Gz, 
Win—1 RZ(n~1), 
@ e 2\4 
Wr n 1—2z, at ee le 


When @ is written in these variables it is obvious that 
(% is bounded as R—> ~. As functions of the linearly in- 
dependent sums of w,, @, and @, have poles which, 
because of the aforementioned linear independence of 
the factors in the energy denominators of J are at most 
simple poles, not coincident with the axes of 
hyperspace along which F is unbounded.” G, therefore, 
cannot inhibit the convergence of J, except perhaps 
for terms like (W—E—in)—'(W—E’+in)“, where W 
is a linear combination of w’s identical in the a and 8 
permutations. In such a case the following factor 
appears in the integral: 


(E—E’+in)“"[ (W—E—ie)"— (W— E'+ ie) 


pve a 


the WwW 
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The integration over the w’s leaves 
(E— E’+in) (1 (E)+A(£) —11(2£’)+A(E’)], 


wl 


ere the II's are contributions from the principal-value 
parts and the A’s from the 6-function parts of integral. 
Since the II’s and A’s are well behaved, the subsequent 
integration over & in the next iteration will again lead 
to finite results. 

After Eq. (9) has been substituted into Eq. (7) the 
latter contains terms like Rya)(N’; N)Ryw(N; N”) 
with appropriate energy denominators, and calls for 
integration over all the energy variables E,. Iteration 
of R,(0;¢) is performed by repeated substitution for 
the Ro»(M; N) from Eq. (12), always to the appro- 
priate order in the coupling constant. It will be shown 
that all the integrals that appear in this iterative 
process are finite and that the integrals that arise in 
any iterative order are such that the subsequent 
integrations over the energy variables in the next 
order, of iteration are again finite. 

The typical integral that appears when the iteration 
of R, (0: g) 1s carried out is 


P(E, Eante | f dar) dw Fedo. (19a) 
=e l 
where 
G (l—wya “(1 ) YAY! (19a) 
and 
YL~@qa “Wain (@¢[1,1 tk (We (1,1) T TWeli,ril thea Wo{1,1) 7 TP Welter Ww; 1.1) +E eay4i— 1): °° 
XK (weti.1) 4 »+wy Loti "Seti. **“ Wp{l i +E, al in *(Weli.s T TWali.rtl 
T TWo(t,1) T P@g[t,r()) ~ Wp[1,1) ~ Wpll.e Wp (l,i) Ypll’.s +E: rita) — ™) 
M (Wyle * Wyler een Ht Fem — We lty1,1) Walle t.r(l+ 1} — *** ~Wginy tb Exinnsay) +m): -- 
FW pm) | ; 
x tenet (19b) 
Wain 
nae ~ 17-1 
J . = [wo "* "Wats J Wail), yan) sk), (19¢) 
and J°*~” originates from an earlier iteration. In the special case of the first iteration J® B. 


Here again, if the integral 


a n 
Jom f ef di; ° ’ ‘din le D (w,° ** Wn Wy) 
1 1 


converges then it is easy to show that G cannot hinder the convergence of J. The argument is a simple extension of 


the one made before and will not be repeated. 


In order to study the high-frequency behavior of J*, the fact that /2* f(x) 


* dx is finite if and only if f(x) +0 


'*? The limits of integration are such that the w; axes are outside tne domain of integration, thongh for sufficiently large R they 


can be arbitrarily close to z,=0,1. 
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more rapidly than »~* for large x will be made use of. If we define 


K,’ { -. f Py Bs EU)... Ey“ Ud Ey - - -d Ey, (20) 


then if K,° is finite, J* > 0 at least as rapidly as (£,2---E,*™)— where each a;>e;. We will examine K,/ for 
one of the previously defined J*. The integration over the E space will be performed by integrating to an upper 
limit p and then later letting p—» « so that the integrations over the E, and the w; can be interchanged 


K,* will then be written 
K,’ im f -s [ dw: + -daon F-"L(p), 
o +e 
1 al 


Lv f “29 { dk, -dkE,[E,! “2 1..- #0 1] ‘Glwi,°° 


with p>>1. The integrations over E space in Eq. (21) consists of evaluating a set of 


Pr fate: D(A E) 


where 


where A is a linear combination of w’s. Equation (22) can be written 


a3 


p” du 
ave (u'/*+1) 


where 


and where v_ is understood as the principal value (since the contributions from th 
of this argument). 
We can without loss of generality let « n where n is an even integer. Then 


n—2j) | u*—2u cosa; +1 u— COSa; ! 
2 i } COSa; In — (sina;)} tan~* ) +tan 
ina u?+2u cosa;+1 sina; 
where j= 1 if n/2 is odd, j=0 if n/2 is even, and a,;=[(2/+1)/n jx, and 


(sing;)| tan~! 


u*— 2u cosp;+ u—cosgo ) 
u*+2u cos8,;+1 sing, 


where 8;=([2//n |r. The vy, are nonsingular functions of A which approach a constant a > As p— « they 
approach a finite limit smoothly, independently of their A dependence, demonstrating the interchangeability of 
the E and w integrations. 

In order to demonstrate that Ky converges and therefore, that J” 
where all ¢;>0, we can write 


where 


and where g is a function that cannot impede the convergence of K,’. Hence, it will suffice to show that 


K,* _= J of du: + «dw, f® 
1 1 


converges. 
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The function /* is given by f*=$(q9,p)o(9,p’)J*, where 
$(9,p)= We (1) oun) (ays)! (DD. © + (wer aye + gti.) | rl (wy, 1.1) 7 P Weft. 
— wp {1,13 i) © rrtD 1. (worn yt + + wett.r)] —@ptn.1) ee W pf t.e(t in) Ureiritn 
x (Wet1,1) + ocent Welty] the tag (1.14) + + +Wol1 rl Wp[i,1) °* “Wpl[t,e(1)} 
— Wit’ ,o(t?)]— 29) ere). «+ (ptr ga aye + te@pti gs, ore wt * HW p(m)—Weto1.4)— 
+W p[m) [l-e(n+m)) 1 
: : Wa[n} 
so that (K,*)» can be written 
=x zx 
(KD)o= f e+ [diay + dig fO-DQ, 
i i 
where 
fH = gy, [500 wy! Jo (uy + + + we), 


and where g isa function which cannot inhibit the convergence of (Ky*)o; 5; 
all the 6;>0 if all the ¢,>0, and vice versa. 

We can now compare f{*--- ‘dw, {% with J and see that the condition that J* + 0 more rapidly 
than [E,*---£,*” |" is more stringent than the one for the convergence of J*. We therefore need to demonstrate 
only that the former is satisfied. 

We note that the integral 


a a 
u-f of wF—1). . oy, 
1 1 


converges if 6;+---+6,<a where all 6,20. This can be shown by an induction on n, and by transforming each 
integral as in Eq. (22), (22b). 

It is now easy to see that Jo is convergent, since J, is given by U with all 6 1. Since we can also 
easily choose a set of 6; such that all 6,>0 and such that >, 6;<1, there is a set of positive ¢; such that any J +0 
at least as rapidly as [E,“”---E,*” }'. Since we can then, in the next iteration, certainly again find a set of 5,’ 
such that all 6,/>0 and 3°; 4;’<6; for any 4,, there is a set of ¢/ such that any J 
[£,°™.-- Eee)". 

Clearly, this argument can be repeated indefinitely often so that in general J® converges and J” 
fast to make any J°*” from the next iteration converge. Hence all R,‘” (0; g) are finite. 

It is of interest to note that the condition a= 1 in J» is not necessary to demonstrate convergence of Ry” (0; q). 
Any value a>0 would have sufficed. This circumstance permits us to set a bound on the high-frequency behavior 
of R,‘” (0; q). If we evaluate 


,-++*.6, 1s a set of numbers such that 


dw): ° 


*W,y) a PAE . ‘da, 


a 
2) 


0 and a@ 


»() at least as rapidly as 


> 0 sufficiently 


v 
J -f F (w,: * Wa Wy )Wy Ydw», 
1 


we find that J=[wy- « -wa(wit-++-+wa)? bu (wi + - --+we), where u(x) > C asx— & (and where Cis a constant) 
Since, for any y>0O the entire previous argument with a=y goes through, /—+0 more rapidly than w,'~” for 
large wy. Since R,‘"(0; 4) contains an extra power w,' from the trivial energy dependence of R,(0; N) and 
Rx(.V; 0), all Ri‘ (0; g) — 0, for high energies, Z, faster than E~®-” where 6 is any number >0. 


For example, the high-frequency dependence of R,? 
R, (0; g) contains terms of O[ (Inw,/w,)? J. 


VII. DISCUSSION 


We have shown that the formulation of the scattering 
problem in terms of a kinematical formalism, which 
permits the use of the nonorthogonal physical-particle 
asymptotic states, leads to the following: an iterative 
perturbation procedure in which the $-matrix expansion 








(0; g) is O[1/w,)*], of Ry“ (0; g) is Ofnw,/(w,)*], and of 


is finite to all orders without any renormalization 
procedures, and in which it involves physical-particle 
parameters only. The theory is in agreement, at least 
up to sixth order, with the old renormalized linear 
scattering theory. Moreover, it was possible to demon- 


strate that at high energies, to all orders, Ry‘” (0; g) +0 
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more rapidly than w, where y is any number >0; 
thus, if >>. Ri‘ (0; g) is a convergent series, the cross 
section will approach 0, at high energies, more rapidly 
than w,~?-”. 
The same iteration procedure can also be applied to 
the nonrenormalizable gradient coupling theory 
r ] 
[J k.a lo -kr, |- 
In this case, the individual matrix elements are still 
infinite, but diverge less badly, by one order, than the 
corresponding ones in the old unrenormalized theory. 
Quite clearly, the divergences which remain in this 


’ 


ig (2a) 


theory have a significance that the divergences which 
this theory avoids do not share. The latter have no 
physical basis, and reflect an inappropriate choice of 
asymptotic scattering states in the linear scattering 
formalism. The former, on the other hand, are sympto- 
matic of more serious difficulties in the Hamiltonian. 
For example, in the case of the gradient coupling theory, 
such a difficulty may stem from the abandonment of 
the fermion pair states in the pseudoscalar theory with 
Ys coupling. 
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APPENDIX 


The proof of Lemmas 1-6 will be supplied here. 
The proofs will be based on the theorem of complete 
induction and in some cases on the following modifica- 
tion of the latter: If the for V=1, 
and if the statement for all 2 <.V implies the statement 
for NV, then the statement is true. 


statement is true 


(H+2 


“a'qa 


HALLER 


Lemma 1 
statement of this | 


(H—w,)a 


For n= 1, the 


(A-1 
This equation can be shown to be a trivial cons« 
of the commutation relations 


relations also imply 


(H Wal 


quence 


These same commutation 


(n+ 1) 


[ater 1» (H ! A ’ 
X ¢( a1," °°, an) + V ocnss : » Ga (A-2) 


Rewriting ¢(qi,---,q,) under the assumption that 
Lemma 1 is true for m, transforms Eq. (A-2) 
statement of the lemma for (m+1), and the 


into a 
lemma is 
proven. 


Lemma 2 


For n=1, the statement of lemma 2 is 


(H+ A) ‘al, a’, (H tAt+a, 


(H+A)1V,(H+A+¢ (A-3) 


The validity of Eq. (A 
series expansion of (//+-A)~ in 
mutation of a‘, and H, and 
Application of Eq. (A-3) also ieads to 1 


follows from a formal power 
powers of H/\, com- 
regrouping of terms. 
e following: 


(H+A)~atac1y: + atars 
a's nip (H+A-+ Dai n+ 
(H+A)—V ocaa1 (H-4 


Repeated application of the st 

to cases in which the product of 
of (H+ u 
any C number) leads to 


contains fewer fa 


+-\ + 


Vote 1 yp (H+A T We 


7 


Vay. (A +rAtegi,s 


2 


MY ettiaut H+ d\+.4 


Here 7, is a permutation of 7), rhis, in turn, can be rewritter 


(H+2)~atgcy + -ataenss > 


0<i<n+1 i 


X Vou. (A +rA+e¢ 


n( T A+ oli 1) 7 


(1)7-1 > at ati yt’ ata! 


H+A+ 4 


and the lemma is proven. 
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Lemma 3 
For n=1, the statement of the lemma is 
(0| a’ 82|0)= — (0| V.(4+«@,)“'Q) 0). (A-7) 
This equation follows from Eq. (19), reference 14. Application of this equation and of Lemma 2 gives 
O| ata + Atgnsn2|/0)=— De (— 1)" DL Olartgrrys att. Vetweas (A teeter + + Pegs. 
0<l<n P(i;j 
T Wa[n+1}) le. Vou (n—I (HH T W¢(1) ree + Wein+1)) 2 0). (A-8) 
Everything that appears to the right of a'4;;,.; can be regarded as an operator {’ ; then the statement of the lemma 


can be applied to the right-hand side of Eq. (A-8), remembering that /<n-+1. This leads to the statement of the 
lemma for the (n+1) case and the lemma is proven. 


Lemmas 4, 5 


The proofs proceed identically to those for Lemmas 2 and 3, respectively. 


Lemma 6 


This will be proven by an induction on n. For n=1, the statement of the lemma is: 


p(t)" * *Ap(m)'gc1) = 2 6(q(1),pL 7,1 al pCi; 7(1))}--- 


1<jz(1)<m 


? 


K a{ pL (m—1); 911) DA-a'arya pes *@pcm- (A-9) 


The validity of Eq. (A-9) follows simply from successive commutation of a'g:;, and a@,’s until a'g:;) is absent or 
at the extreme left of the expression. Equation (A-9) also leads to the equation 


p(t) * * *BpcmyAtgcry* * * Otqcn41) = Aging) B pray” * *ApimyO'qcry* °° 2'qcny 4 > 4(q(n+1),pf 7,1 }) 
1 


af pCiL1; 51) D)-- af pCL(m—1); J) Dpat gay = -@lym.  (A-10) 


Application of the statement of the lemma to products like dp¢1)- + -@p¢my@"qry'* *@' qin (with 1<n+1), leads to 
a statement of the lemma for (m+1), thereby proving the lemma. This can be seen in the following fashion: If 
we look at that part of the right-hand side of Eq. (A-10) which is a-linear in the a'’s and -linear in the a’s, we 
see that the contribution of the first term on the right-hand side of Eq. (A-10) contains only elements in which 
the g(m+1) never occurs as an argument of a 6 function; in contributions from the second term, however, g(n+1) 
always appears only as an argument of a 6 function. It is easy to see that the sum of the two terms just suffices 
to make Eq. (A-10) a statement of the lemma for (m+1). 
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With short-range forces, initial and final states in a classical 3-body collision are straight-line traject 


into and out of a region where all three particles are close together at the same time 


three describing the relative position of a pair of particles, and three the relative position of the third par 


and the center of mass of the pair, the condition for simultaneous togetherness can be expressed with 
of the 6X6 grand angular momentum tensor, A, whose components are A,;= (m,/m 


' 
x, p m m,)%x 


i 


For a close 3-body collision A?= 4 2, ; Ay? must be small. A? commutes with the ordinary angular moms 


operators and with the kinetic energy; its eigenvalues are \(A+4)#?, with integral A, and its eigenf 


run 


hyperspherical harmonics. Initial and final 3-body states can be described quantally by the total e1 


E, A*, and a commuting set of ordinary angular momenta; this description has the same re 
mentum representation as the ordinary angular momentum analysis has for a 2-| 


} 


(N+1 
An(Ant3n 


particles can 


2)a? 


I. INTRODUCTION 


NGULAR momentum and rotational symmetry in 


3-dimensional space are intimately and _ indis- 


solubly connected. But the value of analysis in terms of 
angular momentum, its conjugate angular coordinates, 
and its eigenfunctions transcends the limits of exact 
rotational symmetry, providing expansions, tools for 
computation, and insights in a galaxy of problems. In 
2-body collisions, for instance, it provides a classification 
of initial and final states in terms of the particles’ spins 
and the collisional angular momentum even though the 
separate conservation of some of these quantities breaks 
down in the region of close collision. 

In problems involving three or more interacting 
bodies, it will often be found that important parts of the 
problem involve operators which are formally sym- 
metric with respect to rotations in a space of six or more 
dimensions. Such operators are, for instance, the kinetic 
energy for the 3-body problem, and even the Hamil- 
tonian for that problem in the absence of any interac- 
tion. True, the latter trivial—but the 
extended symmetry of the problem leads to a generaliza- 


case appears 
tion of angular momentum that provides a description 
for initial and final states in a 3 body collision with 
short-range interactions even though the quantity con- 
cerned is not conserved while the partic les are close to 
one another. And it may be expected that this gener- 
alized angular momentum, together with its conjugate 
angular coordinates and its eigenfunctions, will lead to 
new insight and computational methods in other prob- 
lems where the full symmetry does not persist. 
Collisions involving 3 or more particles are often 
described formally in a momentum (plane-wave) repre- 
sentation.’ Such a description would be directly appli- 
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and Space Administration and in part by Stanford Research 
Institute through funds administered by the Physical and Bio 
logical Sciences Division Research Committee 

‘See E. Gerjuoy, Ann. Phys. 5, 58 (1958) and literature cited 
therein; also J. M. Jauch, Helv Phys. Acta 31, 661 (1958), and 
I. I. Zinnes, Suppl. Nuovo cimento 12, 87 (1959 


ation to 


A 


ve described by using a hierarchy of operators A,?(2 <n: 


cable to the unscattered beams in an experiment where 
two collimated beams impinge on a relatively stationary 
gas. That experiment is rare, and it is 
to encounter 3-body collisions in st 


much more usual 
tistical assemblages 
like a chemically reacting gas or a recombining plasma; 
the inverse process of 3-body or \V-body breakup is im- 
portant places, 


sociation by electronic, 


in including ionization or dis 


many 


atomic, or molecular collisions, 


nuclear reactions, and high-energy events. These events 


can be discussed as wave ts in the plane wave 


pack 
Delves? has 
representation, involving a new, 


representation, but shown that another 
angular 
coordinate and a new quantum number A, is much more 


been invoked be 
fore,’ notably in the problems of the heli 


unphysical, 


convenient. Similar coordinate s have 
and 
of the threshold law for ionization by electron impact.* 
that 


tation of 3-body 


um atom! 


It is one of my aims in this paper to show the 
quantum number J in Delves’s represet 
states arises naturally from the generalization of angular 
momentum, and to give it further physica 
significance. 

In considering the possible collision of 3 bodies moving 


4 


| and intuitive 


} 


continued 


in space, it is natural to ask: If tl article 
undisturbed on their initia 
close would they come 


how 


trajectories, 
to colli ‘ simultaneously at a 


the 3 
Its answer 


point? This question arises mo imply when 
particles are constrained to move 

be found in antit like A m;)'x.p 
—(m;/m,)'x,p; (where the coordinates are measured 
from the center of ish if the 
trajectories lead to an exact 3-body collision. A condi- 
tion for a close (if not exact 


LiOng a line 


can m 


mass), which must var 


3-body collision course is 


> (A 


2 hum 


that A,;, or, more generally, A be 
L. M. Delves, Nucle: 
P. M. Morse and H 
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GENERALIZED 


Related to A? is a characteristic distance, analogous to 
the impact parameter for a 2-body collision. These 
relations persist for 3-body collisions in space, and even 
for collisions invelving V particles, and there results an 
antisymmetric grand angular momentum tensor A with 
3N—3 rows and columns, embracing the ordinary 
2-body angular momenta among its elements. 

In quantum mechanics, one can construct from the 
elements of A a set of operators which commute with 
each other and the kinetic energy. They include the 
familiar angular momentum operators, and one or more 
new operators of the general type of A*, which lead to a 
class of hyperspherical harmonics as 
functions. 

In this paper, I shall develop the basic physical ideas 
and formalism of the grand angular momentum tensor, 
first in classical mechanics and then in quantum me- 
chanics, and apply them to the description of 3-body 
collisions. The argument of the first section opens with a 
discussion of the motion of 3 particles on a line, in- 
cluding the classification of possible collisions among 
them and the first appearance of grand angular mo- 
mentum, in a situation where the ordinary angular 
momentum is zero. There follows the treatment in full 
3-dimensionai space. An important preparatory point is 
the systematic use of normalized center-of-mass coordi- 
nates, which exhibit the symmetry of the kinetic energy 
and encourage its exploitation. Once the proper generali- 
zation of angular momentum has been found in the 
antisymmetric tensor A, the development of its formal 
properties is straightforward. 

In Sec. II, this development is continued with the 
quantal commutation rules and the construction of 
commuting sets of operators suitable for describing the 
3-body system in regions where the interaction is 
negligible. This description has to the more familiar 
momentum representation the same relation as the 
angular momentum description has for 2-body collisions. 
It has various advantages, concentrating the focus on 
true 3-body collisions (small A*), and providing solu- 
tions that are normalized in the same way as, and 
orthogonal to, 2-body solutions, so that they are par- 
ticularly suited to describing processes like A+ BC — 
A+B+C. 

The key notions leading to the concept of grand 
angular momentum seem to me to be the following: 
first, the use of a symmetric, normalized coordinate 
system; second, focusing attention on simultaneous 
closeness in a three-body collision (which is assisted by 
a position rather than a momentum representation) ; 
and third, the generalization of angular momentum as 
an antisymmetric tensor. 


their eigen- 


I. CLASSICAL MECHANICS 
A. Classification of 3-Body Collisions 


Three-body collisions involving short-range forces can 
be conceptually dissected into three stages: the ap- 
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proach, when the particles are moving without interac- 
tion; the collision proper, when the interaction influences 
the motion strongly; and the retreat. If a trajectory is 
thought of as a path in the 9-dimensional space defined 
by the coordinates of the 3 particles or in the 6- 
dimensional space remaining when the motion of the 
center of mass of the system is eliminated—the ap- 
proach and retreat trajectories are represented by 
straight lines. The collision, or interaction, stage need 
not be examined in detail here. We need only know that 
it converts an approach trajectory into some retreat 
trajectory, and that it involves one or more of these 
processes : 


(a) No collision 
the same; 


approach and retreat trajectories 


(b) A 2-body collision only ; 

(c) Successive 2-body collisions, separated by a seg- 
ment of straight trajectory without interaction; 

(d) A 2-body collision between a stable compound 
and another particle; 

(e) Complex 2-body collisions—an initial 2-body col- 
lision forms a metastable collision complex that survives 
long enough to collide with a third particle; 

(f) A pure 3-body collision—the approac h trajec tory 
brings the three particles together directly into a region 
where all three are subject to forces of interaction. 


Some of these events are illustrated in Fig. 1. The first 
three processes, (a), (b), (c), involve no true 3-body 
events. True 3-body collisions have trajectories passing 
through the central region of simultaneous 3-body 


interaction ; entry and departure may each occur by any 


of the processes (d), (e), and (/)—in a rearrangement 
collision, for instance, both entry and departure occur 
by process (d). 

If we ignore the process (d) and start with three 
separate particles, it is obvious that the chance of 
entering the region of 3-body interaction is the greater, 
the closer the initial trajectory is aimed at the origin in 
Fig. 1. For the initial trajectory (e) in the figure, the 
distance of closest approach, Rj, is a generalized impact 
parameter which must be small if a 3-body event is to be 
likely. In fact, R will be an appropriate parameter for 
classifying 3-body collision trajectories. 


B. Normalized Center-of-Mass Coordinates 


It is necessary here to specify the coordinate system 
in more detail. The positions of three particles in space 
are fixed by nine coordinates x,*, where a(=1, z. 3) 
labels the particles, and i(=1, 2, 3) the directions in a 
Cartesian coordinate space. x* is an ordinary 3-com- 
ponent vector, while Z, has the three components, x, 
x?, x,*. With both affixes omitted, the symbol x repre- 
sents a 9-component column vector, whose components 
may be represented by x,, where the single suffix runs 


from 1 to 9 [j=i+3(a—1), x.42re-1)=24" |. The masses 
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of the particles are m*, and their momenta are (clas- 
sically) p* = m*dx*/dl. 

It is convenient to make a transformation to a center- 
of-mass coordinate system. This can be done so that the 
volume element is unchanged, and the kinetic energy 
matrix becomes a diagonal! form with a common reduced 
mass for all the internal coordinates of the center-of- 
mass system. Such a transformation leads to coordi- 
nates £,*: 


0 1 d — | d 


mod md 


(1) 


’ 


| 
M2t+M; Me2t+m; |} 


m,/M m/M m;/M 3 


where 
M=>..m", My’=|[.m*, 


The momenta transform to 


and my ym;d*=y(m2+mz,). 
—dy/m, 


du 


and the kinetic energy is 
1 
1>> —(p.*) 


' 
ia m® 


; 
AD i -L 
’ i bu 
Since the motion of the center of mass can always be 
separated out, we can henceforth assume that 7r’=0 
and £,3=0, and write simply 
. € 
’ (x3)? 
2p i 


(4) 


In these normalized coordinates the kinetic energy is 
conveniently symmetric. This can be contrasted with 
its form in the common center-of-mass coordinates, 
obtained by setting d=1 in Eq. (1), where a different 
reduced mass w* appears for each value of a@ in the 
kinetic energy. To gain this symmetry, it is worth 
paying the small price that ordinary physical distances 
are measured not by [> ,(é:*)* }', but by d[°,(é,4)?}! 
and d“"{> .(¢,*)? }', respectively. With this caveat, it is 
still possible to say that &* describes a physical vector 
representing the relative positions of certain particles.’ 

The transformation of Eq. (1) is not the only one with 

7 Similar coordinates, often chosen so that w=1, have been used 


before. See, for instance, D. W. Jepsen and J. O. Hirschfelder, 
Proc. Natl. Acad. Sci. U. S. 45, 249 (1959 


SMITH 

the desired properties. This one has the additional 
feature that the vector a describes the relative motion 
of particles B and C, and & describes the relative motion 
of A and the center of mass of BC. There are two other 
such privileged coordinate systems, related to it by 
orthogonal transformations. The system {&’}, where &’ 
represents the relative motion A and C, and &” the 
motion of B with respect to AC, is related to {&} by 


| cosé sing’ 


sinB’ cosp”’} 


where 8” is an obtus« h that 


angie su 


mo Mo mM 
tan’p”’ 
mA Mp Mama 

This transformation may be called a kinematic rotation,® 
to distinguish it from ordinary rotations of the vectors 
in Cartesian space. A similar kinematic rotation leads 
to the coordinate system {£’’}. Figure 1 illustrates these 
coordinates, and the trajectories (or their projections), 
in the plane of £,' and &,*. The momenta obviously 
transform in the same way as the coordinates. 

When the collision of 4 or more particles is in question, 
it is again possible to set up a normalized center-of-mass 
coordinate system. In the general case, with N particles, 


the kinetic energy is a form like (4), with a reduced mass 


7] (]] m: > m 


r 


C. Collision on a Line 


Let us now consider the collision of 3 parti les on a 
line. This can be described by the normalized center-of- 
mass coordinates (£,',&°), and illustrated by a tra- 
jectory like (c) or (e) in Fig. 1. At first, the particles are 
far apart and approaching each other on a trajectory 
described by 


Q 


[If we had not used the normalized coordinate system, 
a different reduced mass u* would have been associated 
with each value of a in Eq. (8 
impossible to write the simple vector equivalent, Eq. 
(9). ] As expressed here, the problem is formally identi- 
cal with the center-of-mass description of a 2-body 


aimed at the 


and it would have been 


collision in a plane. An initial trajectory 
origin in Fig. 1 would lead to the simultaneous collision 
of 3 mass points (in the absence of a potential). The 
extent to which a trajectory misses being such a simul- 
taneous collision course can be measured by a generalized 


*F. T. Smith, J. Chem. Phys. 31, 1352 
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| 


C+B+A 


(e) 
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s 


k1G. 1. Some possible 3-body trajectories. The trajectories lie in, or are projected onto, the plane &,', £2, where £,' is the x component 
I ‘ J J pro) | } 


of the normalized vector between particles B and C, and £,? is the x component of the normalized vector between their center of mass 
and A (the coordinates are described further in the text). The hatched regions are regions of interaction, where the potential is nonzero 
(c) represents two successive 2-body collisions, (d) represents a vibrating molecule AB approaching collision with C, (/) represents 3 
particles separating, starting from a region of pure 3-body interaction, (¢) shows A and B colliding and revolving about each other long 
enough to collide with C, (d’) shows a bound molecule BC rotating as it. departs from A 


angular momentum, 


Ay? =) (ar Er )e;' 

Ey'9y?— E;"x)', (10) 

which is independent of the time ¢, by Eq. (8), and also 

invariant under an orthogonal transformation of the 

coordinates. Alternatively, one can use the generalized 
impact parameter R;; it is related to Ay; by 

(A;!2)? 


2uER,(’. (11) 


Clearly, if the potential has a finite range, a trajectory 
with R; greater than some value Ro cannot lead to a 
pure 3-body collision. 


It is worth noting that the angle x,, which gives the 


orientation of the trajectory (e) in Fig. 1, has a physical 
interpretation in the distribution of kinetic energy 
among the 3 colliding particles. In fact, 


E4=E(i1—m,/M) cos*x:, 
Ep=E(1—mep M) cos*x)’, 


; 


(xi'=xi1—-B”" = xi + B+8’), 


Xi + B’). 


(12) 


Ey E(lA—m, M cos*x 1", (x;” 


The energies, of course, are all in the center-of-mass 


system. 
D. Collision in Space 


The collision of three particles in space can be dealt 
with by an immediate generalization of the notions of 
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the preceding section. If the initial straight-line tra- 
jectory in the 6-dimensional space {£,} is to lead to an 
exact 3-body collision (that is, pass through the origin 
of the coordinate system), all of the quantities 


6) (13) 


must vanish. This condition is equivalent to the 


vanishing of the single, positive definite, quantity 


(14) 


A? is a suitable measure of the closeness with which the 
trajectory approaches a 3-body collision course. 

The array of the A,,; forms an antisymmetric 6X6 
tensor, which will be denoted A and called the grand 
angular momentum tensor. A*, the total squared grand 
angular momentum, is an invariant of the straight-line 
trajectory, independent of the coordinate system. A? is 
generally mot invariant in a collision with interaction, 
and its initial and final values may differ (this is true 
even when only two of the particles interact and the 
third passes by without interaction). 

In the six-dimensional coordinate space, the distance 
from any point to the origin will be denoted p: 


P 
SY (£./2 
fw \§ 


p 


ulm, 


(15) 


2uM)“ po 


mim’ x 


(The first and last forms can be extended directly to 
define a generalized distance coordinate for the problem 
of N particles. The a 1 


ssociated momentum is 


p, udp dl p + sé © i (16) 


These identities follow immediately 


, , 
pn PP ok); 


PP -® s, (18 


2uTét 
p?(2u7 p,*). (19 


The minimum value of p on a straight-line trajectory, 
say R, is the analog of the impact parameter of a 2-body 
collision, and will be called the 3-body impact distance of 


the trajectory. It is related to the invariant A? by 


2uTR 


(20) 


A obviously includes ordinary angular momenta 


among its elements. We may write, as an alternative 


form of (17), 


SMITH 


and 


A" is just the usual angular momentum of relative 
motion of B and C expressed as a tensor, and A® is the 
same for A and BC. The total angular momentum is 


L=A"'+ A”, (23 


The other terms, A” and A* are more complicated ; one 
is the negative transpose of the other, and they can be 
analyzed in terms of a symmetri: 
antisymmetric tensor A: 


tensor X and an 


= =A”?— A 
(24) 
2A"¥=A+Z, 2A A-—<. 


As will be shown below, A can also be identified with a 
combination of ordinary angular momenta. It is closely 


associated with the quantity Y defined by 
Y=A"— A? 


The full tensor A can now be written in the form 


L 

2A (26) 
\—% 

which is the natural form for displaying the effect of the 
kinematic rotation, Eq. (5), to the new 
system {£,/}. L and © are 
transformation, and we have 


coordinate 


invariant under such a 


2A’= 20” AO” 


Y and A transform toget! 
vector, rotated through the 


r Y cos26 e' A SII 
A’= —Y sin28”+A cos2e” 


E. Tensor in 3-Particle Coordinates 


Let us define the grand 
tensor in the initial 3-body system, with 
taken from the center of mass. The 


momenta are subject to the constraints 


now ngular momentum 
the coordinates 


oordinates and 


9) 


The grand angular moment L can now be 


defined by 


L,; 


L, 
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[The mass coefficients enter here because the L,,°* are 
related to the symmetry of the kinetic energy in the 
form T=} >°.(P,*)* that results when the coordinates 
and momenta are transformed to X ,*= (m*)'x,* and 
P ,*=(m*)~'p,*. | In view of the conditions (29), it is 
easy to show that 


> a(m*)'L*7=0. (31) 


The 3X3 tensors L**, lying along the diagonal of L 
are obviously just the angular momerta of the particles 
about the common center of mass. The others can be 
written as a sum of symmetric and antisymmetric parts, 


2L*=A%+4+S8, (4,98 = — A, 08 = A ,,Pe, 


S%=S,,%=—S,P2), (32) 
and the antisymmetric part, by (31), can be expressed 
in terms of the ordinary angular momenta: 


(m7m®)§A28 = mL 77 — m2Le*— mL. (33) 
The symmetric parts, $**, by (31), are all related to a 
single symmetric matrix, @: 


(mem)*§28 = — (m7m*)'§%*=e, (a8=12, 23, 31). (34) 


The 9X9 tensor L can thus be expressed in terms of the 
three angular momenta L** and the symmetric 3X3 

tensor ¢ 
The elements of the symmetric tensor @ are related to 
the quantity Ay,” of Eq. (10), which appeared in the 
discussion of the 3-body collision on a line where the 
true angular momentum was necessarily zero. They thus 
refer to the relative simultaneity of the 2-body collisions 
implicit in the 3-body trajectory. In general, @ may not 
vanish even when all the angular momenta L are zero. 
Applying the transformation (1), one can relate the 
components of A to those of L as follows: 
L=L¥+L“+L*, (35) 


IT> > =¢, (36) 


mL" + m,L22— m,L*, 
ot Ms, 


2m, 
y=(14 jue _ 121» 
M+ M3 


9 


Finally, it can be shown that the invariant A* can be 
computed directly from the L,,°*: 


1 re a f\2 { 
“A> (L;;* 39) 


2 


ija8s 


To prove this, note that the transformation (1) implies 
that 

pe =p >. (E,2 =>, mi(x,)?, (40 
and 


pPe= Ls bm. =Li ripi. (41) 


ANGULAR 
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Hence, 


A> (Li; =2T Dm (x, — (0 zip)? =A*. (42) 

It is interesting to note that a simple case of the grand 
angular momentum tensor can be constructed in the 
case of a 2-particle collision, if the coordinates of the 
separate particles are measured from the center of mass. 
In this case, L= A is the total angular momentum of the 
pair, and L is the 6X6 tensor 


meL — (mym-)'L 


L=(m,+m,)™ (43) 


(mymz)'L mL 


The preceding theorem, Eq. (42), is obviously obeyed. 


F. Properties of the Grand Angular 
Momentum Tensor 


In the 6-dimensional coordinate space, the grand 
angular momentum tensor A defines a magnitude |A| 
and the orientation of a 2-dimensional plane containing 
the coordinate origin and the straight trajectory from 
which A was derived. Lf the coordinate system is rotated 
so that the axis of the new coordinate {,' is parallel to 
the 6-vector x, and the axis of &’ is parallel to the 
6-vector —&(R) running from the origin perpendicularly 
to x, A’ has only two nonzero elements, 

Aye’ 


Any’=|A (44) 


This may be thought of as the normal form of A; it 
shows that A has four zero roots, and two that are 
conjugate pure imaginaries, +i A}. Generally if A is 
known, an orthogonal coordinate transformation can be 
found that will put A into its normal form and identify 
the plane in which the trajectory lies. 

Of the 15 elements of A, how many are algebraically 
independent? Certainly not more than the 12 inde- 
pendent coordinates and momenta. Clearly, the total 
kinetic energy T is independent of A; when T is known, 
the trajectory is limited to a family of straight lines 
tangent to a circle of radius R in the plane defined by A. 
One additional parameter to determine the 
particular straight line (for instance, the angle x; in 
Fig. 1 or, by Eq. (12), an additional energy such as E,4). 
The velocity with which this trajectory is traced out 
is known from 7, but the initial position at time t=0 
requires one further independent parameter. ‘Three 
parameters in addition to A are thus generally needed 
to specify the straight-line motion completely (but in 
the singular case |A|?=0, these 3 do not suffice). This 
suggests that A implicitly contains in general (12—3 

9) independent quantities. 

Since A has only two nonzero roots, a set of implicit 
relations among its elements can be obtained by con- 
structing third-order determinants from its elements 
and setting them equal to zero. This leads to a set of 
identities (which can be verified directly by expanding 


suffices 
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in terms of x’s and p’s 


(i j,RD)= Ay AnrtAjAcitAnsAs:=0, 


(45) 


where 7, 7, k, l are all unequal; because of the antisym- 
metry of A, the cyclic permutation in the sum may be 
taken over any 3 of the 4 indices. Only 6 of these 
equations are independent, for instance the set 


(12,k1)=0, (k>2,1>k), (46) 


and the rest can be expressed as combinations of them 
by using the identity (which depends only on the form 
of the definition (45) and the antisymmetry of A): 

(47) 


A im (47,RL) = Ags (im, RL) +A a(t jml) + Air (ij,km). 


Another set of relations can be found in the Poisson 
brackets containing the A,;; these are in all respects 
parallel to the commutation rules to be derived in the 
next chapter. 


G. Many-Body Collisions 


Although the almost simultaneous collision of 4 or 
more free particles is very rarely a matter of concern, the 
opposite process, .V-body breakup after the collision of 
2 or 3 particles, is often of physical importance. All the 
development of the preceding sections can be extended 
immediately to the description of such V-body events. 

In the 3.\ 


mass coordinate system, the \V-body grand angular 


3 dimensions of a normalized center-of- 
momentum tensor Ay is constructed as in Eq. (13); it 
is related to the tensor Ly defined in the coordinate 
system of the .V particles by an equation like (30), 
Either of these can be used as in Eqs. (14) and (39) to 
construct the quantity Ay? which is an invariant of the 
straight-line trajectory. Aw has two roots, and can be 
transformed by an orthogonal coordinate transforma 


tion to the normal form of Eq (44), which identifies 


(except when Ay?=0) a 2-dimensional plane through the 
origin in the hyperspace. The $(3V—3)(3V—4 
connected by 5 3N—5)(3N—6) 
pendent identities of the form of Eq. (46), 
(6.\ 
trajectory’s closeness to an V-body simultaneous colli- 
sion course is characterized by Ay’ or by the V-body 
impact distan e Ry that is related to it by Eq. (20). : 

The tensor Ay 
tensors Aw), el 


ele- 
ments A,; are inde- 
leaving 
9) independent parameters to fix this plane. The 


the elements of the 
, of lower order which characterize the 


incorporates 


collision trajectories of the various possible subgroupings 
of the V particles. To exhibit these various possible 
groupings, different sets of center-of-mass coordinates 
must be used; these are related to one another by 
orthogonal transformations like that of Eq. (5), but 
with, in general, .\ 
of these kinemati 


1 rows and columns (for examples 
rotations, and an indication of how 
they can be decomposed into a sequence of simple 
rotations, see reference 8). Under these transformations, 
Ay behaves as in the first part of Eq. (27 
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Il. QUANTUM MECHANICS 


Introduction 


In quantum as well as classical mechanics, a 3-body 
collision can be considered as an event causing a transi- 
tion from an approach trajectory to a retreat trajectory. 
The uncertainty principle limits the specification of the 
initial and final trajectories, but it le 
compensating freedom to choose from a number of 


ives us with a 


possible representations one that comes close to repre- 
senting an experimental situation or seems particularly 
convenient for calculation. 

In the theory of 2-body collisions, it is common to 
begin by describing an idealized experiment in terms of 
the scattering of a plane wave, with a well-defined mo- 
mentum vector. In dealing with low-energy collisions, 
at least, one quickly analyzes the plane wave into a set 
of spherical waves with well-defined angular momenta 
about the center of mass, and from then on carries out 
the analysis in this more convenient representation. A 
parting glance may finally be given to the plane wave, in 
order to compute the interference effects that may be 
observed in experiment. The prime reason for the use of 
spherical waves is that they are concentrated on the 
region of interaction, which may indeed, at low energies, 
not extend far enough to affect any but the first one or 
two partial waves. A related reason is that the outgoing 
scattered wave is in any case conveniently described in 
spherical terms, having lost the directional character of 
the incident wave; when the experimental observation 
is a function of angle made at a large distance from a 
small region of interaction, the spherical description is 
particularly appropriate. 


Similar considerations apply the 


specification of 
Analogy suggests that 3-body colli- 
sions can usefully be analyzed in terms of some sort of 
spherical or hyperspherical 


a generalization of the angular momentum. The grand 


3 body ( ollisions 


waves, classified in terms of 


angular momentum introduced in Sec. I proves to have 


is related 


easures the 


the desired properties. By Eq. (20) of Sec. Tit 
to R, the 3-body impact distance that 
closeness of the 3-body impact, in just the way the 


’-body impact 


ordinary angular momentum is to the 
parameter. 


A. Commutation Rules and Commuting 
Observables 


itions of the previous sec- 
unit 
Jacobian, and they and their consequences for the 


The coordinate transform 


tion are linear with constant coefficients and 


momenta and the quantities derived from them (kineti 


energy, angular momenta) carry over to the quantum 
operators without change. It will suffice from here on to 
use 


return to the use of Latin inste 


a center-of-mass coordinate systern, and I shall 
d of Greek letters for the 
\ SO, in 


ingular momenta wi 


deference to the 
| be 


| be used for the 


coordinates and momenta 
usual terminology, ordinary 


denoted by the letter 1, but A will stil 
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Fic. 2. Representations of the 
grand angular momentum for 3 


body collisions 





A 


full grand angular momentum tensor. We may redefine 


Li=A" L2=A”, 


L(A 7 


and 


in -) =XiPj—X;Pi, 


(1, 7 
The following commutation rules are obeyed: 
[Ay,,*5] [Aj;i,x4] 
[A ‘isPi] yo [Aji, 
[AajAca ]= INA jx, 
[Aij,Amé | = 0, 


[Awy, (Av2+Aji2) J=0, 


ihx;, 


inp;, 


(1, 7, Rk, m all unequal), 
(iX#k, j#k). (6) 


The kinetic energy matrix, T= (1/2u)>>.2:° p2, 
mutes with each element A,,. 


[A,;,7° ]=0. 


com- 


Quantum mechanically, the approach stage of a 
3-body collision, in the region where the potential is 
negligible, is completely described in terms of the 
eigenvalues of a commuting set of operators. Ordinarily, 
the total kinetic energy, 7, is one of the set. In view of 
Eq. (7) any commuting set of operators derived from 
the A,; will also commute with 7. Let us see what can be 
done with combinations of the A,;. From Eqs. (5) and 
(6), Ai2 commutes with each of the operators 


The M, also commute among themselves, 


[M,.,M ]}=0: 


for instance, 
(Ms,M.)=(Ai?, (Aie+Asz) J+[Aad?, (Aee+As¢)]=9. 
Thus we have the set of commuting operators, 


(A (Aio,M,M4,Ms,Me,T}. (10) 


Since A?=}o ¢<;j Ay? = 11? +) i-3'** My, it is possible to 
substitute A? instead of M¢ in the set (A), or to use any 


ANGUI 
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lw. |u] 
EF: 


+. 


N 


NE 
1] 


| 
‘“ 


B C 





other complete set derived from Eq. (10) by linear 
combination. 

The five angular momentum operators of (A) can be 
represented graphically as shown in Fig. 2(A), since the 
M ; represent sums of squares of the matrix elements in 
successive columns of the upper triangle of the matrix 
A. Some alternative ways of partitioning this triangle 
are also shown; each represents a set of commuting 
operators. 

Of the representations shown in Fig. 2, (A) and (B) 
are the most important. (B) in particular can be related 
to familiar quantities, since only .V is unfamiliar: 


M.=A,,?= (L,')* o+M,=(L'), 


M,'=(L,?)? M,'+M,’=(L*)’, 


(11) 


> (Ay 
j 


where the usual symbols for angular momenta and their 
z components are used. Instead of V, A* may be taken as 
the fifth operator of the set. 


{E,A2,( 


Phen we have 


ples’ LL?) dew"), 


; 


(B (12) 


as a complete set of operators. (L,' and L,? need not be 
referred to the same direction in space.) Alternatively, 
we can use the total angular momentum, L: 


(E,A2,12,L,,(L')2,(12)7), (13) 


D+ (14P+2L'-L?, J L'+L?7. (14) 


rhe initial and final states of a 3-body collision can 
now be specified in terms of the quantum numbers as- 
sociated with the eigenvalues of a set of operators like 
(A), (B’), or (B”’). The sets (B’) or (B’’) involve the 
familiar eigenvalues of the ordinary angular momenta, 
(Le l=(1*+-1)h?, 

L,27=hm,* (\m;,*\ <1*), (15) 

and an additional eigenvalue, A*. This is of the form 


A?=A(A+- 4), 
with 


q integral (16) 


The initial and final states may then be labeled with the 
quantum numbers 


(B’) (EAP mi Pym?}, 
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if 
{£,A,l,m,l',P}, 

where / and m, refer to the total angular momentum, 

L(l+1)#?, I>P, 


L,=m nh, |\m,| <l. 


(L)? 
(18) 


These quantum numbers are convenient for labelling 
the the matrix for 3-body 
collisions. 

The representation (B”) is 
expressing the conservation of total angular momentum, 


elements of scattering 


properly adapted to 


but it has a disadvantage for some purposes in that 
the 3 particles enter asymmetrically in the definitions of 
L' and L’. In Sec. 
symmetric tensor XZ, as well as the total angular mo- 
is invariant under the kinematic rotation 


I, Eqs. (26) and (27), we saw that the 


mentum L, 
which represents a change to a different pairing of the 
particles. If a set of 5 independent commuting operators 
from A’, L, 
representation that treats the particles symmetrically. 
Such 
angular 


can be derived and &, we shall have a 
a representation will apparently involve three 
with the 
and the 


momentum connected 


he plane of the 


Ope rators, 


Euler angle s ot t three bodies, 


trace of &, 


‘ Ls 


Bes. (19) 


This 


forms of the 3 body problem.’ 


representation may be advantageous for some 


B. N-Body Operators 


Similar principles apply when energy is available to 
produce four or more particles, and a representation in 




















Fic. 3. A representation of the hierarchy of angular momenta for 


a 4-body 


collisior 


this representation more fully elsewhere 


91 he pe to discuss 
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terms of a discrete spectrum continues to be available. 
The treatment can be sketched briefly. Let x 
particles, x from 
their center of mass to a third, and x’ run from the center 
Then, 
from 1 to 9, the grand angular momentum 


be the 
normalized vector between two run 


of mass of all three to the fourth letting 7 run 
in be defined 
as before. A complete set of commuting operators now 
includes 8 composed from the A;;, plus 7, the kinetic 
Fig. 3, 


energy. A possible representation is shown in 


where 


and 


The eigenvalue of 


where 
y’ integral 

When five or more particles are involved in 

the hierarchy of grand angul 


ir momenta 
tended as far as needed. It is 
convention that An 
ticles, so that A; is an ordinary angul 


convenient to use 
n+1 


ir momentum 


refers to a system of par- 
rhe 


eigenvalues of A,” are then 


For (n+1) particles, a con 
the center-of-mass system would be 


(7 As Ag-1’,°* Af, (L*),°° °C Py a 23 


As the number of up, so does the 
variety of possible choices for a set of commuting 
operators. With five partic les, for instance, the hierarc hy 
Ay, Az, As, can be replaced by Ay, Ao, Ay’, where A» 
involves coordinate indices running from 1 to 6, and A,’ 


to 12. 


particles 


rOes 
gor 


involves coordinate indices from 7 


C. Coordinates and Eigenfunctions 


Just as spherical polar coordinates are associated with 
problems involving ordinary angul momenta, so 
hyperspherical polar coordinates are 


yroblems involving the grand angu 
I 


naturally used for 


ir Momentum opera- 


tors. Corresponding to the different possible sets of 


commuting angular momentum operators are different 
the (3n—1 


problem of ut 1 bodies. 


choices of coordinates .in the 


angular 
but the hyperradial| coordi- 


nate r is independent choice of angular 


coordinates 


(24) 
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With the operator 
ra) 
p2=—h'r™ r* 
or 


the kinetic energy operator is 


1 
p? t Aw’. (26 
Qu 2ur’ 


For the collision problem with short-range forces there 
is a region at large r where the Schrédinger equation can 
be separated into an angular and a hyperradial part 
The hyperradial equation can be solved by a Bessel 
function; for instance, 
R,, yn(r) 2) J, 1+? ») (Rr) ; 

incoming or outgoing waves can be expressed similarly 
in terms of Hankel functions.’ 

The solutions of the equation in the angular coordi- 


nates w, 


[A,?- hr,.(A,+3n 2) |2(w) 0, (28) 
are hyperspherical harmonics. These have different 
forms depending on the angular coordinates chosen ; the 
ones of interest here can be written as simple products 
of functions of a single angle each. Let us look briefly at 
a couple of these representations for the 3-body problem. 

If we introduce what may be called the regular 
hyperspherical polar coordinate system (A), defined by 


Xe=P COS 5s, 


X5=?7 sings COSf 4, 


ti=r sings sing, sing; sings sing), (29) 
we find that the operator A’ is naturally subdivided in a 
way related to the partitioning of Eq. (10) and Fig. 
2(A). Separation of variables leads to angular functions 

related to the Gegenbauer polynomials."” 
The coordinate system (A) is not very useful, how- 
ever, because it is not adapted to singling out the 
ordinary angular momentum of the system. For this 
purpose, A’? is more appropriately subdivided as in 
Fig. 2(B) and Eq. (17). The associated coordinates 
r,x,91,61,92,62) are derived from the ordinary spherical 

polar coordinates (1;,01,01; 72,42,62) by 

11=F COSX, 


fo=F sinx. (30) 


x [4(A—Aa—Av) J!CP As +4emns) PETS A+A.—Ay + me—2) 


(24-+-m—2)T[4(A+A,+A, +m ~—2) rsA—~A, +r,+ m,) ) 


L. Infeld and T. E. Hull, Revs. Modern Phys. 23, 21 (1951 
Erdelyi, W. Magnus, F 


and W. H. Schaffer, J. Mol. Spectroscopy 4, 285, 298 


I 1960) ir 
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in these coordinates, A? becomes 


~ 1 a a (L 2 
sin’?2x ) + 
sin’2y dx Ox cos*x 


and generates a hyperspherica! harmonic which is a 
product of ordinary spherical harmonics and a function 
X(x) which can be expressed?# in terms of the Jacobi 
polynomial 2F): 


( i? \2 
7; ‘i 
sin*x 


X (x 


cos'y sin '*x 


i+ dN Litlde+A+4 
XaFi( ‘ , lo+3, sin?’x }, (32) 
) 


) 


where \ >1,+/,. [Note that Delves calls “X” what 
appears as 4(A—1,—/,) here. | Delves shows how to 
transform between this representation and the mo- 
mentum (plane-wave) representation. 

Similar expressions can be found for the hyperspherical 
harmonics needed in the angular momentum analysis of 
a system of four or more particles. If the m-dimensional 
grand angular momentum tensor A is partitioned in a 
way involving the m,-dimensional tensor A, and the 
tensor A, (where m,+m,=m) the 
angular eigenfunction can be written: 


m,-dimensional 


r ( 
Q(w) = Xm(x)Qa(wa)Qs, (ws). 


(33) 


X (x) satisfies the equation: 


d d 
matly sin moti, (cos ly sin’™ ly 


ax dx 


COS 


Aal(Aat+m,— 2) 


As(Agt+ms,— 2) 


cos’ x sin*x 


+d(A+m—2) 1X m(x)=0. (34) 


The solution is 
Fisn' Xx Zz (M,M.,M» : AAgAs; x) 


AatAs—A 
N cos**x sin F 


A+AQ+A,+m—2 my | 
,Ast+—; sin*x J, (35) 
) 


) 


where (A—A,q—A,) is an even non-negative integer. 


The normalizing constant can be fixed by 


4 


(36) 


u where these functions are called ‘‘generalized spherical harmonics.” A 
Oberhettinger, and F. G. Tricomi, Higher Transcendental Functions 
York, 1953), Chap. XI. Similar representations hav been used by G. A. Gallup, J. Mol. Spectroscopy 3, 673 (1959 


McGraw-Hill Book Company, Inc., New 
and by J. D. Louck 


1 connection with the #-dimensional isotropic harmonic oscillator: they 


construct the generalized angular moementum tensor and associated raising and lowering operators 
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so that 


f X (mymg,ms i A,AaAvn 7 X)X (myma,my i’ AaAv 5X) 


ly sin™!ydy = 6,» (3/) 


Ke os” 


which corresponds to unit normalization over a hyper- 
sphere. 


D. Description of Collisions 


The eigenfunctions in the hyperspherical coordinate 
system make it easy to describe the asymptoti form of 
a collision involving three or more particles. The wave 
functions can be normalized to unit total inward or 
outward flux through a hypersphere. When a 3-body 
collision leads to a bound state (of a molecule BC, for 
instance) the quantum number d is replaced by v', the 
vibrational quantum number of the molecule. Con- 
versely, a collision of the type A+ BC — A+B+C can 
be described by a term of the scattering matrix leading 
from the incoming state (/2,0',/,m,l',P) to the outgoing 
(Ev J jm,l" 1"), where E, l, and m; are con- 
served and no other labels are needed if A, B, and C are 
structureless, spinless particles. When three or more 


state 


bodies are produced from a 2-body collision, the con 
venience of a representation in which all the quantum 
numbers except the 


remain in the discrete 


into 


energy 


spectrum instead of passing the continuum is 
obvious. In such a representation, problems of normal 
ization also disappear; for a bound state BC the condi- 
tion of unit flux through a hypersphere reduces to unit 
flux through a sphere in the coordinates of x* describing 
the relative motion of A and BC and so the same 
prescription suffices for 3-body trajectories and for the 
{1+ BC, AC+B, and AB+C. At sufficient 
distances, the free 3-body states labeled by \ and the 


bound states labeled by 


bound states 
"and vo’ are asymptotically 
orthogonal, so the description in these terms is unique. 

How do metastable 2-body states like A+ BC*, where 
into this 
picture? In principle, these contribute ultimately to 
outgoing waves with large values of A*?, which appear to 


BC* has enough energy to dissociate, fit 


originate near the potential trough along the axis of the 


coordinates x’ (£,° in Fig. 1). Strictly, they should be 
described in terms of a superposition of these 3-body 
states with various values of \ (and certain phase 
This will 


relations). describe their effect every where 


except in the potential trough—and asymptotically, at 
large enough r, this state will have decayed away from 
the trough and will not be noticeable there. Practically, 
observations will be made at a finite distance, and it 
may be more realistic to treat the metastable state like 
a true bound state and ignore its contribution to waves 
with large \. In doing so, it must be recognized that the 
and be- 
comes especially fuzzy for metastable states with short 


procedure is not completely self-consistent, 


half-lives which may contribute a good fraction of their 
flux to states of low A 


SMITH 


A simple criterion for such metastable processes can 


be found as follows: If the vel ity in the trough is 


2E2 


(assuming the ordinary angular m 
1,=1l,=0), and if the 


average me 


then the average 


trough is 


If the characteristic range 3-body interactions is 


o, the processes going by way metastables are 
when 
istable BC* 
igments B+C as / - 


iverage value of |A 


effectively distinguishable from 3-body 


events 
(x2)>>o. Defining the energy level of > met 
with respect to the dissociated fr 
it is interesting to note that the 
becomes 


A p ; hy» (41 


The metastable state wil ves with different 


values of \ with relative abilities given by 


Pa(A)=A 42) 


The largest value of \ that can be involved in a pure 
3-body interaction with rang 


is E=Ewt+E£2, is 


when the total energy 


N= (Quk)*a 13 


ig 1etastables then 


The criterion for processes involving n 
becomes Am>>A,, OF 


It has been implicitly assumed in this argument tha 


half-width I, is much sn r than &,, and (/ 


when this is not the case, more detailed dis« uss 


ion 


required 


E. Applications to Experiments 


It must be admitted that the sets of observables 
derived from the grand angular momentum tensor are 
not always the most convenient ones to compare with 
experiment. But in this, after all, they do not differ 
greatly from ordinary angular momentum, which is not 
usually observed directly in scattering experiments. In- 
stead, one deduces angular momentum effects from the 
angular dependence of scattering cross sections. Like- 
wise the contribution of states of different values of A 
to 3-body processes can be deduced from experimental 
measurement of the distribution of energy between the 
three particles. Delves’? discusses threshold phenomena 
with A=O0 (or A=/ 

At higher energies contribu- 
tions from states of larger \ wi 


from this point of view; states 
should predominate here 
appear and produce 
more structure in an energy distribution plot. Metastable 
I. Smith, Phys. Rev. 118, 349 


4 See also | 1960 
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bound states will of course give a peak of half-width I, 
at a critical value of the energy Egc= En. Further study 
of the hyperspherical harmonics should disclose other 
ways in which experimental observations can be used in 
this sort of analysis—various combinations of data 
including energies, angular correlations, and temporal 
coincidences or delays, could be examined for 3-body 
effects." 

2 Compare the study of 3-body events for effects of 2-body 


forces: G. F. Chew and F. E. Low, Phys. Rev. 113, 1640 (1959) 
See also L. Fonda and R. G. Newton, Phys. Rev. 119, 1394 (1960 


ANGULAR 
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In some problems of chemical kinetics, 3-body reac- 
tions occur in a statistical assemblage of colliding 
particles. Similar events, governed by short-range 
forces, occur in the 3-body attachment of electrons to 
atoms or molecules. In cases like these, it should be 
possible to introduce the angular momentum description 
of 3-body collisions into a statistical argument. In such a 
desc ription it is important to look carefully into the 
relative contributions of pure 3-body processes and 


events involving a 2-body metastable. 
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Quenching of Magnetic Moments in Nuclei* 


S. D. Drett ann J. D. Watecxat 
Depariment of Physics and Institute of Theoretical Physics, Stanford University, Stanford, California 
(Received June 20, 1960 


Starting from the premise that with modern dispersion-theoretical techniques one has a reliable method 
for calculating the anomalous magnetic moment of a nucleon, we have calculated the modification or 
“quenching” of this moment for a nucleon in nuclear matter. The effect we consider here is due to the 
fact that nucleons are not allowed by the exclusion principle to recoil into states already occupied by other 
nucleons in the nucleus. The actual technique we have used in our calculation is to sum all the Feynman 
diagrams that are included in the dispersion-theory calculation of the single-nucleon moment. We then 
write the nucleon propagator as a sum over states and remove those states in which the nucleon is inside 


NOVEMBER 


1, 1960 


the Fermi sea. Our result is that the anomalous moment is reduced by ~7%. 


I. INTRODUCTION 


N this paper we wish to re-examine the question of 

the quenching of the intrinsic magnetic moments of 
nucleons in nuclear matter. The idea of quenching the 
spin-g factor of a nucleon (g,) in nuclear matter was 
proposed in 1951, independently, by Bloch,’ Candler,’ 
Miyazawa,’ and de-Shalit.* Their arguments were based 
on the observation that in almost every case the ob- 
served magnetic moments of odd-A nuclei could be 
explained by a single-particle calculation with the 
intrinsic nucleon moment lying somewhere between the 
free-nucleon moment 


Mp= (141.79) nm, ywa=—1.91 nm, (1.1) 


and a completely quenched moment 


Mp=1nm, uv,.=Onm. (1.2) 


If one plots the magnetic moments of the odd-A 
nuclei vs the nuclear spin one obtains from the single- 
particle model two Schmidt lines** for /=/+4, where 


* Supported in part by the U. S 
Force Office of Scientific Research 
t National Science Foundation Postdoctoral Fellow 
* F. Bloch, Phys. Rev. 83, 839 (1951) 
2. Candler, Proc. Phys. Soc. (London) A64, 999 (1951 
H. Miyazawa, Progr. Theoret. Phys. (Kyoto) 5, 801 (1951) 
‘A. de-Shalit, Helv. Phys. Acta 24, 296 (1951) 
lr. Schmidt, Z. Physik 106, 358 (1937) 
®R. J. Blin-Stoyle, Revs. Modern Phys. 28, 75 (1956). 


Air Force through the Air 








l is the orbital angular momentum and / the total 
angular momentum, or spin, of the odd nucleon con- 
sidered to be moving in the spherically symmetric 
potential provided by the even-even core. The experi- 
mental moments are found to cluster near these lines 
but ‘the fit is greatly improved if the value of the 
intrinsic moment for a nucleon in nuclear matter is 
taken to lie between values (1.1) and (1.2). 

The physical assumption underlying use of un- 
quenched values (1.1) in nuclear matter is that the 
currents in the meson cloud about a nucleon are not 
altered by the presence of other nucleons in the nuclear 
matter. The values (1.2) would apply in the case that 
the presence of other nucleons at the density of normal 
nuclear matter completely discouraged a nucleon from 
developing its normal meson currents. Thereby the 
moment would be quenched all the way down to the 
Dirac value which obtains in the absence of all meson- 
current effects. There have been several attempts to 
implement this idea with an accurate calculation.*:’ 
However, several major obstacles have barred the way: 


1. It has not been possible to calculate from meson 
theory the magnetic moments of free nucleons with 
accuracy. Indeed until the dispersion-theory 
methods of the past two years there has not even 
existed a systematic approach to a nucleon magnetic 


any 


7F. Villars and V. Weisskopf 


unpublished ). 
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moment calculation other than the totally inadequate 
weak-coupling perturbation expansion. 

2. As emphasized especially by Blin-Stoyle, “nuclear 
moments (particularly the magnetic moments) are very 
sensitive to certain types of admixture in the nuclear 
wave function. This that nuclear moments 
cannot in general be taken as a good guide to the purity 
or otherwise of nuclear states. If the deviation in the 
moment is small there may 
admixtures of states which do not appreciably affect 
the moment. On the other hand, a large deviation may 
only mean a small admixture of states to which the 
moment is particularly sensitive.” 


means 


nevertheless be large 


® Indeed, as a result 
of the progress and refinements in our nuclear models 
which have developed in recent years one no longer 
expects nuclear moments to be closely correlated with 
the single-particle Schmidt lines. Even if we confine our 
attention to the doubly-magic-plus-or-minus-one nuclei 
it is not clear whether or not the comparison between 
theory and experiment shows any need for a quenching 
hypothesis. Thus the observed moment of O" is —1.89 
mm, in very close agreement with the Schmidt value 
of —1.91 mm for an odd-neutron nucleus with J=/+4 

$. In contrast, K® which is doubly-magic minus one 
proton has an observed moment of 0.39 nm and a 
Schmidt value for /=/—4= 3 of 0.12 mm.*® 

For these reasons the idea of the quenching of g, 
in nuclear matter has been in eclipse in recent years. 
Now with the development of improved approximation 
methods for studying the strong pion couplings we are 
motivated to reeaxmine this problem. There may be 
no obvious or significant quenching indicated by experi- 
ment. Nevertheless there will be some implied by the 
recent calculations of free-nucleon moments and we wish 
to compute this here. 


Il. QUENCHING MECHANISM AND APPROXIMATIONS 


The specific mechanism for quenching which we 
consider here was discussed by Miyazawa in his original 
proposal.’ It is most simply described as the exclusion 
principle effect. The anomalous magnetic moment of a 
nucleon may be expressed in terms of integrals over the 
momentum spectrum of the virtual intermediate mesons 
contributing to its physical structure. Inside a nucleus 
those meson states leading a nucleon to recoil into 
states already occupied by the other nucleons are 
forbidden by the exclusion principle. Their contribution 
to the anomalous moment is thus suppressed and this 
leads to a diminution in its value. 

In our calculations we take for simplicity a Fermi 
gas model of the nucleus. At normal nuclear density the 
nucleons occupy all states up to an energy E,= p7/2M 

40 Mev. We compute the exclusion-principle quench- 
ing for a nucleon of momentum fy. This will be of direct 
relevance for doubly-magic-plus-or-minus-one nuclei for 
which the observed magnetic is due to the 
extra-core nuc leon, here represented by one at the 


moment 


AND 


J. 


Fic. 1. We illustrate in this figure the 
quenching mechanism we consider exchange 
current. In 1(a), we do not allow the intermediate virtual nucleon 
to recoil into the states B, C, D because they are already 
occupied by other nucleons other hand, we follow 
Feynman’s prescription and neg » exclusion principle in 
intermediate states, we let nu n A recoil into the filled states 
in graphs of type 1(a) and in addition include the exchange con 
tributions indicated in 1(b). These also violate the Pauli principle 
since A recoils into state B (or any of the other states) while B 
is already filled. However, they enter with a minus sign due to 
the antisymmetry of the nuclear wave The sum of the 
two effects is exactly the same as ¢ led virtual states 
in (la) 


which the 


sense i 


is eC 


juivalent to an 


function 


ng the fil 


Fermi surface. In this model we have nuclear force 
effects on the meson cloud other than that resulting 
from the fact that there are nucleons held together at 
the observed density of nuclear matter. This means one 
may be ignoring possible exc! magnetic moment 
contributions arising from spin-orbit or charge-exchange 
forces. In the detailed force 


theory we have no way of knowing precisely what it is 


ingé¢ 


absence of a compiete 


that we are neglecting in this way. In fact our presently 


considered exclusion-principle effect may be construed 


equally well as an exchange-current contribution.* 


Following Feynman’s prescription we merely ignore 


the exclusion principle for intermediate states and allow 


the meson current originating on any one of the nucleons 
in the nuclear matter to terminate on any other one as 
well as on the one where it originated. Graphically for a 
lowest order perturbation diagram we may consider the 


process as pictured either in Fig. 1(a) or 1(b). 


We next outline the approximations applied in the 


calculation of the magnetic moment of a free nucleon. 
The spectral representations of the dispersion approach 
express the moment in terms of an integral over a 
weight function, W. W is proportional to the amplitude 
for the magnetic field to produce real particles which 
then are absorbed by the nucleon; it is a function of the 
invariant square of the four-momentum m? transferred 
from the field to the nucleon. In practice one includes 
in W only the amplitude to produce the lightest-mass 
state connecting with the nucleon; this is the two-pion 
en extends from the 


4m.”, to produce two pions to m’=o, 


state. The disp rsion integral tl 
threshold, m? 
All other states are neglected. This means in particular 
that in this approximation one calculates only the 
isotopic vector part of the anomalous magnetic moment 
S[ (up 1 Ue 1.85 nm makes 


account for the smaller isotopic 


and no attempt to 


much scalar part 
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1 (up—1)+u.]=—0.06 nm. Since the momentum 
transfer to the nucleon is time-like, m?>4m,?, the two 
pions may be viewed as scattering the nucleon from a 
negative-to a positive-energy state—or equivalently, as 
creating a nucleon-antinucleon pair. The recent calcu- 
lations of Frazer and Fulco have established that with 
a resonance interaction between the two intermediate 
pions one can explain the observed value and structure 
of the nucleon moment within this approximation.* The 
resonance required for this fit is rather narrow and with 
a maximum in the region of 3.5m, to 4m, for the total 
energy of the two pions in their center-of-mass system. 
It serves to emphasize contributions from low-mo- 
mentum pions to the weight function and thereby to 
provide a more distributed structure. Simultaneously it 
weighs against the high-momentum contributions. For 
this reason Frazer and Fulco find it to be a good ap- 
proximation to describe the absorption of the two pions 
on the nucleon simply by Born approximation times a 
form factor taking into account the large scattering 
phase shift between the two interacting pions. They 
show that higher order meson-nucleon rescattering cor- 
rections contribute only very little in the moment calcu- 
lation because they become important only at higher 
momenta and their effect is damped out by the x-r 
resonance. Schematically we can represent their working 
approximation for the weight function by Fig. 2. 

In the present analysis of quenching we are dealing 
with the magnetic moment not of one single free nucleon 
but of a nucleon swimming on the surface of a Fermi 
sea of nucleons. This makes it impractical to take an 
excursion into the complex momentum-transfer plane 
in the canonical manner which yields the dispersion 
relations, since the electromagnetic interaction depends 
on the momenta in the Fermi sea as well as on that 
transferred by the field. We therefore construct a set 
of Feynman graphs which should be kept to reproduce 
the accuracy of the dispersion approach and then cal- 
culate how much the values of these graphs are altered 
by the exclusion-principle effect. 

This in no way constitutes a defense of the dispersion- 
theory approximation of keeping only the lighest-mass 
two-r-meson state in the weight function W. Our 
result, however, is to be interpreted as an implication 
of that approximation. Moreover we can appeal to 
low-energy approximations in the present application 
since the quenching affects only intermediate nucleons 
recoiling with low momentum below the surface of the 
Fermi sea, E;= p7/2M=40 Mev. This will strengthen 
the accuracy of our method. 


Ill. DISCUSSION OF PROCEDURE 


We want now to give a development of our procedure 
and approximations for calculating the magnetic 


*W.R. Frazer and J. R. Fulco, Phys. Rev. 117, 1609 (1960) 


MAGNETIC 





MOMENTS IN NUCLEI 


Wim?)  & F"(m?\aewipp) = F “(m*) F(t rwipB) 


p p 
Wint PSI OO 


A. 


——-» NUCLEON 
——<— ANTINUCLEON 
weer PION 
------ VIRTUAL y 


Fic. 2. Working approximation for the dispersion-theoretical 
calculation of the vector part of the free-nucleon magnetic 
moment. ‘The subscript B.A. means Born approximation. 


moment within the framework of Feynman graphs and 
to compare with the corresponding dispersion approach. 
It is convenient to begin by defining the electromag- 
netic vertex of a nucleon. The amplitude for a nucleon 
of four momentum p*, with p’= M®, to absorb a virtual 
photon of four momentum &* from an external field, 
emerging with (p+)?= M?, is™ 


M* 3 
Syi -2ni(. ) (p'| Ju! p)AcxO*(p’— p—k). (3.1) 
E,E, 


To lowest order in perturbation theory we write 


(pth J,| p)=ect(pt+k)y ue(p) (3.2) 
in terms of free Dirac spinors u(p), 4(p’)=u'(p’)vo and 
of the unrenormalized bare charge eo. For the complete 
vertex we write 
(p+k\J,|p)=a(p+k)l,(pt+k, pulp). (3.3) 
The most general form of the vertex operator I, 
standing between Dirac spinors may be written 


i(p+k)l (pth, pulp) 
= (p+R)LP (Ry +iF a(R) ok’ +F (2k, u(p) 
=i(p+k)Levv,t+A,(pt+k, p) ju(p), (3.4) 


where F,(0)=e, the observed physical charge; F,(0) 

+de/2M, the anomalous magnetic moment; and the 
third term F;(k*)k, does not contribute by gauge in- 
variance.’ Equation (3.4) follows by consideration of 
Lorentz invariance and by use of the Dirac equation 
for the spinors u(p): (p—M)u(p)=0, where p= p,y". 
Since we are interested here in the anomalous magnetic 
moment, or F,(0), we must calculate the general nucleon- 
electromagnetic vertex through terms linear in & as 
ke — 0. 

In order to project out the magnetic moment term 


%« We use the notation of S. Schweber, H. Bethe, and F. de 
Hoffmann, Mesons and Fidds (Row, Peterson, and Company, 
Evanston, Illinois, 1955) Vol. 1. 

* The appearance of the &, term in the operator can be ruled 
out direc che by time-reversal arguments. [F. J. Ernst, R. G. Sachs, 
and K. C. Wali, Phys. Rev. 119, 1105 (1960).] 
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we perform the following readily constructed operation : 
14 
“ . Yu (p T bk o 

. S. w(p)} - : 
1+k/2M M(1—k/4M?)] 


spins 
E>0O 


Xu(pt+kh)a(p+kh (pth, pulp) 
k? (- - k?/2M? 
2M \1+k?/4M? 
and then keep the leading terms as kK? 0. 

The general prescription for calculating the electro- 
vertex within the framework of Feynman 
diagrams is as follows. One draws pictures and writes 
irreducible 


magnetic 


down corresponding expressions for all 
graphs contributing to the vertex. In these graphs one 
then inserts into each nu leon, pion, and photon line 
the exact propagators, Sp’, Ay’, and Dp’, respectively, 
and, at each verte x, the exact proper vertex parts e r. 
for the nucleon photon vertex, eoV, for the pion-photon 
vertex, and gol’, for the pion-nucleon vertex; é) and g 
are the unrenormalized coupling constants. According 
to the general renormalization theory arguments these 
exact quantities are equal to finite parts multiplied by 
infinite constants, Z,;. The Z; can always be grouped 
together in such a way as to renormalize the charges 
appearing in the theory."® This means then that we have 
effectively inserted into the irreducible graphs the 
renormalized coupling constants e and g, and the finite 
parts of the propagators and vertices, Src’, Dre’, Arc’, 
P'se, Vue and I've, and are thus left with finite results. 

Applying this procedure to the vertex we illustrate 
in Fig. 3 the first few of the infinite series of graphs 
contributing to the vertex. Diagram 3(a) represents our 
basic approximation. In parallel with the dispersion 
approach we concentrate only on graphs in which the 
field (which is 
is through the meson current 


interaction with the electromagnetic 


treated in lowest order 
which is treated exactly. We find contributions of this 


type also in the other graphs in Fig. 3 when we expand 
out the vertex blobs in a perturbation series. For 


OFC 
(d) 


Fic. 3. Irreducible graphs of the nucleon electromagnetic vertex 


© J. C. Ward, Phys. Rev. 84, 897 (1951 


AND 


D WALECKA 


example graph 3(b) includes a process such as in Fig. 4. 
whi h corresponds to a meson rescattering correction 


line. The 


work of Frazer and Fulco® 
=} 


along the nucleon 


including the w-m scattering showed this to play a minor 


role in the calculation of the free-nucleon magnetic 
moment. We shall show by calcu 


portant also in our quenching calcula 


ition that it is unim- 


ion be ause the 


dominant rescattering correction in the 3-3 state of the 


meson and nucleon cannot operate effectively if the 


intermediate nucleon must lie within the Fermi sea. 
Diagrams of the form 3(c) are not included in the 
Frazer-Fulco analysis of the absorptive amplitude and 
will also be dropped here along with 3(d) and 3(e) since 
they correspond to higher-order rescattering corrections. 

Our basis 


for neglecting these wher graphs is then 


summarized in these two remarks 


to contribute negli 


(a) They correspond to amplitudes which are sl 
¥ 


gib y or are nti Vi glected in the 
Frazer-Fulco analy is whi tarting point for us 
here. 

(b) Rescattering ind higher-order corrections in the 


meson-nucleon interaction are expected to be unim 


portant because in the quenching calculation we art 


interested only in that part of the amplitude for which 
the nucleon remains in the Fermi sea Direct calcu- 
lations of the rescattering in the sonant state gives 


a correction of 15%—20% 


included all 
working ap- 
difference 
in the approximations lies in the fact that we 


In our approximation 
Feynman graphs contained 
proximation of the dispersion approa rhe 
here 
retain the entire Feynmar lan just those 
absorptive parts of the gray 
diagrams of Fig. 2. Howevs 
yield information o y on U static moment / 


contribute t 


hods here Ss 


whereas the dispersion analysis also gives the structure, 


F,(k?), for all +0 


IV. FORMAL DEVELOPMENT 


graph 3 wi the interaction 


the electromagnet heid whi is 


We concentrate on 
with treated in 
The general 
ated in Fig. 5. For preserit 


have re] laced the line 


lowest order) is through tl 
form of all such graphs is it 
purposes we internal nuclear 
and the nucleon-pion vertices by a general box; this in 
this 


no way affects our arguments. The top half of 
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graph can be written 


5.41582—5 ads: Ar’ (g*)eoV,(q+k, 9) 
(2x 
x Ar’ ((g+k)’), 
where 


Vu(gt+k, q) i(2g+k),4 Xulgt k, q) (4.2 


is the sum over all proper pion-electromagnetic vertex 
parts. The bottom half of the graph has a form similar 
to the pion-nucleon scattering amplitude. We can use 
the usual arguments to classify the possible invariants" 
that appear here since our vertex I, stands between 
Dirac spinors in Eq. (3.4). However, since the pions 
are virtual, we have two extra scalarsin the 
problem which we take to be 


will now 


gr m 1’, 92" mes’. (4.3) 


Therefore, for the lower part of the graph indicated in 
Fig. 5, we can write the scalar 


fi( f2)T (m,*,m2,k?,W*)u( ps), 
where 
W?= (4.5 


(git pi)’, k? (g2— 41)’, 


with 


AtbgatA 4[ 1,7 o ], (4.6) 


B= Btig.+B-}[ 14,70]. 


It must be noted that this box in Fig. 5 is mot just 
pion-nucleon scattering off the mass shell since many 
of the graphs that contribute to pion-nucleon scattering 
are now contained in the pion vertex V,(¢+&, g). Our 
argument here is purely one on the form of the ampli- 
tude as limited by covariance and isotopic spin con- 
servation. Joining the two halves of our graph in Fig. 5 
and summing over isotopic spins and momenta g gives, 
with 

(641632 —4 (4.7) 
the result 


_ 2eoT3 


Au(p+k, p) ‘ few Ar'(¢)Vi(q+k, 9) 


(2xr)4 
x Ar’ ((g+k)*)T-(my2,m2?,k?,W"). (4.8 


To approach an evaluation of this vertex we wish 
to establish first that in evaluating the magnetic 
moment it is possible to set the momentum transfer & 
equal to zero everywhere in Eq. (4.8). 

The entire & dependence need only be kept in the 
Dirac spinors. It can then be brought out explicitly for 
the static magnetic moment in the form o,,k” through a 
term p, and the Gordon decomposition of the current. 
Once we establish this result we can draw upon Ward’s 
identity to simplify the calculation greatly. 


uG. F. 
Phys. Rev 


Chew, M. L 
106, 1337 


Goldberger, F. E 
1957 


Low, and Y. Nambu, 


IC MOMEN 
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x 
v« 
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i, 
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p J pre 


Fic. 5. The general graph 
where the interaction with the 
electromagnetic field is through 
the meson current 


We can readily establish this result by recalling the 
general form of the operator A,(p + k,p) which must be 
a 4X4 matrix which transforms as a four vector. Since 
p?=M* and (p+k)?=M® for real initial and final 
nucleons on the mass shell we can construct only one 
scalar variable from the vectors p and k for A, to depend 
upon. We thus can write, for the general form of A,, 


ay k? YT a (k? k, tT dg k*) P, 


+ a4 (2) poh’ 


Au(pt+k, p 


+ as5(R*)oyl”’, 


(4.9) 
where for convenience we introduce 
Pi=(ptk+p).=2p.tk,, 


which satisfies the relation P-k=0. No terms containing 
the scalar p= pyy* or Rk appear here because we antici- 
pate sandwiching A, between Dirac spinors as in Eqs. 
(3.4). Then it is possible, using the commutation rules 
of the Dirac algebra, to reduce such terms to the above 
form since (pP—m)u(p)=0, and a(p+k)Ru(p)=0. By 
straightforward application of the Dirac equation and 
the y-matrix algebra we can combine terms of A, into 
the form 


Ay(pt+hk, p) 


This form follows directly from Eqs. (4.6) and (4.8). 

Only the 6; term in Eq. (4.11) contributes to the 
anomalous magnetic moment, as we see by comparing 
with Eq 


(4.10) 


bi (R ytd (RR + b3(R?)P,. (4.11) 


(3.4). To exhibit the 4; term in the form of a 
magnetic moment we recall the Gordon current decom- 


position, 


u(p+k)P.u(p) 


Comparing with Eq. (3.4) we see the correspondence 


ti(p+k)(2My,—ioyk’)u(p). (4.12) 


F(R?) b; k 
F.(k) 
F,(k) 


+2Mb,(k*), 
— b;(k?), 
b.(R*). 


(4.13) 


Thus to evaluate the static moment we can set k*?=0 
in Eq. (4.8). The procedure then is to first express the 
general form for the lower half of the Feynman diagram 
as in Eq. (4.4). All terms of the form o,,k’ are reduced 
by the Gordon identity (4.12). We can then put # =0 
everywhere and extract the moment term by the pro- 
jection in Eq. (3.5). In the following we shall always 
have this sequence of operations in mind upon setting 
k to zero in Eq. (4.8). With this understanding we have 
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Fic. 6. Born approximation calculation of the anomalous magnetic 
moment as a function of the intermediate meson mass 


proved our contention that we need only study 


— 26073 
d'g Ap, (g?) V(q,q) 
(2r)* 


xX Ar’ (q’?)T (q’,q’,0,U *) 


Ay (P,P) 
(4.14 


in order to evaluate the static moment. 

We may now use Ward’s identity” to simplify this 
expression. The product Ap’(g)V,(¢.g)Ar'(¢@) corre- 
sponds to the insertion of a zero-energy photon into the 
pion propagator and can be simply expressed according 
to Ward’s identity as a derivative of the propagator: 

0 
Ar’ (q’). (4.15 


Equation (4.14 


Ay(P,p 


x T- (¢°,9°,0,W?). (4.16) 


We now 
as indicated in Fig. 5. ge°T 
replaces T~, wit 
meson vertex 


limit ourselves to the diagrams of type 3(a 


be” . 
p, p—9)Sr'(p—q)Vs(p—g, p 
h I's and Sp’ the complete nucleon- 
and nucleon 


operator propagator, re- 


spectively.” Carrying out the renormalization progrem 


we can express tex in terms of the renormalized 


coupling constants 


he finite parts of the vertices 


and propagators. In the approximation of Fig. 5 there 


2 We recall here thi ist follow the sequence 


f om ratior . 
discussed 


above Eq hat i ve first write 
21 A +4 VN , » th h 


in the form A 4(2q¢+k)B~ and then set k, =O 


AND 


D 


results 
Auc(P,p) 


XT se(p, p—g)Sre’ 
Our next step is to introduce 
for the pion propagator 


with a weigh 


negative: 


p(m*)=6(m 


The vertex now r 


We note in passing tha 
approximation of repla: d 
Src’ — Sp(p VU 


is simply recognized as an integral over the pion mass 


spectrum of the lowest order perturbat ipproxima- 


tion contribution of the meson current to the nucleon 
vertex. Projecting out the moment contril 


write explicitly in this approximatior 


A(m? 


r 1eans the moment ilated assum 
meson mass 


where ing a 


for Born 


rbation theory. 


m and the subscript tands 
approximation in lov 
Since both @o and AR re positive functions of m? we 


conclude immediately 


A(m," 


igreeme! 


This gives a pretty fair 


isotopic vector part of the momen nm, if 


higher-mass contributions to weight function are 
The bel f 
function of m? helps in this regard sinc 


not too pronounced. 
a uniformly 
decreasing function as shown in s. 6 and the ratio 
Ap.a.(m)/Ap.a.(m has alread) I to ~0.6 by the 
threshold of 9m,? for additiona! contributions. However. 
little more can be said about this added term due to our 
ignorant e of the pion sper tral fun 

here that the quenching calculati 


33H. Lehmann, Nuovo cin 
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momentum contributions very heavily, will be much 
less sensitive to a. 

Let us return now to Eq. (4.20) for a more systematic 
treatment of I'se and Src’. The renormalized propagator 
is expressed explicitly in terms of the vacuum expec- 
tation value of a time-ordered product of renormalized 
Heisenberg fields: 


iSrc’(t) - fares =(0! T(W(x),P(0))!0). (4.23) 


Displacing the fields to the origin with 
O(x)= er 7O0(O)e iP * 


inserting a complete set of energy momentum eigen- 
states P'n)=paln), 
integral, we obtain 


J (0! p! n) (nm! P!0) 
(n) Z| o(0.—¢ 
lo— E,+ie 


and performing the space-time 


Src’ (1) 


n 


(0! P| n)(n|p!0) 
+6(p,+t)— | (4.24) 
lot+E,—te 


If we limit 


n) to one-nucleon states, then, with 


(n y 0) 


1 M\3 
U(pn), 
— 9 P 


M \3 
) ir), 


tp 


we find 


1 


—ti,(t). (4.26) 


to— (24M?) 


Furthermore, for the quenching calculation we ar 
interested only in the contribution to Sre’(f) for nuclear 


2igyd‘g 


— 2eg*r; 
5A, (p,p) =—— focmyam f - pea at 2713 . 
(29) (q?— m?+ ie)? 2[ (p—q)?+ M* }4{ (p?+ M*)'—[(p—q)?+ M? }'—qo+te} 


wit h 


q’ = ((M?+p*)'-[ 
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states which lie outside of the Fermi sea; i.e., those for 
which (@+M*)!>Ey. Consequently for calculating 
the difference between the moment of a nucleon which 
is free and that for one in nuclear matter we are inter- 
ested in calculating the contribution to (4.20) from 

bSrc'(t)= —Sre'(QhOCEr— (@0+M")'). (4.27) 
It is here that we make use of the fact that our study 
is confined to low-energy intermediate nucleons within 
the Fermi sea. First of all the validity of keeping only 
the nucleon state in the sum in Eq. (4.24) is strengthened 
by the fact that very little of the phase space for the 
higher-mass states corresponds to a nucleon within the 
Fermi sea. An approximate calculation of the contribu- 
tion from the one-meson plus nucleon intermediate 
state, taking into account the resonant 3-3 rescattering, 
verifies this as will be shown shortly. Secondly, incor- 
porating Eqs. (4.26) and (4.27) into (4.20) and taking 
its matrix elements between initial and final spinors 
ti(p)---u(p’), we may evaluate the vertex operator. By 
invariance arguments it is possible to write 


; 


gil pV se(p,p’)u(p’) = 5 (p—p’)* )a(p)yeu(p’). (4.28) 


g is the renormalized coupling constant, 


(g*/4ar) (m,/2M )?= 0.08, 

and § the form factor for the nucleon-meson vertex. 
For 4-momentum transfers (p—p’)* ~m,? we may ap- 
proximate § to unity since we know from the success 
of the Chew-Low effective-range theory that F has no 
large variations for momentum transfers of ~m,. In 
our quenching calculation (p—p’)* must be less than 
= (4m,)* if the recoil nucleon is to remain within the 
Fermi sea; most of the contribution will come from 
(p—p’)? = (2m,)*. Therefore we approximate” § ~1. If 
we take Eqs. (4.20), (4.26), (4.27), and (4.28) and 
anticipate sandwiching the vertex between free-nucleon 
spinors &@(p+k)---u(p), we obtain for the modification 
of the vertex due to quenching 


q O(Er—[(p—q)?+M"}}) 
, (4.29) 


p—q)* |',q). (4.30) 


In obtaining this form for the numerator we have used the identity 


ai(p+k)[vs 3 u(p—q)a(p—q)ys u(p)=— 


spins 
E>0 


| 


fi(p+k)y'u(p). (4.31) 
Mf 


) 


* To measure the accuracy of this approximation we note that the difference between the Kroll-Ruderman coupling constant 


defined at »?=0) and the Watson-Lepore coupling constant 


kK .R. = fw. : 


defined at / 


=m,*) evaluated in second-order perturbation theory is 


Ms 2 ew? 
(~~) 4e | 
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We are now ready to project out the magnetic moment term according to Eq. (3 


b5F.(0) 


V. NUMERICAL CALCULATION 


Our first step in getting a number is to carry out the 
go integration in Eq. (4.32). If the contour is closed in 
the lower half go plane, then one only picks up a double 
pole coming from the meson propagator. Carrying out 
the integral gives 


eg°T 
6F.(0)= L ( ) fe m)\dm 
a0 647’ 7 ie e 


j= [(p—q)?+M? }} 
"4 
[(p—q)’?+M? }! w*(w— A)? 


[A (2w— A)+ Bu* |, 
q’?+m’)!, 


A= (p’+ M*)'—[ (p—q)*+M? 


(k-q)? 
1 r(« - )+ou), 
k? 
(k-q)(p-k) 1 
B u(a+p-4 )+o( 
k? M 


1 and B have been expanded in terms of momenta- 
squared over M?. This expansion is justified since both 
p and q are limited by the Fermi momentum and k is 


and 


3 
m 
Mor 
Fic. 7 
anomalous magnetic momer 
meson mass 


Born approximation calculation of the quenching of the 
t as a function of the intermediate 


iegirs dg  @(Er—[(p—a)?+M"}) 
L fovmsyam f ae 
hk) (Dar) 4 Hf? (q?—m? 4. j¢)? 2 (p—q)?+ M2) 


—3(p-q)(p-q/) + M"q-4/ 


(4.32) 


{ (p?+ M*)'—[ (p—q)*+ 


to go to zero. Nowehere, however, do we expand in 
powers of w/M since we must still integrate over the 
meson mass spectrum. In evaluating (5.1) we set 
P| = pr corresponding to the surface of 
the Fermi sea and average over orientations of k. q is 


then limited to the region 


a nucieon at 


| p—q|*= pr’+a?—2prq cosd < pr 


The limitation on @ is 


Using / 


with 


bX B.A (m?*) 


327°M f q 


Introducit 


y 
1s 


we find 


In order to evaluat: ontributions 

to 6A in (5.4) we woul 

about the presently unknov 

However as we see from Fig. 7, 4 has fall 
-1/10 of its value by the tim 2 is im 

m,? to the threshold 


something 


reased from 
tions from the 
next lightest or three-pion state. We may 
hope that due to th 


3m. fo ontribu 
therefore 


e rapid fall-off of dAp.a.(m’ with 
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increasing mass these additional contributions are 
smalj.’® 

So far our result is based on the approximation in 
(4.26) of neglecting all but the one-nucleon inter- 
mediate state in evaluating the nucleon propagator. We 
expect the major corrections to this to come from one 
nucleon plus one pion in the resonant 3-3 state. We do 
not evaluate the one-nucleon-plus-one-pion contribu- 
tion in (4.24) because this corresponds to Fig. 8 and 
allows the nucleon and pion to be only in the non- 
resonant (4,4) state. The resonant amplitude arises 
from crossed graphs of the type in Fig. 4. We evaluate 
this contribution in the static approximation. From 
Walecka,'* the magnetic moment in the static theory 


can be written 


gts ga'q 
A(m,?) = _ f [i+ 
24°M ws 


with we ~2m,. The first term is the Born approximation 
and the second term is due to the resonance. We can 
obtain an estimate of the ratio of the contribution to 


2 w(2w+wr) 
- | (5.10) 
9 (wtwr)? 


the quenching of the resonance term to the Born term 
by equating the momentum of the intermediate 
“isobar” to that of the nucleon. This is approximately 
valid due to the large mass ratio of the nucleon to the 
pion. We therefore write 


—g'rs gd*q ; 
)-—— {= OLpr?— (pr—a)*] 
24n°M ws 


It- = 


2-w(2w+wr) 
| 
9 (wtwr)?’ 


| (5.11) 


The second term increases the integral by less than 
20%. Our final value for the quenching is then 


9 


5A (m,2)—=—0.1373 nm. 5.12) 


This means a 7% reduction of the isotopic vector part 


of the anomalous nucleon moment, 1.85 nm. 


Fic. 8. Graph contributing 
to the one-meson, one-nucleon 
term in the nucleon propagator. 


Even a Born approximation calculation of the + -—+ 3r 
amplitude with a ¢* coupling which violates unitarity in r—* 
scattering by more than a factor of 10 contributes only an addi 
tional 20% to the quenching. 

1* J. D. Walecka, Nuovo cimento I1, 821 (1959). 
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DISCUSSION OF RESULTS 


To conclude we wish to comment on the accuracy 
and on the experimental significance of our result, (5.12), 
that the magnetic moment is quenched by 7% in nuclear 
matter. 

The main contributions to 6A(m,*) comes from the 
Born approximation calculation of the contribution of 
the meson current to the magnetic moment, (5.9). 
There is, of course, no reason to have confidence in 
perturbation calculations in pion physics. In this paper, 
however, we have derived (5.8) and (5.9) by a more 
general approach which has specific advantages: 


(a) Our answer emerges in terms of the physical 
renormalized pion-nucleon coupling constant g which 
is introduced in (4.28). The form factor there was 
approximated to unity on the basis of low-energy argu- 
ments as used successfully in the effective-range plots 
of Chew and Low. 

(6) The accuracy of our result can be defended on the 
same grounds, as was shown in Sec. III, as the dis- 
persion; theoretic approach to the free-nucleon mag- 
netic moment calculation. This certainly does not put 
the accuracy beyond question. However, relative to a 
perturbation approximation, the dispersion-theory ap- 
proach has the great advantage of giving approximately 
correct results for the free-nucleon magnetic moment. 


We estimated in (5.11) the corrections due to reso- 
nance (33) rescattering of the intermediate pion and 
found it to add an additional quenching contribution 
of <20%. To calculate the correction from higher 
masses in (5.4) one needs information on the amplitude 
for the process'® x —»+ 3x. This amplitude is of great 
interest in other connections also. 

As to the experimental significance of a 7% moment 
quenching we note that there are many other factors 
which may alter the magnetic moment of a nucleon in 
nuclear matter. Among these are the contributions from 
exchange currents arising in conjunction with charge 
exchange and velocity-dependent forces. Little can be 
said about their effect on the magnetic moments in the 
absence of a detailed nuclear force theory. In the ex- 
treme shell model it is possible to estimate the exchange 
moment arising from the spin-orbit forces phenomeno- 
logically introduced to explain the observed level 
splitting. This effect is shown in Table I and evidently 
leads to large uncertainties. Another effect is the 
relativistic correction arising from the Fermi energy of 
a nucleon in the nuclear matter. This multiplies the 
Dirac part of the total nucleon moment by a factor 
M/E. We have included this effect in Table I; it is 
comparable with the quenching effect for protons. 
There is also a correction to the single-particle moment 
when the motion of the center of mass of the system is 
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Taste I. Listed are selected odd-proton and odd-neutron nuclei together with indicated moments and corrections. The Schmidt 
values are given in column I. Modifications of the moment due to a one-body shell model spin orbit coupling for the extra-core nucleon 
hole) are given in column II according to calculations of Jensen and Mayer* and of Marty”; see also Blin-Stoyle.* Modifications of 
the moment due to a relativistic factor M/E, which reduces the Dirac part of the moment only, are given in Column LII; for a nucleon 
at the Fermi surface the correction here is proportional to [(M/Er)—1]= —0.04. The modifications due to quenching as calculated 
in this paper are given in column IV. The experimental moments are taken from Klinkenberg.4 


I If Ill IV 
Schmidt Modifications 
value for moment due to spin 
Shell moment in orbit coupling Relativistic ! 
model nuclear in shell model correction Quenching +II-+ Experimental 
Nucleus state magnetons a b to momen effect ‘ I moment 


Ns . 0.26 0.17 +-0.14 0.01 +0.04 0.28 
pu 2.79 0.17 0.04 0.13 2.63 
K® 3 +0.12 0.21 +-0.46 0.05 +-0.08 $ + 0.39 
Bi +-2.62 0.24 +-0.30 0.16 +0.10 . 2 1.08 
1.91 0 0 0 +0.13 1.89 

+0.64 0 0 0 0.04 i 0.59 


‘nsen and M. G. Mayer, P} Rev 5, 1040 (1952 
pl rad 15, 783 (1954) 

» 6, p. 93 

linkenberg, Re Modern Phy 1952 


treated correctly. This was studied by Gartenhaus and ACKNOWLEDGMENTS 
Schwartz" who found the effect to be negligible. We wish 


: ? oa : to thank Professor Amos de-Shalit for a 
Our conclusion from Table I then is that the quench- : : 3 
‘ . . . * . . very stimulating letter about the magnetic moments 
ing effect is neither negligible nor so prominent that it —s ' ‘al 
can be separated from other nuclear corrections to the of the potassium isotopes. His analysis, in collaboration 
Schmidt lines. In particular it now appears that when 


quenching is included, the magnetic moment of O" as indicated that a 15%-20% quenching of the anomalous 


with Professor I. Talmi of the Weizmann Institute, 


deduced from the extreme single-particle model no nucleon moments would lead to good agreement with 
longer agrees so spectacularly with « xperiment. observed moments and transition rates in K®, K®, K", 


17S. Gartenhaus and C. Schwartz, Phys. Rev. 108, 482 (1957) and K*. It was this letter that led to the present work. 





